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Preface

This book contains more than 1000 exercises in probability and random processes, together
with their solutions. Apart from being a volume of worked exercises in its own right, it is
also a solutions manual for exercises and problems appearing in our textbook Probability and
Random Processes (3rd edn), Oxford University Press, 2001, henceforth referred to as PRP.
These exercises are not merely for drill, but complement and illustrate the text of PRP, or are
entertaining, or both. The current volume extends our earlier book Probability and Random
Processes: Problems and Solutions, and includes in addition around 400 new problems. Since
many exercises have multiple parts, the total number of interrogatives exceeds 3000.

Despite being intended in part as a companion to PRP, the present volume is as self-
contained as reasonably possible. Where knowledge of a substantial chunk of bookwork is
unavoidable, the reader is provided with a reference to the relevant passage in PRP. Expressions
such as ‘clearly’ appear frequently in the solutions. Although we do not use such terms in
their Laplacian sense to mean ‘with difficulty’, to call something ‘clear’ is not to imply that
explicit verification is necessarily free of tedium.

The table of contents reproduces that of PRP; the section and exercise numbers corre-
spond to those of PRP; there are occasional references to examples and equations in PRP.
The covered range of topics is broad, beginning with the elementary theory of probability
and random variables, and continuing, via chapters on Markov chains and convergence, to
extensive sections devoted to stationarity and ergodic theory, renewals, queues, martingales,
and diffusions, including an introduction to the pricing of options. Generally speaking, exer-
cises are questions which test knowledge of particular pieces of theory, while problems are
less specific in their requirements. There are questions of all standards, the great majority
being elementary or of intermediate difficulty. We ourselves have found some of the later
ones to be rather tricky, but have refrained from magnifying any difficulty by adding asterisks
or equivalent devices. If you are using this book for self-study, our advice would be not to
attempt more than a respectable fraction of these at a first read.

We pay tribute to all those anonymous pedagogues whose examination papers, work
assignments, and textbooks have been so influential in the shaping of this collection. To them
and to their successors we wish, in turn, much happy plundering. If you find errors, try to
keep them secret, except from us. If you know a better solution to any exercise, we will be
happy to substitute it in a later edition.

We acknowledge the expertise of Sarah Shea-Simonds in preparing the TEXscript of this
volume, and of Andy Burbanks in advising on the front cover design, which depicts a favourite
confluence of the authors.

Cambridge and Oxford G.R.G.
April 2001 D.R.S.



Life is good for only two things, discovering mathematics and teaching it.
Siméon Poisson
In mathematics you don’t understand things, you just get used to them.
John von Neumann

Probability is the bane of the age.
Anthony Powell
Casanova’s Chinese Restaurant

The traditional professor writes a, says b, and means c; but it should be d.
George Pdlya
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1
Events and their probabilities

1.2 Exercises. Events as sets

1. Let{A; :i € I} be acollection of sets. Prove ‘De Morgan’s Laws’t:
C C
<UA,-) =45, (ﬂAi) =45
i i i i

2. Let A and B belong to some o-field . Show that # contains the sets AN B, A\ B,and A A B.

3. A conventional knock-out tournament (such as that at Wimbledon) begins with 2" competitors
and has n rounds. There are no play-offs for the positions 2, 3, ..., 2" — 1, and the initial table of
draws is specified. Give a concise description of the sample space of all possible outcomes.

4. Let #be a o-field of subsets of 2 and suppose that B € . Show thatg = {ANB: A € Flisa
o-field of subsets of B.

5. Which of the following are identically true? For those that are not, say when they are true.

(@ AUBNC)=(AUB)N(AUC);

b)) AN(BNC)=(ANB)NC;

©) AUB)NC=AU(BNC),

) A\(BNC)=(A\B)U(A\OC).

1.3 Exercises. Probability

1. Let Aand B beevents with probabilities P(A) = 3 and P(B) = 4. Show that {5 < P(ANB) < £,
and give examples to show that both extremes are possible. Find corresponding bounds for P(A U B).

2. A fair coin is tossed repeatedly. Show that, with probability one, a head turns up sooner or later.
Show similarly that any given finite sequence of heads and tails occurs eventually with probability
one. Explain the connection with Murphy’s Law.

3. Six cups and saucers come in pairs: there are two cups and saucers which are red, two white, and
two with stars on. If the cups are placed randemly onto the saucers (one each), find the probability
that no cup is upon a saucer of the same pattern.

‘+Augustus De Morgan is well known for having given the first clear statement of the principle of mathematical
induction. He applauded probability theory with the words: “The tendency of our study is to substitute the
satisfaction of mental exercise for the pernicious enjoyment of an immoral stimulus”.
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[1.3.4]-{1.4.5] Exercises Events and their probabilities

4. Let Ay, Aj,..., Ay be events where n > 2, and prove that
n
]P’(U A,-) =Y "P(A) =Y P(ANA)+ Y P(ANA;NAL)
i=1 i i<j i<j<k

— e+ (CD™IPA; N AN N Ap).

In each packet of Corn Flakes may be found a plastic bust of one of the last five Vice-Chancellors
of Cambridge University, the probability that any given packet contains any specific Vice-Chancellor
being %, independently of all other packets. Show that the probability that each of the last three

Vice-Chancellors is obtained in a bulk purchase of six packets is 1 — 3(%)6 + 3(%)6 — (%)6.
5. LetAr,r > 1, be events such that P(A,) = 1 for all r. Show that P("°2; Ar) = 1.

6. You are given that at least one of the events A,, 1 < r < n, is certain to occur, but certainly no
more than two occur. If P(A;) = p, and P(A, N As) =g, r # s,show that p > 1/nand g < 2/n.

7. You are given that at least one, but no more than three, of the events A,, 1 <r < n, occur, where
n > 3. The probability of at least two occurring is % IfP(A;) = p, P(Ar N Ag) =g, r # s,and
P(A, N Ag NAs) =x,r <s < t,show that p > 3/(2n), and g < 4/n.

1.4 Exercises. Conditional probability

1. Provethat P(A | B) = P(B | A)P(A)/P(B) whenever P(A)P(B) # 0. Show that, if P(A | B) >
P(A), then P(B | A) > P(B).

2. Forevents Ay, Ay, ..., A, satisfying P(A; N Ay N---NA,_1) > 0, prove that

P(AiNAyN---NAy) =P(ADP(A2 | ADP(A3 | A1 NA2) - P(An | AN A2 N---N Apy).

3. A man possesses five coins, two of which are double-headed, one is double-tailed, and two are
normal. He shuts his eyes, picks a coin at random, and tosses it. What is the probability that the lower
face of the coin is a head?

He opens his eyes and sees that the coin is showing heads; what is the probability that the lower
face is a head?

He shuts his eyes again, and tosses the coin again. What is the probability that the lower face is
a head?

He opens his eyes and sees that the coin is showing heads; what is the probability that the lower
face is a head?

He discards this coin, picks another at random, and tosses it. What is the probability that it shows
heads?
4. What do you think of the following ‘proof’ by Lewis Carroll that an urn cannot contain two balls
of the same colour? Suppose that the urn contains two balls, each of which is either black or white;
thus, in the obvious notation, P(BB) = P(BW) = P(WB) = P(WW) = %. We add a black ball, so
that P(BBB) = P(BBW) = P(BWB) = P(BWW) = 1 Next we pick a ball at random; the chance
that the ball is black is (using conditional probabilities) 1 - ;11— + % . ;1{ + % . 21( + % . ;11— = % However, if
there is probability % that a ball, chosen randomly from three, is black, then there must be two black
and one white, which is to say that originally there was one black and one white ball in the urn.

5. The Monty Hall problem: goats and cars. (a) Cruel fate has made you a contestant in a game
show; you have to choose one of three doors. One conceals a new car, two conceal old goats. You

2



Independence Exercises [1.4.6]-[1.5.7]

choose, but your chosen door is not opened immediately. Instead, the presenter opens another door
to reveal a goat, and he offers you the opportunity to change your choice to the third door (unopened
and so far unchosen). Let p be the (conditional) probability that the third door conceals the car. The

value of p depends on the presenter’s protocol. Devise protocols to yield the values p = % p= %

Show that, for ¢ € [%, %], there exists a protocol such that p = «. Are you well advised to change
your choice to the third door?

(b) In a variant of this question, the presenter is permitted to open the first door chosen, and to reward
you with whatever lies behind. If he chooses to open another door, then this door invariably conceals
a goat. Let p be the probability that the unopened door conceals the car, conditional on the presenter
having chosen to open a second door. Devise protocols to yield the values p =0, p = 1, and deduce
that, for any « € [0, 1], there exists a protocol with p = «.

6. The prosecutor’s fallacyt. Let G be the event that an accused is guilty, and T the event that
some testimony is true. Some lawyers have argued on the assumption that P(G | T) = P(T | G).
Show that this holds if and only if P(G) = P(T).

7. Urns. There are n urns of which the rth contains » — 1 red balls and » — r magenta balls. You
pick an urn at random and remove two balls at random without replacement. Find the probability that:
(a) the second ball is magenta;

(b) the second ball is magenta, given that the first is magenta.

1.5 Exercises. Independence

1. Let A and B be independent events; show that A®, B are independent, and deduce that A®, B¢
are independent.

2. Weroll a die n times. Let A;; be the event that the ith and jth rolls produce the same number.

Show that the events {A;; : 1 <i < j < n} are pairwise independent but not independent.

3. A fair coin is tossed repeatedly. Show that the following two statements are equivalent:

(a) the outcomes of different tosses are independent,

(b) for any given finite sequence of heads and tails, the chance of this sequence occurring in the first
m tosses is 27, where m is the length of the sequence.

4, letQ={1,2,..., p} where p is prime, ¥ be the set of all subsets of 2, and P(A) = |A|/p for
all A € ¥. Show that, if A and B are independent events, then at least one of A and B is either & or
Q.

5. Show that the conditional independence of A and B given C neither implies, nor is implied by,
the independence of A and B. For which events C is it the case that, for all A and B, the events A and
B are independent if and only if they are conditionally independent given C?

6. Safe or sorry? Some form of prophylaxis is said to be 90 per cent effective at prevention during
one year’s treatment. If the degrees of effectiveness in different years are independent, show that the
treatment is more likely than not to fail within 7 years.

7. Families. Jane has three children, each of which is equally likely to be a boy or a girl independently
of the others. Define the events:

A = {all the children are of the same sex},
B = {there is at most one boy},
C = {the family includes a boy and a girl}.

1The prosecution made this error in the famous Dreyfus case of 1894.

3



[1.5.8]-[1.8.3] Exercises Events and their probabilities

(a) Show that A is independent of B, and that B is independent of C.
(b) Is A independent of C?

(c) Do these results hold if boys and girls are not equally likely?

(d) Do these results hold if Jane has four children?

8. Galton’s paradox. You flip three fair coins. At least two are alike, and it is an evens chance that
the third is a head or a tail. Therefore P(all alike) = % Do you agree?

9. Two fair dice are rolled. Show that the event that their sum is 7 is independent of the score shown
by the first die.

1.7 Exercises. Worked examples

1. There are two roads from A to B and two roads from B to C. Each of the four roads is blocked by
snow with probability p, independently of the others. Find the probability that there is an open road
from A to B given that there is no open route from A to C.

If, in addition, there is a direct road from A to C, this road being blocked with probability p
independently of the others, find the required conditional probability.

2. Calculate the probability that a hand of 13 cards dealt from a normal shuffled pack of 52 contains
exactly two kings and one ace. What is the probability that it contains exactly one ace given that it
contains exactly two kings?

3. A symmetric random walk takes place on the integers 0, 1, 2, ..., N with absorbing barriers at 0
and N, starting at k. Show that the probability that the walk is never absorbed is zero.

4. The so-called ‘sure thing principle’ asserts that if you prefer x to y given C, and also prefer x to
y given C€, then you surely prefer x to y. Agreed?

5. A pack contains m cards, labelled 1, 2, ..., m. The cards are dealt out in a random order, one
by one. Given that the label of the kth card dealt is the largest of the first k cards dealt, what is the
probability that it is also the largest in the pack?

1.8 Problems

1. A traditional fair die is thrown twice. What is the probability that:
(a) asix turns up exactly once?

(b) both numbers are odd?

(c) the sum of the scores is 4?

(d) the sum of the scores is divisible by 3?

2. A fair coin is thrown repeatedly. What is the probability that on the nth throw:
(a) ahead appears for the first time?

(b) the numbers of heads and tails to date are equal?

(c) exactly two heads have appeared altogether to date?

(d) at least two heads have appeared to date?

3. Let Fand § be o-fields of subsets of Q.

(a) Use elementary set operations to show that ¥ is closed under countable intersections; that is, if
A1, Ay, ... arein ¥, then sois [); A;.

(b) Let #£ = FN § be the collection of subsets of €2 lying in both Fand §. Show that # is a o-field.

(c) Show that U g, the collection of subsets of €2 lying in either ¥ or §, is not necessarily a o-field.

4



Problems Exercises [1.8.4]-{1.8.14]

4. Describe the underlying probability spaces for the following experiments:

(a) abiased coin is tossed three times;

(b) two balls are drawn without replacement from an urn which originally contained two ultramarine
and two vermilion balls;

(c) abiased coin is tossed repeatedly until a head turns up.

5. Show that the probability that exactly one of the events A and B occurs is

P(A) + P(B) —2P(A N B).

6. Provethat P(LAU BUC) =1 — P(A® | B° N CO)P(BC | COP(CO).

7. (a)If A is independent of itself, show that P(A) is O or 1.
(b) If P(A) is O or 1, show that A is independent of all events B.

8. Let Fbe a o-field of subsets of 2, and suppose P : ¥ — [0, 1] satisfies: (i) P(R?) = 1, and (ii) P
is additive, in that P(A U B) = P(A) + P(B) whenever A N B = &. Show that P(@) = 0.

9. Suppose (2, ¥, P) is a probability space and B € ¥ satisfies P(B) > 0. Let Q : ¥ — [0, 1] be
defined by Q(A) = P(A | B). Show that (Q2, ¥, Q) is a probability space. If C € Fand Q(C) > 0,
show that Q(A | C) = P(A | BN C); discuss.

10. Let By, By, ... be a partition of the sample space 2, each B; having positive probability, and
show that

[e¢]
P(A) =Y P(A | B))P(B)).
Jj=1
11. Prove Boole’s inequalities:

n

]P’(U Ai) <Y P4y, P(ﬂ A,-) >1-) P(AS).
i=1 i=1

i=1 i=1

12. Prove that

]P(ﬂAi) =) P(A)— ) PAUA)+ > P(A4; UAjUA)
1 i

i<j i<j<k

— = (=D)"P(A] U Ay U---U Ay).

13. Let Ay, Ay, ..., A, be events, and let Ny be the event that exactly k of the A; occur. Prove the
result sometimes referred to as Waring’s theorem:

n—k .
[kt
P(Ny) = E (=1’ ( k )Sk+i’ where §; = E P(A;; N A N---N Aij)-
i=0 i]<ig<--<ij

Use this result to find an expression for the probability that a purchase of six packets of Corn Flakes
yields exactly three distinct busts (see Exercise (1.3.4)).

14. Prove Bayes’sformula: if A1, Ay, ..., A, isapartition of 2, each A; having positive probability,

then
P(B | Aj)P(4;)

YIP(B | ADP(A)’

P(4; | B) =

5



[1.8.15]-[1.8.22] Exercises Events and their probabilities

15. A random number N of dice is thrown. Let A; be the event that N = i, and assume that
P(A;) =27%, i > 1. The sum of the scores is S. Find the probability that:

(@) N=2given S =4;

(b) S =4 given N is even;

(c) N =2, given that S = 4 and the first die showed 1;

(d) the largest number shown by any die is r, where S is unknown.

16. Let Ay, Ay, ... be a sequence of events. Define

(Y o0
Bi=J Am» Cn= () Anm.

m=n m=n
Clearly C, € Ay € Bp. The sequences {By} and {C,} are decreasing and increasing respectively
with limits

imBy=B=(1Ba=[)J An. ImCi=C=JCn={J () 4m.
n n

n m>n n m=n

The events B and C are denoted lim sup,,_, o, A» and liminf, oo Ax respectively. Show that

(@) B={we Q:w € A, for infinitely many values of n},

(b) C ={we 2:we A, for all but finitely many values of n}.

We say that the sequence { A, } converges to a limit A = lim A, if B and C are the same set A. Suppose
that A, — A and show that

(c) Aisanevent,inthat A € F,

(d) P(An) — P(A).

17. In Problem (1.8.16) above, show that B and C are independent whenever B, and C, are inde-
pendent for all n. Deduce that if this holds and furthermore A, — A, then P(A) equals either zero or
one.

18. Show that the assumption that P is countably additive is equivalent to the assumption that P is
continuous. That is to say, show that if a function P : ¥ — [0, 1] satisfies P(@) = 0, P(Q) = 1, and

P(AU B) = P(A) + P(B) whenever A, B € Fand A N B = &, then P is countably additive (in the
sense of satisfying Definition (1.3.1b)) if and only if P is continuous (in the sense of Lemma (1.3.5)).

19. Anne, Betty, Chloé, and Daisy were all friends at school. Subsequently each of the (g) =6
subpairs meet up; at each of the six meetings the pair involved quarrel with some fixed probability
p, or become firm friends with probability 1 — p. Quarrels take place independently of each other.
In future, if any of the four hears a rumour, then she tells it to her firm friends only. If Anne hears a
rumour, what is the probability that:

(a) Daisy hears it?

(b) Daisy hears it if Anne and Betty have quarrelled?

(c) Daisy hears it if Betty and Chlo€ have quarrelled?

(d) Daisy hears it if she has quarrelled with Anne?

20. A biased coin is tossed repeatedly. Each time there is a probability p of a head turning up. Let p,,

be the probability that an even number of heads has occurred after » tosses (zero is an even number).
Show that pg = 1 and that p, = p(1—p,—1)+ (1 — p)p,—1 if n > 1. Solve this difference equation.

21. A biased coin is tossed repeatedly. Find the probability that there is a run of r heads in a row
before there is a run of s tails, where r and s are positive integers.

22. A bowl contains twenty cherries, exactly fifteen of which have had their stones removed. A
greedy pig eats five whole cherries, picked at random, without remarking on the presence or absence
of stones. Subsequently, a cherry is picked randomly from the remaining fifteen.

6



Problems Exercises [1.8.23]-[1.8.31]

(a) What is the probability that this cherry contains a stone?
(b) Given that this cherry contains a stone, what is the probability that the pig consumed at least one
stone?

23. The ‘ménages’ problem poses the following question. Some consider it to be desirable that men
and women alternate when seated at a circular table. If n couples are seated randomly according to
this rule, show that the probability that nobody sits next to his or her partner is

1< k 2n 2n —k
Eg(_l) 2n—k< k >(”‘k)!

You may find it useful to show first that the number of ways of selecting k non-overlapping pairs of
adjacent seats is (2",: : )2n(2n — k)~ L.

24. Anurn contains b blue balls and r red balls. They are removed at random and not replaced. Show
that the probability that the first red ball drawn is the (k + 1)th ball drawn equals (r+lr’:11°_1) / (" j;b ).
Find the probability that the last ball drawn is red.

25. An urn contains a azure balls and ¢ carmine balls, where ac # 0. Balls are removed at random
and discarded until the first time that a ball (B, say) is removed having a different colour from its
predecessor. The ball B is now replaced and the procedure restarted. This process continues until the
last ball is drawn from the urn. Show that this last ball is equally likely to be azure or carmine.

26. Protocols. A pack of four cards contains one spade, one club, and the two red aces. You deal
two cards faces downwards at random in front of a truthful friend. She inspects them and tells you
that one of them is the ace of hearts. What is the chance that the other card is the ace of diamonds?
Perhaps %?

Suppose that your friend’s protocol was:
(a) with no red ace, say “no red ace”,
(b) with the ace of hearts, say “ace of hearts”,
(c) with the ace of diamonds but not the ace of hearts, say “ace of diamonds”.
Show that the probability in question is %

Devise a possible protocol for your friend such that the probability in question is zero.

27. Eddington’s controversy. Four witnesses, A, B, C, and D, at a trial each speak the truth with
probability % independently of each other. In their testimonies, A claimed that B denied that C declared
that D lied. What is the (conditional) probability that D told the truth? [This problem seems to have
appeared first as a parody in a university magazine of the ‘typical’ Cambridge Philosophy Tripos
question.]

28. The probabilistic method. 10 per cent of the surface of a sphere is coloured blue, the rest is red.
Show that, irrespective of the manner in which the colours are distributed, it is possible to inscribe a
cube in S with all its vertices red.

29. Repulsion. The event A is said to be repelled by the event B if P(A | B) < P(A), and to be
attracted by B if P(A | B) > P(A). Show that if B attracts A, then A attracts B, and B° repels A.

If A attracts B, and B attracts C, does A attract C?
30. Birthdays. If m students born on independent days in 1991 are attending a lecture, show that the
probability that at least two of them share a birthday is p = 1 — (365)!/{(365 — m)!365™}. Show
that p > % when m = 23.
31. Lottery. You choose r of the first n positive integers, and a lottery chooses a random subset L of
the same size. What is the probability that:
(a) L includes no consecutive integers?



[1.8.32]-[1.8.36] Exercises Events and their probabilities

(b) L includes exactly one pair of consecutive integers?

(c) the numbers in L are drawn in increasing order?

(d) your choice of numbers is the same as L?

(e) there are exactly k of your numbers matching members of L?

32. Bridge. During a game of bridge, you are dealt at random a hand of thirteen cards. With an
obvious notation, show that P(4S, 3H, 3D, 3C) ~ 0.026 and P(4S, 4H, 3D, 2C) ~ 0.018. However
if suits are not specified, so numbers denote the shape of your hand, show that P(4, 3, 3, 3) >~ 0.11
and P4, 4, 3,2) ~ 0.22.

33. Poker. During a game of poker, you are dealt a five-card hand at random. With the convention
that aces may count high or low, show that:

P(1 pair) ~ 0.423, P(2 pairs) =~ 0.0475, P(3 of a kind) ~ 0.021,
P(straight) ~ 0.0039, P(flush) ~ 0.0020, P(full house) ~ 0.0014,
P(4 of a kind) ~ 0.00024, P(straight flush) ~ 0.000015.

34. Poker dice. There are five dice each displaying 9, 10, J, Q, K, A. Show that, when rolled:

P(1 pair) >~ 0.46, P(2 pairs) >~ 0.23, P(3 of a kind) ~ 0.15,
P(no 2 alike) ~ 0.093, P(full house) =~ 0.039, P(4 of a kind) ~ 0.019,
P(5 of a kind) =~ 0.0008.

35. You are lost in the National Park of Bandrikat. Tourists comprise two-thirds of the visitors to

the park, and give a correct answer to requests for directions with probability % (Answers to repeated

questions are independent, even if the question and the person are the same.) If you ask a Bandrikan

for directions, the answer is always false.

(a) You ask a passer-by whether the exit from the Park is East or West. The answer is East. What is
the probability this is correct?

(b) You ask the same person again, and receive the same reply. Show the probability that it is correct
is %

(c) You ask the same person again, and receive the same reply. What is the probability that it is
correct?

(d) You ask for the fourth time, and receive the answer East. Show that the probability it is correct
is %

(e) Show that, had the fourth answer been West instead, the probability that East is nevertheless
correct is T9G

36. Mr Bayes goes to Bandrika. Tom is in the same position as you were in the previous problem,

but he has reason to believe that, with probability €, East is the correct answer. Show that:

(a) whatever answer first received, Tom continues to believe that East is correct with probability €,

(b) if the first two replies are the same (that is, either WW or EE), Tom continues to believe that East
is correct with probability €,

(c) after three like answers, Tom will calculate as follows, in the obvious notation:

3 11e
P(East t | WWW) = .
(East correct | ) 912

P(East t | EEE) = ———,
(East correct | ) T

Evaluate these when € = 2'96

TA fictional country made famous in the Hitchcock film ‘The Lady Vanishes’.
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Problems Exercises [1.8.37]-[1.8.39]

37. Bonferroni’s inequality. Show that

]P’(LnJ A,) > zn:P(A,) — > P(Ar N AR).
r=1

r=1 r<k

38. Kounias’s inequality. Show that

n n
]P’(U A,) < min {Z]P’(A,) - > P@4N Ak)} :
r=1 r=1 rir#k
39. The n passengers for a Bell-Air flight in an airplane with n seats have been told their seat numbers.
They get on the plane one by one. The first person sits in the wrong seat. Subsequent passengers sit
in their assigned seats whenever they find them available, or otherwise in a randomly chosen empty
seat. What is the probability that the last passenger finds his seat free?



2

Random variables and their distributions

2.1 Exercises. Random variables

1. Let X be arandom variable on a given probability space, and let a € R. Show that

(i) aX is arandom variable,

(i) X — X = 0, the random variable taking the value 0 always, and X + X = 2X.
2. Arandom variable X has distribution function . What is the distribution functionof Y = aX +b,
where a and b are real constants?
3. Afair coin is tossed # times. Show that, under reasonable assumptions, the probability of exactly
k heads is (}) (%)”. What is the corresponding quantity when heads appears with probability p on
each toss?

4. Show thatif F and G are distribution functions and 0 < A < 1then A F + (1 —A)G is a distribution
function. Is the product F G a distribution function?

5. Let F be a distribution function and r a positive integer. Show that the following are distribution
functions:

(@ F(x),

) 1-{1-Fx)},

(© F(x) +{1 - F(x)}log{l — F(x)},

d) {F(x) —1}e +exp{l — F(x)}.

2.2 Exercises. The law of averages

1. You wish to ask each of a large number of people a question to which the answer “yes” is
embarrassing. The following procedure is proposed in order to determine the embarrassed fraction of
the population. As the question is asked, a coin is tossed out of sight of the questioner. If the answer
would have been “no” and the coin shows heads, then the answer “yes” is given. Otherwise people
respond truthfully. What do you think of this procedure?

2. A coin is tossed repeatedly and heads turns up on each toss with probability p. Let Hy, and T, be
the numbers of heads and tails in n tosses. Show that, for € > 0,

1
]P’(Zp—l—e§—(H,,—T,,)§2p—l+e>—>1 asn — oo.
n

3. Let{X, :r > 1} be observations which are independent and identically distributed with unknown
distribution function F. Describe and justify a method for estimating F (x).

10



Worked examples Exercises [2.3.1]-[2.4.2]
2.3 Exercises. Discrete and continuous variables

1. Let X be a random variable with distribution function F, and leta = (a : —00 < m < o)
be a strictly increasing sequence of real numbers satisfying a_,, — —oo and a,, — 00 as m — oo.
Define G(x) = P(X < am) whena,,_1 < x < am, so that G is the distribution function of a discrete
random variable. How does the function G behave as the sequence a is chosen in such a way that
Sup,, lam — am—1| becomes smaller and smaller?

2. Let X be a random variable and let g : R — R be continuous and strictly increasing. Show that
Y = g(X) is a random variable.

3. Let X be arandom variable with distribution function

0 ifx <0,
P(X<x}=¢ x if0<x<1,
1 ifx>1.

Let F be a distribution function which is continuous and strictly increasing. Show that ¥ = F~1(X)
is arandom variable having distribution function F. Is it necessary that F be continuous and/or strictly
increasing?

4. Show that, if f and g are density functions, and 0 < A < 1, then Af + (1 — X)g is a density. Is
the product fg a density function?

5. Which of the following are density functions? Find c and the corresponding distribution function
F for those that are.

—d
@ f(x)= { o

®) f(x)=ce(1+e*)"2, xeR.

x>1,

0 otherwise.

2.4 Exercises. Worked examples

1. Let X be arandom variable with a continuous distribution function F. Find expressions for the
distribution functions of the following random variables:

(a) X2, (b) VX,
(©) sin X, (d G (X),
(e) F(X), ) G~U(F (X)),

where G is a continuous and strictly increasing function.

2. Truncation. Let X be a random variable with distribution function F, and let a < b. Sketch the
distribution functions of the ‘truncated’ random variables Y and Z given by

a ifX <a, .
. X if|X|<b,
Y=¢ X ifa<X<b, Z= .
. 0 if |X|>b.
b if X >b,

Indicate how these distribution functions behave as a — —o0, b — 0.

11



[2.5.1]-{2.7.4] Exercises Random variables and their distributions

2.5 Exercises. Random vectors
1. A fair coin is tossed twice. Let X be the number of heads, and let W be the indicator function of
the event {X = 2}. Find P(X = x, W = w) for all appropriate values of x and w.

2. Let X beaBernoulli random variable, sothat P(X =0) =1—p,P(X =1)=p. LetY =1-X
and Z=XY. FindP(X =x,Y=y)andP(X =x, Z=7z) forx, y,z € {0, 1}.

3. The random variables X and Y have joint distribution function
0 ifx <0,

Fxy(x,y)= { (1—e%) <% + %tan_l y> ifx>0.

Show that X and Y are (jointly) continuously distributed.
4. Let X and Y have joint distribution function F. Show that

Pla<X<b,c<Y <d)=F(@b,d)—F(a,d)— F(b,c)+ F(a,c)

whenevera < bandc < d.
5. Let X, Y be discrete random variables taking values in the integers, with joint mass function f.
Show that, for integers x, y,

fE,)=PX=x,Y<y)-PX>x+1,Y=<y)
-PX=x,Y<y-D+PX=x+1,Y<y-—1).
Hence find the joint mass function of the smallest and largest numbers shown in r rolls of a fair die.

6. Is the function F(x,y) =1—e™*Y,0 < x,y < 00, the joint distribution function of some pair
of random variables?

2.7 Problems

1. Each toss of a coin results in a head with probability p. The coin is tossed until the first head
appears. Let X be the total number of tosses. What is P(X > m)? Find the distribution function of
the random variable X.

2. (a) Show that any discrete random variable may be written as a linear combination of indicator
variables.

(b) Show that any random variable may be expressed as the limit of an increasing sequence of discrete
random variables.

(c) Show that the limit of any increasing convergent sequence of random variables is a random
variable.

3. (a) Show that, if X and Y are random variables on a probability space (€2, F, P), then so are
X +7Y,XY,and min{X, Y}.

(b) Show that the set of all random variables on a given probability space (2, #, P) constitutes a
vector space over the reals. If Q is finite, write down a basis for this space.

4. Let X have distribution function

0 ifx <0,
Fx)=1{ 1x if0<x<2,
1 if x > 2,

12



Problems Exercises [2.7.5]-[2.7.13]

and let Y = X2. Find

@P(3<X<3), ®PI<X<2),
©PY < X), (d) P(X < 2Y),
©P(X+Y <3), (f) the distribution function of Z = v/X.
5. Let X have distribution function
0 ifx < —1,
1—-p if —1<x <0,
F(x) = L
I1-p+35xp if0<x=<2,
1 ifx > 2.

Sketch this function, and find: (a) P(X = —1), (b)P(X =0), ()P(X >1).

6. Buses arrive at ten minute intervals starting at noon. A man arrives at the bus stop a random
number X minutes after noon, where X has distribution function

0 ifx <0,
]P’(XSx)={x/6O if0 < x <60,
1 if x > 60.

What is the probability that he waits less than five minutes for a bus?

7. Airlines find that each passenger who reserves a seat fails to turn up with probability 116 inde-
pendently of the other passengers. So Teeny Weeny Airlines always sell 10 tickets for their 9 seat
aeroplane while Blockbuster Airways always sell 20 tickets for their 18 seat aeroplane. Which is more
often over-booked?

8. A fairground performer claims the power of telekinesis. The crowd throws coins and he wills
them to fall heads up. He succeeds five times out of six. What chance would he have of doing at least
as well if he had no supernatural powers?

9. Express the distribution functions of
Xt =max{0, X}, X~ =-min{0, X}, |X|=XT+X", =X,

in terms of the distribution function F of the random variable X.
10. Show that Fx (x) is continuous at x = xq if and only if P(X = x¢) = 0.

11. The real number m is called a median of the distribution function F whenever limy ¢, F(y) <

% < F(m). Show that every distribution function F has at least one median, and that the set of

medians of F is a closed interval of R.

12. Show that it is not possible to weight two dice in such a way that the sum of the two numbers
shown by these loaded dice is equally likely to take any value between 2 and 12 (inclusive).

13. Afunctiond : § x § — R is called a metric on S if:
@) d(s,t) =d(t,s) >0foralls,t €S,
(ii) d(s,t) = 0if and only if s = ¢, and
(iii) d(s,t) <d(s,u) +du,t)foralls,t,u € S.
(a) Lévy metric. Let F and G be distribution functions and define the Lévy metric

d.(F,G) = inf{e >0:G(x—€)—€<F(x) <G +e) +e for anx}.
Show that dy is indeed a metric on the space of distribution functions.
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[2.7.14]-[2.7.18] Exercises Random variables and their distributions

(b) Total variation distance. Let X and Y be integer-valued random variables, and let

drv(X,Y) =) [P(X =k) —P(Y =k)|.
k

Show that drv satisfies (i) and (iii) with S the space of integer-valued random variables, and that
dry(X,Y) = 0if and only if P(X = Y) = 1. Thus drvy is a metric on the space of equivalence
classes of S with equivalence relation given by X ~ Y if P(X = Y) = 1. We call drv the fotal
variation distance.

Show that
drv(X,Y) =2 sup |[P(X € A) —P(Y € A)|.
ACZ

14. Ascertain in the following cases whether or not F is the joint distribution function of some pair
(X, Y) of random variables. If your conclusion is affirmative, find the distribution functions of X and
Y separately.

1—e™*7Y ifx,y >0,
a F(x,y) = -
(@ @) { 0 otherwise.
l—e*—xe™? if0<x=<y,
(b) F(x,y)={1—e‘y—ye“y if0<y<zx,
0 otherwise.
15. Itisrequired to place in order n books By, By, ..., B, on alibrary shelf in such a way that readers

searching from left to right waste as little time as possible on average. Assuming that each reader
requires book B; with probability p;, find the ordering of the books which minimizes P(T" > k) for
all k, where T is the (random) number of titles examined by a reader before discovery of the required
book.

16. Transitive coins. Three coins each show heads with probability % and tails otherwise. The first
counts 10 points for a head and 2 for a tail, the second counts 4 points for both head and tail, and the
third counts 3 points for a head and 20 for a tail.

You and your opponent each choose a coin; you cannot choose the same coin. Each of you tosses
your coin and the person with the larger score wins £ 1010, Would you prefer to be the first to pick a
coin or the second?

17. Before the development of radar and inertial navigation, flying to isolated islands (for example,
from Los Angeles to Hawaii) was somewhat ‘hit or miss’. In heavy cloud or at night it was necessary
to fly by dead reckoning, and then to search the surface. With the aid of a radio, the pilot had a good
idea of the correct great circle along which to search, but could not be sure which of the two directions
along this great circle was correct (since a strong tailwind could have carried the plane over its target).
When you are the pilot, you calculate that you can make n searches before your plane will run out of
fuel. On each search you will discover the island with probability p (if it is indeed in the direction of
the search) independently of the results of other searches; you estimate initially that there is probability
« that the island is ahead of you. What policy should you adopt in deciding the directions of your
various searches in order to maximize the probability of locating the island?

18. Eight pawns are placed randomly on a chessboard, no more than one to a square. What is the
probability that:

(a) they are in a straight line (do not forget the diagonals)?

(b) no two are in the same row or column?
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Problems Exercises [2.7.19]-[2.7.20]
19. Which of the following are distribution functions? For those that are, give the corresponding
density function f.
_g—x?
@ F@=2 17 20
0 otherwise.
—1/x 0
e x>
F(x) = ’
®) F@) { 0 otherwise.
) Fx)=¢€*/(e* +e™ %), x eR.
@) F(x)=e ™ + e/ +e%), x €R.
20. (a) If U and V are jointly continuous, show that P(U = V) = 0.
(b) Let X be uniformly distributed on (0, 1), and let Y = X. Then X and Y are continuous, and
P(X =Y) = 1. Is there a contradiction here?
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3

Discrete random variables

3.1 Exercises. Probability mass functions

1. For what values of the constant C do the following define mass functions on the positive integers
1,2,...7

(a) Geometric: f(x) = C2™*.

(b) Logarithmic: f(x) = C27%/x.

(c) Inverse square: f(x) = cx2.

(d) ‘Modified’ Poisson: f(x) = C2*/x!.

2. For arandom variable X having (in turn) each of the four mass functions of Exercise (1), find:

@ PX > 1),

(ii) the most probable value of X,
(iii) the probability that X is even.
3. We toss n coins, and each one shows heads with probability p, independently of each of the

others. Each coin which shows heads is tossed again. What is the mass function of the number of
heads resulting from the second round of tosses?

4. Let Si be the set of positive integers whose base-10 expansion contains exactly k£ elements (so
that, for example, 1024 € S4). A fair coin is tossed until the first head appears, and we write T for
the number of tosses required. We pick a random element, N say, from S7, each such element having
equal probability. What is the mass function of N?

5. Log-convexity. (a) Show that, if X is a binomial or Poisson random variable, then the mass
function f (k) = P(X = k) has the property that f(k — 1) f(k + 1) < f (k).

(b) Show that, if f(k) = 90/(wk)*, k > 1,then f(k — 1) f(k + 1) > f(k)>.

(c) Find a mass function f such that f(k)2 =ftk—1ftk+1), k>1.

3.2 Exercises. Independence

1. Let X and Y be independent random variables, each taking the values —1 or 1 with probability
%, and let Z = XY. Show that X, Y, and Z are pairwise independent. Are they independent?

2. Let X and Y be independent random variables taking values in the positive integers and having

the same mass function f(x) =27* forx =1, 2,.... Find:
(@) P(min{X, Y} < x), (b)P(Y > X),
C©)P(X =7), (d) P(X > kY), for a given positive integer &,

(e) P(X divides Y), ) P(X =rY), for a given positive rational r.
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Expectation Exercises [3.2.3]-[3.3.5]

3. LetX, X3, X3 be independent random variables taking values in the positive integers and having
mass functions given by P(X; = x) = (1 — pi)pf_1 forx=1,2,...,andi =1,2,3.

(a) Show that

(- p)(U - p2)p2p3

P(X1 <Xy < X3)= .
(1 = p2p3)(1 — p1p2p3)

(b) Find P(X; < X5 < X3).

4. Three players, A, B, and C, take turns to roll a die; they do this in the order ABCABCA....

(a) Show that the probability that, of the three players, A is the first to throw a 6, B the second, and
C the third, is 216/1001.

(b) Show that the probability that the first 6 to appear is thrown by A, the second 6 to appear is thrown
by B, and the third 6 to appear is thrown by C, is 46656/753571.

5. Let X,,1 < r < n, be independent random variables which are symmetric about 0; that is,

X, and —X, have the same distributions. Show that, for all x, P(S, > x) = P(S, < —x) where

Sn="3r_1 Xr.
Is the conclusion necessarily true without the assumption of independence?

3.3 Exercises. Expectation

1. Is it generally true that E(1/X) = 1/E(X)?Is it ever true that E(1/X) = 1/E(X)?

2. Coupons. Every package of some intrinsically dull commodity includes a small and exciting

plastic object. There are ¢ different types of object, and each package is equally likely to contain any

given type. You buy one package each day.

(a) Find the mean number of days which elapse between the acquisitions of the jth new type of object
and the (j + 1)th new type.

(b) Find the mean number of days which elapse before you have a full set of objects.

3. Each member of a group of n players rolls a die.

(a) For any pair of players who throw the same number, the group scores 1 point. Find the mean and
variance of the total score of the group.

(b) Find the mean and variance of the total score if any pair of players who throw the same number
scores that number.

4. St Petersburg paradoxf. A fair coin is tossed repeatedly. Let T be the number of tosses until
the first head. You are offered the following prospect, which you may accept on payment of a fee. If
T = k, say, then you will receive £2%. What would be a “fair’ fee to ask of you?

5. Let X have mass function

xx+D)1 ifx=1,2,...,
0 otherwise,

f&x) = {
and let @ € R. For what values of « is it the case} that E(X%) < oo?

+This problem was mentioned by Nicholas Bernoulli in 1713, and Daniel Bernoulli wrote about the question
for the Academy of St Petersburg.

$If o is not integral, than E(X?®) is called the fractional moment of order o of X. A point concerning
notation: for real o and complex x = re'®, x® should be interpreted as r®ei®?, so that |x®| = r®. In particular,
E(|X¥]) = E(1X|*).
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[3.3.6]-{3.4.8] Exercises Discrete random variables

6. Show that var(a + X) = var(X) for any random variable X and constant a.

7. Arbitrage. Suppose you find a warm-hearted bookmaker offering payoff odds of m (k) against
the kth horse in an n-horse race where Y ¢_, {m (k) + 137! < 1. Show that you can distribute your
bets in such a way as to ensure you win.

8. You roll a conventional fair die repeatedly. If it shows 1, you must stop, but you may choose to
stop at any prior time. Your score is the number shown by the die on the final roll. What stopping
strategy yields the greatest expected score? What strategy would you use if your score were the square
of the final roll?

9. Continuing with Exercise (8), suppose now that you lose ¢ points from your score each time you
roll the die. What strategy maximizes the expected final score if ¢ = %? What is the best strategy if
c=1?

3.4 Exercises. Indicators and matching

1. A biased coin is tossed n times, and heads shows with probability p on each toss. A run is a
sequence of throws which result in the same outcome, so that, for example, the sequence HHTHTTH
contains five runs. Show that the expected number of runs is 1 4+ 2(n — 1) p(1 — p). Find the variance
of the number of runs.

2. Anurncontains z ballsnumbered 1, 2, . . ., n. Weremove k balls at random (without replacement)
and add up their numbers. Find the mean and variance of the total.

3. Of the 2n people in a given collection of n couples, exactly m die. Assuming that the m have
been picked at random, find the mean number of surviving couples. This problem was formulated by
Daniel Bernoulli in 1768.

4. Urmn R contains n red balls and urn B contains n blue balls. At each stage, a ball is selected at
random from each urn, and they are swapped. Show that the mean number of red balls in urn R after

stage k is %n{l +1-2/ n)k}. This “diffusion model’ was described by Daniel Bernoulli in 1769.

5. Consider a square with diagonals, with distinct source and sink. Each edge represents a component
which is working correctly with probability p, independently of all other components. Write down an
expression for the Boolean function which equals 1 if and only if there is a working path from source
to sink, in terms of the indicator functions X; of the events {edge i is working} as i runs over the set
of edges. Hence calculate the reliability of the network.

6. A system is called a ‘k out of n’ system if it contains n components and it works whenever k or
more of these components are working. Suppose that each component is working with probability
p, independently of the other components, and let X, be the indicator function of the event that
component ¢ is working. Find, in terms of the X, the indicator function of the event that the system
works, and deduce the reliability of the system.

7. The probabilistic method. Let G = (V, E) be a finite graph. For any set W of vertices and any
edge e € E, define the indicator function

1 if e connects W and W¢,
0 otherwise.

Iw(e) ={

Set Nw =Y .cr Iw(e). Show that there exists W € V such that Ny > %IEI.

8. A total of n bar magnets are placed end to end in a line with random independent orientations.
Adjacent like poles repel, ends with opposite polarities join to form blocks. Let X be the number of
blocks of joined magnets. Find E(X) and var(X).
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Dependence Exercises [3.4.9]-[3.6.5]

9. Matching. (a) Use the inclusion—exclusion formula (3.4.2) to derive the result of Example
(3.4.3), namely: in a random permutation of the first » integers, the probability that exactly r retain

their original positions is
1 (1 1 4ot (—1)"")
rt\2! 3! n—r)’

(b) Let d,, be the number of derangements of the first n integers (that is, rearrangements with no
integers in their original positions). Show that d,, 1 = ndy + nd,_; for n > 2. Deduce the result of
part (a).

3.5 Exercises. Examples of discrete variables

1. De Moivre trials. Each trial may result in any of ¢ given outcomes, the ith outcome having
probability p;. Let N; be the number of occurrences of the ith outcome in » independent trials. Show
that

n! ny n
1 2 nt
yP1 P2 Pr
‘R

P(N; =njforl<i<t)= ———
nylng! --

for any collection ny, ns, ..., n; of non-negative integers with sum n. The vector N is said to have
the multinomial distribution.

2. In your pocket is a random number N of coins, where N has the Poisson distribution with
parameter A. You toss each coin once, with heads showing with probability p each time. Show that
the total number of heads has the Poisson distribution with parameter Ap.

3. Let X be Poisson distributed where P(X = n) = pn(A) = A*e~*/n! for n > 0. Show that
P(X<n)=1- fg‘ pn(x)dx.

4. Capture-recapture. A population of b animals has had a number a of its members captured,

marked, and released. Let X be the number of animals it is necessary to recapture (without re-release)
in order to obtain m marked animals. Show that

R [ I )

and find EX. This distribution has been called negative hypergeometric.

3.6 Exercises. Dependence
1. Show that the collection of random variables on a given probability space and having finite
variance forms a vector space over the reals.
2. Find the marginal mass functions of the multinomial distribution of Exercise (3.5.1).
3. Let X and Y be discrete random variables with joint mass function

C
GHy—DE+yG+y+1)’

fx,y)= x,y=1273,....

Find the marginal mass functions of X and Y, calculate C, and also the covariance of X and Y.

4. Let X and Y be discrete random variables with mean 0, variance 1, and covariance p. Show that
E(max{X2, ¥2}) <1+ +/1-p2

5. Mutual information. Let X and Y be discrete random variables with joint mass function f.
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[3.6.6]-[3.7.2] Exercises Discrete random variables

(a) Show that E(log fx (X)) > E(log fy(X)).
(b) Show that the mutual information

£ Y) })
I = 1 _—
E < o8 { O Fr (D)

satisfies 7 > 0, with equality if and only if X and Y are independent.

6. Voter paradox. Let X, Y, Z be discrete random variables with the property that their values are
distinct with probability 1. Leta =P(X > Y), b =PY > Z),c =P(Z > X).

(a) Show that min{a, b, ¢} < %, and give an example where this bound is attained.

(b) Show that, if X, Y, Z are independent and identically distributed, thena =b = ¢ = %

(c) Find min{a, b, ¢} and sup,, min{a, b, ¢} when P(X = 0) = 1, and Y, Z are independent with
PZ=1)=P¥ =-1)=p,P(Z=-2)=P¥ =2) =1-— p. Here, sup,, denotes the
supremum as p varies over [0, 1].

[Part (a) is related to the observation that, in an election, it is possible for more than half of the voters

to prefer candidate A to candidate B, more than half B to C, and more than half C to A.]

7. Benford’s distribution, or the law of anomalous numbers. If one picks a numerical entry at
random from an almanac, or the annual accounts of a corporation, the first two significant digits, X,
Y, are found to have approximately the joint mass function

f(x,y)=log10(1+ ), 1<x<9,0<y=<09.

10x +y

Find the mass function of X and an approximation to its mean. [A heuristic explanation for this
phenomenon may be found in the second of Feller’s volumes (1971).]

8. Let X and Y have joint mass function

c(j + k)alt*

T k=0,

fU, k) =

where a is a constant. Find ¢, P(X = j), P(X + Y =r), and E(X).

3.7 Exercises. Conditional distributions and conditional expectation

1. Show the following:

(@) E(@Y +bZ | X)=aE(Y | X) +bE(Z | X) fora,b € R,

(®) E(Y|X)=0ifY =0,

©@EQIX)=1,

(d) if X and Y are independent then E(Y | X) = E(Y),

(e) (‘pull-through property’) E(Yg(X) | X) = g(X)E(Y | X) for any suitable function g,

(f) (‘tower property’) E{E(Y | X, Z) | X} =E(Y | X) =E{E(Y | X) | X, Z}.

2. Uniqueness of conditional expectation. Suppose that X and Y are discrete random variables,
and that ¢ (X) and ¥ (X) are two functions of X satisfying

E(¢(X)g(X)) =E(¥(X)g(X)) = E(Yg(X))

for any function g for which all the expectations exist. Show that ¢ (X) and ¥ (X) are almost surely
equal, in that P(¢(X) = ¢¥(X)) = 1.
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Sums of random variables Exercises [3.7.3]-[3.8.3]

3. Suppose that the conditional expectation of Y given X is defined as the (almost surely) unique
function ¥ (X) such that E(¥ (X)g(X)) = E(Yg(X)) for all functions g for which the expectations
exist. Show (a)—(f) of Exercise (1) above (with the occasional addition of the expression ‘with
probability 1°).

4. How should we define var(Y | X), the conditional variance of Y given X? Show that var(Y) =
E(var(Y | X)) + var(E(Y | X)).

5. The lifetime of a machine (in days) is a random variable T with mass function f. Given that the
machine is working after ¢ days, what is the mean subsequent lifetime of the machine when:

@ fX)=W+Dforxe{0,1,...,N},

®) fx)=2"*forx=1,2,....

(The first part of Problem (3.11.13) may be useful.)

6. Let Xy, X5, ... beidentically distributed random variables with mean p, and let N be a random

variable taking values in the non-negative integers and independent of the X;. Let § = X1 + X5 +
-+ 4+ Xpy. Show that E(S | N) = uN, and deduce that E(S) = uE(N).

7. A factory has produced n robots, each of which is faulty with probability ¢. To each robot a test
is applied which detects the fault (if present) with probability §. Let X be the number of faulty robots,
and Y the number detected as faulty. Assuming the usual independence, show that

E(X|Y)={n¢(1—8)+1—¢)Y}/(1—¢?).

8. Families. Each child is equally likely to be male or female, independently of all other children.

(a) Show that, in a family of predetermined size, the expected number of boys equals the expected
number of girls. Was the assumption of independence necessary?

(b) A randomly selected child is male; does the expected number of his brothers equal the expected
number of his sisters? What happens if you do not require independence?

9. Let X and Y be independent with mean . Explain the error in the following equation:

EX|X+Y=2)=EX|X=z-Y)=EGz-Y)=z—p’.

10. A coin shows heads with probability p. Let X be the number of flips required to obtain a run of
n consecutive heads. Show that E(X,) = 7_, p~*.

3.8 Exercises. Sums of random variables

1. Let X and Y be independent variables, X being equally likely to take any value in {0, 1, ..., m},
and Y similarly in {0, 1, ..., n}. Find the mass function of Z = X + Y. The random variable Z is
said to have the trapezoidal distribution.

2. Let X and Y have the joint mass function

C
G+y—-Dax+yE+y+1)°

fGx,y) = xy=1,2,3,....

Find the mass functionsof U = X +Yand V=X —-7Y.

3. Let X and Y be independent geometric random variables with respective parameters o and .
Show that

POC+Y =) = o {a - pF - -0,
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[3.8.4]1-[3.9.6] Exercises Discrete random variables

4. Let{X,:1 <r < n}be independent geometric random variables with parameter p. Show that
Z =377_, X, has a negative binomial distribution. [Hint: No calculations are necessary.]

5. Pepys’s problem+t. Sam rolls 6n dice once; he needs at least n sixes. Isaac rolls 6(n + 1) dice;
he needs at least n + 1 sixes. Who is more likely to obtain the number of sixes he needs?

6. Let N be Poisson distributed with parameter A. Show that, for any function g such that the
expectations exist, E(Ng(N)) = AEg(N + 1). More generally, if S = Zﬁvzl X;, where {X, : r > 0}
are independent identically distributed non-negative integer-valued random variables, show that

E(Sg(S)) = AE(g(S + X0)Xo)-

3.9 Exercises. Simple random walk

1. Let T be the time which elapses before a simple random walk is absorbed at either of the absorbing
barriers at 0 and N, having started at k where 0 < k < N. Show that P(T < o0) = 1 and IE(Tk) < o0
forallk > 1.

2. For simple random walk S with absorbing barriers at 0 and N, let W be the event that the particle
is absorbed at O rather than at N, and let p = P(W | Sg = k). Show that, if the particle starts at
k where 0 < k < N, the conditional probability that the first step is rightwards, given W, equals
PpPk+1/ Pk- Deduce that the mean duration Ji of the walk, conditional on W, satisfies the equation

pPk+1Jk+1 — PkJie + (Pk — PPi41)Jk—1 = —pr,  forO <k <N.
Show that we may take as boundary condition Jo = 0. Find Jj in the symmetric case, when p = %
3. With the notation of Exercise (2), suppose further that at any step the particle may remain where
it is with probability r where p + g + r = 1. Show that J; satisfies
pPk+1Jk+1 — (L =) prJx + qpk—1Jk—1 = —pk
and that, when p = ¢q/p # 1,

1 1
Ji= ¥ {k(pk +o) —

2NpN (1 — p%)
p—q pk—p '

1—pN

4. Problem of the points. A coin is tossed repeatedly, heads turning up with probability p on each
toss. Player A wins the game if m heads appear before n tails have appeared, and player B wins
otherwise. Let p,,;,, be the probability that A wins the game. Set up a difference equation for the pp,,.
What are the boundary conditions?

5. Consider a simple random walk on the set {0, 1,2, ..., N} in which each step is to the right with
probability p or to the left with probability g = 1 — p. Absorbing barriers are placed at 0 and N.
Show that the number X of positive steps of the walk before absorption satisfies

E(X) = 3{Dx —k+N(1 - p)}
where Dy, is the mean number of steps until absorption and py, is the probability of absorption at 0.

6. (a) “Millionaires should always gamble, poor men never” [J. M. Keynes].
(b) “If I wanted to gamble, I would buy a casino” [P. Getty].

(c) “That the chance of gain is naturally overvalued, we may learn from the universal success of
lotteries” [Adam Smith, 1776].

Discuss.

‘tPepys put a simple version of this problem to Newton in 1693, but was reluctant to accept the correct reply
he received.
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Problems Exercises [3.10.1]-[3.11.6]

3.10 Exercises. Random walk: counting sample paths

1. Consider a symmetric simple random walk S with Sg = 0. Let T = min{n > 1 : §,, = 0} be the
time of the first return of the walk to its starting point. Show that

P(T = 2n) = — (2”> 2=

2n—1\ n

and deduce that E(T*) < oo if and only if ¢ < % You may need Stirling’s formula: n! ~

1
Wt 2e 27,

2. For a symmetric simple random walk starting at 0, show that the mass function of the maximum
satisfies P(M, =r) =P(S, =r)+P(S, =r+ 1) forr > 0.

3. For a symmetric simple random walk starting at 0, show that the probability that the first visit to
Son, takes place at time 2k equals the product P(Sy; = 0)P(S2,—2% = 0), for 0 <k < n.

3.11 Problems

1. (a)Let X and Y be independent discrete random variables, and let g, & : R — R. Show that g(X)
and h(Y) are independent.

(b) Show that two discrete random variables X and Y are independent if and only if fx y(x,y) =
fx@®) fy(y) forall x,y € R.

(c) More generally, show that X and Y are independent if and only if fx y(x, y) can be factorized
as the product g(x)h(y) of a function of x alone and a function of y alone.

2. Show that if var(X) = O then X is almost surely constant; that is, there exists a € R such that
P(X = a) = 1. (First show that if E(X?) = 0 then P(X = 0) = 1.)

3. (a)Let X be adiscrete random variable and let g : R — R. Show that, when the sum is absolutely
convergent,

E(g(X)) =) g(x)P(X =x).
X

(b) If X and Y are independent and g, 7 : R — R, show that E(g(X)A(Y)) = E(g(X)E((Y))
whenever these expectations exist.

4. LetQ = {w1, wr, w3}, with P(@1) = P(w3) = P(w3) = % Define X,Y,Z : 2 — Rby

X)) =1, X(w)=2, X(w3)=3,

Y(w1) =2, Y@)=3, Yw3)=1,

Z(w1) =2, Z(m)=2, Zw3)=1.
Show that X and Y have the same mass functions. Find the mass functions of X + ¥, XY, and X/Y.
Find the conditional mass functions fy|z and fz|y.

5. For what values of k and « is f a mass function, where:

@ f(m)=k/{nr+1},n=12,...,

b) f(n)=kn% n=1,2,... (zeta or Zipf distribution)?

6. Let X and Y be independent Poisson variables with respective parameters A and p. Show that:
(a) X +7Y is Poisson, parameter A + p,

(b) the conditional distribution of X, given X + Y = n, is binomial, and find its parameters.
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[3.11.7]-[3.11.14] Exercises Discrete random variables

7. If X is geometric, show that P(X = n+k | X > n) =P(X =k) for k, n > 1. Why do you think
that this is called the ‘lack of memory’ property? Does any other distribution on the positive integers
have this property?

8. Show that the sum of two independent binomial variables, bin(m, p) and bin(n, p) respectively,
is bin(m + n, p).

9. Let N be the number of heads occurring in # tosses of a biased coin. Write down the mass function
of N in terms of the probability p of heads turning up on each toss. Prove and utilize the identity

2 (;i)"ziy"‘z" ={E+"+ 0"

in order to calculate the probability p, that N is even. Compare with Problem (1.8.20).

10. Anurn contains N balls, b of which are blue and r (= N — b) of which are red. A random sample
of n balls is withdrawn without replacement from the urn. Show that the number B of blue balls in
this sample has the mass function

o)) /)

This is called the hypergeometric distribution with parameters N, b, and n. Show further that if N, b,
and r approach oo in such a way that b/N — pandr/N — 1 — p, then

nw=m»G%M—W*

You have shown that, for small »n and large N, the distribution of B barely depends on whether or not
the balls are replaced in the urn immediately after their withdrawal.

11. Let X and Y be independent bin(n, p) variables, and let Z = X + Y. Show that the conditional
distribution of X given Z = N is the hypergeometric distribution of Problem (3.11.10).

12. Suppose X and Y take values in {0, 1}, with joint mass function f(x,y). Write f(0,0) = a,
f0,1)=b, f(1,0) =c, f(1,1) = d, and find necessary and sufficient conditions for X and ¥ to
be: (a) uncorrelated, (b) independent.

13. (a) If X takes non-negative integer values show that
[o¢]
E(X) =Y P(X > n).
=0

(b) An urn contains b blue and r red balls. Balls are removed at random until the first blue ball is
drawn. Show that the expected number drawn is (b +r + 1)/(b + 1).

(c) The balls are replaced and then removed at random until all the remaining balls are of the same
colour. Find the expected number remaining in the urn.

14. Let X1, X3, ..., Xn be independent random variables, and suppose that Xy is Bernoulli with
parameter py. Show that Y = X; + X5 + - - - + X, has mean and variance given by

E(Y)=) p, var(Y) =) pe(l - pp).
1 1

24



Problems Exercises [3.11.15]-[3.11.21]

Show that, for E(Y) fixed, var(Y) is a maximum when p; = pp = --- = pp. That is to say, the
variation in the sum is greatest when individuals are most alike. Is this contrary to intuition?

15. LetX = (X1, X2, ..., X») be a vector of random variables. The covariance matrix V(X) of X is
defined to be the symmetric n by n matrix withentries (v;j : 1 < i, j < n) givenby v;; = cov(X;, X;).
Show that |[V(X)| = O if and only if the X; are linearly dependent with probability one, in that
P(@1 X1 +a2Xy + -+ - +an X, = b) = 1 for some a and b. (V| denotes the determinant of V.)

16. Let X and Y be independent Bernoulli random variables with parameter % Show that X + Y and
|X — Y| are dependent though uncorrelated.

17. A secretary drops n matching pairs of letters and envelopes down the stairs, and then places the
letters into the envelopes in a random order. Use indicators to show that the number X of correctly
matched pairs has mean and variance 1 for all n > 2. Show that the mass function of X converges to
a Poisson mass function as n — oo.

18. LetX = (Xy, X3, ..., X») bea vector of independent random variables each having the Bernoulli
distribution with parameter p. Let f : {0, 1} — R be increasing, which is to say that f(x) < f(y)
whenever x; < y; for each .

(@ Lete(p) = E(f(X)). Show that e(p1) < e(p2) if p1 < p2.
(b) FKG inequalityt. Let f and g be increasing functions from {0, 1}"* into R. Show by induction
on 7 that cov(f (X), g(X)) > 0.

19. Let R(p) be the reliability function of a network G with a given source and sink, each edge of
which is working with probability p, and let A be the event that there exists a working connection
from source to sink. Show that

R(p) =) Ia@pN@ (1 — pyr~N@
w

where w is a typical realization (i.e., outcome) of the network, N (w) is the number of working edges
of w, and m is the total number of edges of G.

Deduce that R'(p) = cov(l4, N)/{p(1 — p)}, and hence that

R(p)(A—-R(P) _ o mR(p)(1 — R(p))
e P <R —
(=) < (p)s\/ 1= p)

20. Let R(p) be the reliability function of a network G, each edge of which is working with probability

D.

() Show that R(p1p2) < R(p1)R(p2) if0 < p1,p2 < 1.

(b) Show that R(p¥) < R(p)Y foral0 < p<landy > 1.

21. DNA fingerprinting. In a certain style of detective fiction, the sleuth is required to declare “the

criminal has the unusual characteristics . .. ; find this person and you have your man”. Assume that

any given individual has these unusual characteristics with probability 10~ independently of all other

individuals, and that the city in question contains 107 inhabitants. Calculate the expected number of

such people in the city.

(a) Given that the police inspector finds such a person, what is the probability that there is at least
one other?

(b) If the inspector finds two such people, what is the probability that there is at least one more?

(c) How many such people need be found before the inspector can be reasonably confident that he
has found them all?

tNamed after C. Fortuin, P. Kasteleyn, and J. Ginibre (1971), but due in this form to T. E. Harris (1960).
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[3.11.22]-[3.11.30] Exercises Discrete random variables

(d) For the given population, how improbable should the characteristics of the criminal be, in order
that he (or she) be specified uniquely?

22. In 1710, J. Arbuthnot observed that male births had exceeded female births in London for 82
successive years. Arguing that the two sexes are equally likely, and 2782 is very small, he attributed
this run of masculinity to Divine Providence. Let us assume that each birth results in a girl with
probability p = 0.485, and that the outcomes of different confinements are independent of each other.
Ignoring the possibility of twins (and so on), show that the probability that girls outnumber boys in 2n
live births is no greater than (2:) p"q"{q/(q — p)}, where ¢ = 1 — p. Suppose that 20,000 children
are born in each of 82 successive years. Show that the probability that boys outnumber girls every
year is at least 0.99. You may need Stirling’s formula.

23. Consider a symmetric random walk with an absorbing barrier at N and a reflecting barrier at 0
(so that, when the particle is at 0, it moves to 1 at the next step). Let a(j) be the probability that
the particle, having started at k, visits O exactly j times before being absorbed at N. We make the
convention that, if k = 0, then the starting point counts as one visit. Show that

_ j-1
ak(j)=ﬁ1v2—k<l—%) , j=1,0<k<N.

24. Problem of the points (3.9.4). A coin is tossed repeatedly, heads turning up with probability p
on each toss. Player A wins the game if heads appears at least m times before tails has appeared n
times; otherwise player B wins the game. Find the probability that A wins the game.

25. A coin is tossed repeatedly, heads appearing on each toss with probability p. A gambler starts
with initial fortune k (where 0 < k < N); he wins one point for each head and loses one point for
each tail. If his fortune is ever O he is bankrupted, whilst if it ever reaches N he stops gambling to buy
a Jaguar. Suppose that p < % Show that the gambler can increase his chance of winning by doubling
the stakes. You may assume that k and N are even.

What is the corresponding strategy if p > %?

26. A compulsive gambler is never satisfied. At each stage he wins £1 with probability p and loses
£1 otherwise. Find the probability that he is ultimately bankrupted, having started with an initial
fortune of £k.

27. Range of random walk. Let {X,, : n > 1} be independent, identically distributed random
variables taking integer values. Let So = 0, S, = ) 7 X;. The range Ry, of Sp, S, ..., Sy is the
number of distinct values taken by the sequence. Show thatP(R, = R,—1+1) =P(S152--- Sn #0),
and deduce that, as » — o0,

1
—E(Rp) = P(Sg #O0forallk > 1).
n

Hence show that, for the simple random walk, n~1E(R,) — | p—¢qlasn — oo.

28. Arc sine law for maxima. Consider a symmetric random walk § starting from the origin, and
let M;,, = max{S; : 0 <i < n}. Show that, for i = 2k, 2k + 1, the probability that the walk reaches
My, for the first time at time i equals %]P’(SZk = 0)P(S2,—2k = 0).

29. Let S be a symmetric random walk with Sg = 0, and let N, be the number of points that have
been visited by S exactly once up to time n. Show that E(N,) = 2.

30. Family planning. Consider the following fragment of verse entitled ‘Note for the scientist’.

People who have three daughters try for more,
And then its fifty—fifty they’ll have four,
Those with a son or sons will let things be,
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Problems Exercises [3.11.31]-[3.11.37]

Hence all these surplus women, QED.

(a) What do you think of the argument?

(b) Show that the mean number of children of either sex in a family whose fertile parents have
followed this policy equals 1. (You should assume that each delivery yields exactly one child
whose sex is equally likely to be male or female.) Discuss.

31. Let 8 > 1, let py, pa, ... denote the prime numbers, and let N(1), N(2), ... be independent
random variables, N (i) having mass function P(N(i) = k) = (1 — y,-)y,.k for k > 0, where y; = pi_ A
for all i. Show that M = Hl 1 plN @ s a random integer with mass function P(M = m) = Ccm=#

for m > 1 (this may be called the Dirichlet distribution), where C is a constant satisfying

c=T(-7)-(E)

32. N + 1 plates are laid out around a circular dining table, and a hot cake is passed between them in
the manner of a symmetric random walk: each time it arrives on a plate, it is tossed to one of the two
neighbouring plates, each possibility having probability % The game stops at the moment when the
cake has visited every plate at least once. Show that, with the exception of the plate where the cake
began, each plate has probability 1/N of being the last plate visited by the cake.

33. Simplex algorithm. There are ( ) points ranked in order of merit with no matches. You seek to
reach the best, B. If you are at the jth best, you step to any one of the j — 1 better points, with equal
probability of stepping to each. Let ; be the expected number of steps to reach B from the jth best

vertex. Show that r; = E] "Lyt Give an asymptotic expression for the expected time to reach B
from the worst vertex, for large m,n.

34. Dimer problem. There are n unstable molecules in a row, my, my, ... ,my,. One of the n — 1
pairs of neighbours, chosen at random, combines to form a stable dimer; this process continues until
there remain Uy, isolated molecules no two of which are adjacent. Show that the probability that m
remains isolated is Er_o( n/r! - e~ lasn — 0o. Deduce that lim,—y 00 n~1EU, = e~ 2.

35. Poisson approximation. Let {I, : 1 < r < n} be independent Bernoulli random variables with
respective parameters {p, : 1 < r < n} satisfying p, < ¢ < 1forallr andsomec. LetA =Y "_; pr
and X = >"_, X,. Show that

Ake— k2
P(X =k) = o 1+0 Amraxpr+—)t—maxpr .

36. Sampling. The length of the tail of the rth member of a troop of N chimeras is x,. A random
sample of n chimeras is taken (without replacement) and their tails measured. Let I, be the indicator
of the event that the rth chimera is in the sample. Set

1 I , 1Y "
Xy =x 1, Y=—ZX,, x=—Zx,, o =—Z(x,—x).
n N Nr_1

Show that E(Y) = u, and var(Y) = (N — n)o2/{n(N — 1)}.

37. Berkson’s fallacy. Any individual in a group G contracts a certain disease C with probability
y; such individuals are hospitalized with probability c¢. Independently of this, anyone in G may be
in hospital with probability a, for some other reason. Let X be the number in hospital, and Y the
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[3.11.38]-[3.11.40] Exercises Discrete random variables

number in hospital who have C (including those with C admitted for any other reason). Show that the
correlation between X and Y is

(1 —-a)(1—yc)
p(x,Y)=\/1”’ : e
—yp a+yc—ayc

where p =a + ¢ — ac.
It has been stated erroneously that, when p(X, Y) is near unity, this is evidence for a causal
relation between being in G and contracting C.

38. A telephone sales company attempts repeatedly to sell new kitchens to each of the N families

in a village. Family i agrees to buy a new kitchen after it has been solicited K; times, where the K;

are independent identically distributed random variables with mass function f(n) = P(K; = n). The

value oo is allowed, so that f(co) > 0. Let X, be the number of kitchens sold at the nth round of
solicitations, so that X, = va=1 I{g;=n}- Suppose that N is a random variable with the Poisson

distribution with parameter v.

(a) Show that the X, are independent random variables, X, having the Poisson distribution with
parameter vf(r).

(b) The company loses heart after the T'th round of calls, where T = inf{n : X, = 0}. Let
S = X1 + X + - -- + X7 be the number of solicitations made up to time 7. Show further that
E(S) = vE(F(T)) where F(k) = f()+ f(2) +--- + f(k).

39. A particle performs a random walk on the non-negative integers as follows. When at the point n

(> 0) its next position is uniformly distributed on the set {0, 1,2, ..., n 4+ 1}. When it hits O for the

first time, it is absorbed. Suppose it starts at the point a.

(a) Find the probability that its position never exceeds a, and prove that, with probability 1, it is
absorbed ultimately.

(b) Find the probability that the final step of the walk is from 1 to O whena = 1.

(c) Find the expected number of steps taken before absorption when a = 1.

40. Let G be a finite graph with neither loops nor multiple edges, and write dy, for the degree of
the vertex v. An independent set is a set of vertices no pair of which is joined by an edge. Let
a(G) be the size of the largest independent set of G. Use the probabilistic method to show that
a(G) = >, 1/(dy +1). [This conclusion is sometimes referred to as Turdn’s theorem.]
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4

Continuous random variables

4.1 Exercises. Probability density functions

1. For what values of the parameters are the following functions probability density functions?

@ fx)=C{x(1- x)}_%, 0 < x < 1, the density function of the ‘arc sine law’.

(b) f(x) = Cexp(—x —e™*), x € R, the density function of the ‘extreme-value distribution’.

© fx)=CA+x%)™, xeR.

2. Find the density function of ¥ = aX, where a > 0, in terms of the density function of X. Show

that the continuous random variables X and —X have the same distribution function if and only if
fx(x) = fx(—x) forall x € R.

3. If f and g are density functions of random variables X and Y, show that af 4+ (1 — @)g is a
density function for 0 < « < 1, and describe a random variable of which it is the density function.

4. Survival. Let X be a positive random variable with density function f and distribution function
F. Define the hazard function H(x) = —log[1 — F (x)] and the hazard rate

1
r(x)=}liir(1)ZIP(X5x+h|X>x), x>0.

Show that:

@ r@) = H' () = f@)/{1 - F®)},

(b) If r(x) increases with x then H(x)/x increases with x,

(¢) H(x)/x increases with x if and only if [1 — F(x)]* <1— F(ax)forall0 <o <1,
(d) If H(x)/x increases with x, then H(x 4+ y) > H(x) + H(y) forallx,y > 0.

4.2 Exercises. Independence

1. I am selling my house, and have decided to accept the first offer exceeding £K. Assuming
that offers are independent random variables with common distribution function F, find the expected
number of offers received before I sell the house.

2. Let X and Y be independent random variables with common distribution function F and density
function f. Show that V = max{X, Y} has distribution function P(V < x) = F (x)? and density
function fy(x) = 2f(x)F(x), x € R. Find the density function of U = min{X, Y}.

3. Theannual rainfall figures in Bandrika are independent identically distributed continuous random
variables {X, : r > 1}. Find the probability that:
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[4.2.4]-[4.4.5] Exercises Continuous random variables

(a) X1 <X2<X3<X4,
b)) X1 > Xy < X3 <Xy

4. Let{X, :r > 1}beindependent and identically distributed with distribution function F satisfying
F(y) < 1forall y,andlet Y(y) = min{k : X; > y}. Show that

yli)moo]P’(Y(y) <EY(y)=1-el

4.3 Exercises. Expectation

1. For what values of « is E(|X|*) finite, if the density function of X is:

@ f(x)=e *forx >0,

(b) f(x)=C( +x%)~" forx € R?

If o is not integral, then E(|X|%) is called the fractional moment of order a of X, whenever the
expectation is well defined; see Exercise (3.3.5).

2. Let Xy, X5, ..., X, be independent identically distributed random variables for which E(X 1“1)
exists. Show that, if m < n, then E(S,,/Sn) = m/n, where Sy, = X1+ Xo + - - + X

3. Let X be a non-negative random variable with density function f. Show that
o0
EX") = / re" T IP(X > x)dx
0

for any r > 1 for which the expectation is finite.

4. Show that the mean u, median m, and variance o2 of the continuous random variable X satisfy

(n—m)? < o2

5. Let X be a random variable with mean x and continuous distribution function . Show that

a o0
/ F(x)dx = / [1 - F(x)]dx,
o a

if and only if a = p.

4.4 Exercises. Examples of continuous variables

1. Prove that the gamma function satisfies I'(#) = (¢ — 1)['(# — 1) for ¢ > 1, and deduce that
'n)=@m—1)!forn=1,2,.... Show that F(%) = /7 and deduce a closed form for I'(n + %)
forn=0,1,2,....

2. Show, as claimed in (4.4.8), that the beta function satisfies B(a, b) = I'(@)I"(b)/'(a + b).

3. Let X have the uniform distribution on [0, 1]. For what function g does ¥ = g(X) have the
exponential distribution with parameter 1?

4. Find the distribution function of a random variable X with the Cauchy distribution. For what
values of o does | X| have a finite (possibly fractional) moment of order o:?

5. Log-normal distribution. Let Y = eX where X has the N(0, 1) distribution. Find the density
function of Y.
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Dependence Exercises [4.4.6]-[4.5.5]

6. Let X be N(i, 02). Show that E{(X — u)g(X)} = o2E(g(X)) when both sides exist.

7. With the terminology of Exercise (4.1.4), find the hazard rate when:
(a) X has the Weibull distribution, P(X > x) = exp(—axf~1), x > 0,
(b) X has the exponential distribution with parameter A,

(c) X has density function af + (1 — a)g, where 0 < o < 1 and f and g are the densities of
exponential variables with respective parameters A and ;. What happens to this last hazard rate
r(x) in the limit as x — 00?

8. Mills’s ratio. For the standard normal density ¢ (x), show that ¢’(x) + x¢ (x) = 0. Hence show
that

1 1 1-®x 1 1 3 o
—— < —<—-— =+ —, X .
x  x3 o (x) x  x3 x5
4.5 Exercises. Dependence
1. Let

Ix|
fx,y) = ﬁexp{—|x| - 1x%y%, xyeRr

Show that f is a continuous joint density function, but that the (first) marginal density function
gx) = ffooo f(x, y)dy is not continuous. Let Q = {g, : n > 1} be a set of real numbers, and define

o0
fo®, ) =3 f(x = qn, ).

n=1

Show that fg is a continuous joint density function whose first marginal density function is discon-
tinuous at the points in Q. Can you construct a continuous joint density function whose first marginal
density function is continuous nowhere?

2. Buffon’s needle revisited. Two grids of parallel lines are superimposed: the first grid contains
lines distance a apart, and the second contains lines distance b apart which are perpendicular to those
of the first set. A needle of length » (< min{a, b}) is dropped at random. Show that the probability it
intersects a line equals r (2a + 2b — r)/(wab).

3. Buffon’s cross. The plane is ruled by the lines y = n, for n = 0, %1, ..., and on to this plane
we drop a cross formed by welding together two unit needles perpendicularly at their midpoints. Let
Z be the number of intersections of the cross with the grid of parallel lines. Show that E(Z/2) =2/n

and that
3-4J2 4

var(Z/2) = ~— =

If you had the choice of using either a needle of unit length, or the cross, in estimating 2/m, which
would you use?

4. Let X and Y be independent random variables each having the uniform distribution on [0, 1]. Let
U = min{X, Y} and V = max{X, Y}. Find E(U), and hence calculate cov(U, V).

5. Let X and Y be independent continuous random variables. Show that
E(g(X)h(Y)) = E(g(X))E(h(Y)),

whenever these expectations exist. If X and Y have the exponential distribution with parameter 1, find
]E{exp(% X +Y)}.
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[4.5.6]-[4.6.9] Exercises Continuous random variables

6. Three points A, B, C are chosen independently at random on the circumference of a circle. Let
b(x) be the probability that at least one of the angles of the triangle ABC exceeds xz. Show that

Hence find the density and expectation of the largest angle in the triangle.

7. Let{X,:1 <r < n}beindependent and identically distributed with finite variance, and define
X=n"1 "_1 Xr. Show that cov(X, X, — X) =0.

8. Let X and Y be independent random variables with finite variances, and let U = X + Y and
V = XY. Under what condition are U and V uncorrelated?

9. Let X and Y be independent continuous random variables, and let U be independent of X and Y
taking the values 1 with probability % Define S = UX and T = UY. Show that S and T are in
general dependent, but S 2 and T2 are independent.

4.6 Exercises. Conditional distributions and conditional expectation

1. A point is picked uniformly at random on the surface of a unit sphere. Writing ® and ® for its
longitude and latitude, find the conditional density functions of ® given &, and of ® given ©.

2. Show that the conditional expectation ¥ (X) = E(Y | X) satisfies E(¢¥(X)g (X)) = E(Yg(X)),
for any function g for which both expectations exist.

3. Construct an example of two random variables X and Y for which E(Y) = oo but such that
E(Y | X) < oo almost surely.

4. Find the conditional density function and expectation of ¥ given X when they have joint density
function:

@ f(x,y)= 22e=M for 0 <x<y<oo,
®) f(x,y)=xe*O*tDforx,y > 0.

5. Let Y be distributed as bin(n, X), where X is a random variable having a beta distribution on
[0, 1] with parameters a and b. Describe the distribution of ¥, and find its mean and variance. What
is the distribution of Y in the special case when X is uniform?

6. Let{X, :r > 1} be independent and uniformly distributed on [0, 1]. Let 0 < x < 1 and define
N =min{n >1: X1 +Xo+ -+ Xp > x}.

Show that P(N > n) = x™/n!, and hence find the mean and variance of N.
7. Let X and Y be random variables with correlation p. Show that E(var(¥ | X)) < (1 — p2) varY.

8. LetX, Y, Z be independent and exponential random variables with respective parameters A, i, v.
FindP(X <Y < Z).

9. Let X and Y have the joint density f(x,y) =cx(y —x)e 7, 0<x <y < o0.
(a) Find c.
(b) Show that:

fxir@ly)=6x(y —x)y7,  0=x=<y,

frixGlx)=©@-—x)e*7, 0<x<y<oo.
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Functions of random variables Exercises [4.6.10]-[4.7.12]

(c) Deduce that E(X | Y) = %Y andE(Y | X) =X +2.

10. Let {X, : r > 0} be independent and identically distributed random variables with density
function f and distribution function F. Let N = min{n > 1 : X, > Xo} and M = min{n > 1 :
Xo> X1 >---> Xp—1 < X,}. Show that Xy has distribution function F + (1 — F)log(l — F),
and find P(M = m).

4.7 Exercises. Functions of random variables

1. LetX,Y,and Z be independent and uniformly distributed on [0, 1]. Find the joint density function
of XY and Z?, and show that P(XY < Z?) = 3.

2. Let X and Y be independent exponential random variables with parameter 1. Find the joint density
functionof U = X + Y and V = X/(X + Y), and deduce that V is uniformly distributed on [0, 1].

3. Let X be uniformly distributed on [0, %n]. Find the density function of ¥ = sin X.
4. Find the density function of ¥ = sin~! X when:

(a) X is uniformly distributed on [0, 1],
(b) X is uniformly distributed on [—1, 1].

5. Let X and Y have the bivariate normal density function

R S RN SN 2 2}
f(x,y)—znmeXp{ Ay T2

*

Show that X and Z = (Y — pX)/v/1 — p? are independent N (0, 1) variables, and deduce that

1 1
P(X >0,Y >0)=-+—sin" ! p.
4  2r

6. Let X and Y have the standard bivariate normal density function of Exercise (5), and define
Z = max{X, Y}. Show that E(Z) = /(I — p)/7, and E(Z2) = 1.

7. Let X and Y be independent exponential random variables with parameters A and p. Show that
Z = min{X, Y} is independent of the event {X < Y}. Find:

(@ P(X = 2),

(b) the distributions of U = max{X — ¥, 0}, denoted (X — ¥)*, and V = max{X, Y} — min{X, Y},
© P(X<t<X+Y)wheret > 0.

8. A point (X, Y) is picked at random uniformly in the unit circle. Find the joint density of R and
X, where R? = X2 + v2.

9. Anpoint (X, Y, Z) is picked uniformly at random inside the unit ball of R3. Find the joint density
of Z and R, where R2=Xx24+v24 272

10. Let X and Y be independent and exponentially distributed with parameters A and u. Find the
joint distribution of S = X + Y and R = X/(X + Y). What is the density of R?

11. Find the density of ¥ = a/(1 4+ X2), where X has the Cauchy distribution.
12. Let (X, Y) have the bivariate normal density of Exercise (5) with 0 < p < 1. Show that

[l ®@]ll — D) <P(X > a, ¥ > b) < [1 - d@)][1 — B()] + %M,
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[4.7.13]-[4.8.8] Exercises Continuous random variables

where ¢ = (b — pa)/v/1 — p2,d = (a— pb)/\/1 — p2, and ¢ and ® are the density and distribution
function of the N (0, 1) distribution.

13. Let X have the Cauchy distribution. Show that ¥ = X! has the Cauchy distribution also. Find
another non-trivial distribution with this property of invariance.

14. Let X and Y be independent and gamma distributed as I"(A, &), I' (A, B) respectively. Show that
W = X+Y and Z = X /(X +Y) are independent, and that Z has the beta distribution with parameters

o, B.

4.8 Exercises. Sums of random variables

1. Let X and Y be independent variables having the exponential distribution with parameters A and
w respectively. Find the density function of X + Y.

2. Let X and Y be independent variables with the Cauchy distribution. Find the density function of
aX + BY where o # 0. (Do you know about contour integration?)

3. Find the density function of Z = X + Y when X and Y have joint density function f(x, y) =
T+ e, xy > 0.
4. Hypoexponential distribution. Let {X; : r > 1} be independent exponential random variables

with respective parameters {A, : r > 1} no two of which are equal. Find the density function of

Sp = > r_; X,. [Hint: Use induction.]

5. (a)Let X, Y, Z be independent and uniformly distributed on [0, 1]. Find the density function of
X+Y+Z

(b) If {X, : r > 1} are independent and uniformly distributed on [0, 1], show that the density of
>"_1 X atany point x € (0, ) is a polynomial in x of degree n — 1.

6. For independent identically distributed random variables X and Y, show that U = X 4 Y and
V = X — Y are uncorrelated but not necessarily independent. Show that U and V are independent if
X and Y are N(O, 1).

2

7. Let X and Y have a bivariate normal density with zero means, variances o, 2, and correlation

p. Show that:
(@) E(X | Y) = i’rfy,

(b) var(X | Y) = 0%(1 - p?),
(0% + po1)z
o2 +2pot + 12’
0.2.[2(1 _ p2)
24+ 2p0t + 02’

8. Let X and Y be independent N (0, 1) random variables, and let Z = X + Y. Find the distribution
and density of Z given that X > O and Y > 0. Show that

©OEX|X+Y=2=

d var(X | X+Y =2)=

E(Z|X>0,Y >0)=22/m.
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Multivariate normal distribution Exercises [4.9.1]-[4.9.9]

4.9 Exercises. Multivariate normal distribution

1. A symmetric matrix is called non-negative (respectively positive) definite if its eigenvalues are
non-negative (respectively strictly positive). Show that a non-negative definite symmetric matrix V
has a square root, in that there exists a symmetric matrix W satisfying W2 = V. Show further that W
is non-singular if and only if V is positive definite.

2. If X is a random vector with the N (g, V) distribution where V is non-singular, show that Y =
X - ;l,)W‘1 has the N (0, I) distribution, where I is the identity matrix and W is a symmetric matrix
satisfying W2 = V. The random vector Y is said to have the standard multivariate normal distribution.

3. LetX = (Xy, X3,..., Xp) have the N(u, V) distribution, and show that Y = a1 X1 + a2 X7 +
-+« + ap X, has the (univariate) N (u, o2) distribution where

n n
=Y aEX;), o= afvar(X;)+2)  aajcov(X;, X;).
i=1

i=1 i<j

4. Let X and Y have the bivariate normal distribution with zero means, unit variances, and correlation
p. Find the joint density function of X 4+ Y and X — Y, and their marginal density functions.

5. Let X have the N (0, 1) distribution and let @ > 0. Show that the random variable Y given by
’ Y = { X if | X|]<a
=X if|X|>a
has the N (0, 1) distribution, and find an expression for p(a) = cov(X, Y) in terms of the density
function ¢ of X. Does the pair (X, Y) have a bivariate normal distribution?

6. Let{Y,:1 <r < n}beindependent N(0, 1) random variables, and define X; = E;‘=1 cjirYr,
1 < r < n, for constants c;,. Show that

CirCi
E(X; | Xi) = (h%f.) Xp.
zr Ckr
What is var(X; | Xz)?

7. Letthe vector (X, : 1 <r < n) have a multivariate normal distribution with covariance matrix
V = (vjj). Show that, conditional on the event 31 Xr = x, X1 has the N(a, b) distribution where

a=(ps/O)x,b=5>(1—p?),and s? = v11, > = 3;; vjj, p = 3; vi1/(s1).

8. Let X, Y, and Z have a standard trivariate normal distribution centred at the origin, with zero
means, unit variances, and correlation coefficients p1, o3, and p3. Show that

1 1 . -
]P’(X>0,Y>0,Z>0)=§+4—];{sin_1p1+sm 1,02+sm 1;og,}.

9. LetX,Y, Z have the standard trivariate normal density of Exercise (8), with p;1 = p(X, Y). Show
that

E(Z | X,Y) = {(03 — p1p2)X + (02 — p1p3)Y }/(1 — p]),
var(Z | X, ¥) = {1 - o} — o3 — p3 +2p10203}/(1 — p})-
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[4.10.1]-[4.11.7] Exercises Continuous random variables
4.10 Exercises. Distributions arising from the normal distribution

1. Let X1 and X, be independent variables with the x%(m) and x2(n) distributions respectively.
Show that X; + X, has the x2(m + n) distribution.

2. Show that the mean of the #(r) distribution is 0, and that the mean of the F (r, s) distribution is
s/(s — 2) if s > 2. What happens if s < 2?

3. Show that the #(1) distribution and the Cauchy distribution are the same.

4. Let X and Y be independent variables having the exponential distribution with parameter 1. Show
that X/Y has an F distribution. Which?

5. Use the result of Exercise (4.5.7) to show the independence of the sample mean and sample
variance of an independent sample from the N (u, 02) distribution.

6. Let {X, : 1 < r < n} be independent N(0, 1) variables. Let ¥ € [0, 7] be the angle
between the vector (X, X3,..., X,) and some fixed vector in R". Show that W has density
f@) = (siny)*~2/B(%, 1n — 1), 0 < ¥ < 7, where B is the beta function.

4.11 Exercises. Sampling from a distribution

1. Uniform distribution. If U is uniformly distributed on [0, 1], what is the distribution of X =
|lnU} + 17

2. Random permutation. Given the first n integers in any sequence Sg, proceed thus:

(a) pick any position P from {1, 2, ... , n} at random, and swap the integer in that place of So with
the integer in the nth place of Sy, yielding ;.
(b) pick any position Py from {1,2, ... ,n — 1} at random, and swap the integer in that place of Sy

with the integer in the (n — 1)th place of S, yielding Sy,
(c) atthe (r — 1)th stage the integer in position P,_j, chosen randomly from {1,2,...,n —r + 1},
is swapped with the integer at the (n — r + 1)th place of the sequence S,_;.
Show that S,,_; is equally likely to be any of the n! permutations of {1, 2, ... , n}.
3. Gamma distribution. Use the rejection method to sample from the gamma density I" (A, ¢) where
t (= 1) may not be assumed integral. [Hint: You might want to start with an exponential random
variable with parameter 1/¢.]

4. Beta distribution. Show how to sample from the beta density B(«, 8) where «, 8 > 1. [Hint:
Use Exercise (3).]

5. Describe three distinct methods of sampling from the density f(x) =6x(1 —x), 0 <x <1.

6. Aliasing method. A finite real vector is called a probability vector if it has non-negative entries
with sum 1. Show that a probability vector p of length » may be written in the form

1 n
P= Zvr,
r=1

n—1

where each v, is a probability vector with at most two non-zero entries. Describe a method, based on
this observation, for sampling from p viewed as a probability mass function.

7. Box-Muller normals. Let U; and U, be independent and uniformly distributed on [0, 1], and
let T; = 2U; — 1. Show that, conditional on the event that R = \/le + T22 <1,

T 2 T 2
X=};\/—210gR , Y=? —2log R%,
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Coupling and Poisson approximation Exercises [4.11.8]-{4.12.3]

are independent standard normal random variables.

8. Let U be uniform on [0, 1] and 0 < g < 1. Show that X = 1 + [log U/log q| has a geometric
distribution.

9. Apoint (X, Y) is picked uniformly at random in the semicircle x2+ y2 <1, x > 0. What is the
distribution of Z = Y/ X?

10. Hazard-rate technique. Let X be a non-negative integer-valued random variable with A (r) =
P(X =r | X >r). If {U; : i > 0} are independent and uniform on [0, 1], show that Z = min{n :
U, < h(n)} has the same distribution as X.

11. Antithetic variables. Let g(xq, xp, ..., x,) be an increasing function in all its variables, and

let {U, : r > 1} be independent and identically distributed random variables having the uniform
distribution on [0, 1]. Show that

cov{g(U1, Uz, ... ,Un), g1 = U1, 1 =Us,..., 1 =Upn)} <0.
[Hint: Use the FKG inequality of Problem (3.10.18).] Explain how this can help in the efficient
estimation of I = fol g(x) dx.

12. Importance sampling. We wish to estimate I = f g(x) fx(x)dx = E(g(X)), where either it
is difficult to sample from the density fx, or g(X) has a very large variance. Let fy be equivalent
to fx, which is to say that, for all x, fy(x) = 0 if and only if fy(x) = 0. Let{Y; : 0 <i < n}be
independent random variables with density function fy, and define

(Yr)fX(Yr
Zg :
fY(Yr
r=1
Show that:
g(¥) fx(¥)
EJ)=1=E |22 7|
@ B [ Fr (F) ]
g()? fx(¥)? 2
(b) var(J) = [ <—_fy(Y)2 ) I ]

©) J 2% Jasn — oo. (See Chapter 7 for an account of convergence.)
The idea here is that fy should be easy to sample from, and chosen if possible so that var J is
much smaller than n—l[]E(g(X )2) -1 2]. The function fy is called the importance density.

13. Construct two distinct methods of sampling from the arc sin density

2
fx) = ———, 0=<x=<1
71— x2

4.12 Exercises. Coupling and Poisson approximation
1. Show that X is stochastically larger than Y if and only if E(u(X)) > E(u(Y)) for any non-
decreasing function u for which the expectations exist.

2. Let X and Y be Poisson distributed with respective parameters A and p. Show that X is stochas-
tically larger than Y if A > pu.

3. Show that the total variation distance between two discrete variables X, Y satisfies

drv(X,Y) =2 sup |P(X € A) —P(Y € A)|.
ACR
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[4.12.4]-[4.13.6] Exercises Continuous random variables

4. Maximal coupling. Show for discrete random variables X, Y thatP(X =Y) < 1— %dTV X,Y),
where dry denotes total variation distance.

5. Maximal coupling continued. Show that equality is possible in the inequality of Exercise
(4.12.4) in the following sense. For any pair X, Y of discrete random variables, there exists a pair X’,
Y’ having the same marginal distributions as X, ¥ suchthat P(X' =Y’) =1 — %dTv X,7).

6. Let X and Y be indicator variables with EX = p, EY = g. What is the maximum possible value
of P(X = Y), as a function of p, g? Explain how X, Y need to be distributed in order that P(X =Y)
be: (a) maximized, (b) minimized.

4.13 Exercises. Geometrical probability

With apologies to those who prefer their exercises better posed . . .

1. Pick two points A and B independently at random on the circumference of a circle C with centre
O and unit radius. Let IT be the length of the perpendicular from O to the line AB, and let ® be the
angle AB makes with the horizontal. Show that (I, ®) has joint density

0<p<1,0<6 <2n.

1
70 =0 >

2. Let S; and S, be disjoint convex shapes with boundaries of length b(S1), b(S3), as illustrated
in the figure beneath. Let b(H) be the length of the boundary of the convex hull of S; and Sy,
incorporating their exterior tangents, and b(X) the length of the crossing curve using the interior
tangents to loop round S; and S,. Show that the probability that a random line crossing S; also
crosses Sy is {b(X) — b(H)}/b(S1). (See Example (4.13.2) for an explanation of the term ‘random
line’.) How is this altered if S; and S, are not disjoint?

The circles are the shapes S; and S;. The shaded regions are denoted A and B, and b(X) is
the sum of the perimeter lengths of A and B.

3. LetS; and S be convex figures such that S C S;. Show that the probability that two independent
random lines A; and Ay, crossing S;, meet within Sy is 27|S5|/b(S1)2, where |S,| is the area of S,
and b(S;) is the length of the boundary of S;. (See Example (4.13.2) for an explanation of the term
‘random line’.)

4. Let Z be the distance between two points picked independently at random in a disk of radius a.
Show that E(Z) = 128a/(457), and E(Z2) = a?.

5. Picktwo points A and B independently at random in a ball with centre O. Show that the probability
that the angle AOB is obtuse is %. Compare this with the corresponding result for two points picked
at random in a circle.

6. A triangle is formed by A, B, and a point P picked at random in a set S with centre of gravity G.
Show that E|/ABP| = |ABG|.
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Problems Exercises [4.13.7]-[4.14.1]

7. ApointDis fixed on the side BC of the triangle ABC. Two points P and Q are picked independently
at random in ABD and ADC respectively. Show that E|APQ| = |[AG G| = %IABCl, where G; and
G, are the centres of gravity of ABD and ADC.

8. From the set of all triangles that are similar to the triangle ABC, similarly oriented, and inside
ABC, one is selected uniformly at random. Show that its mean area is 1—16 |ABC].

9. Two points X and Y are picked independently at random in the interval (0, @). By varying a,
show that F(z,a) = P(|X — Y| < z) satisfies

and hence find F(z, a). Let r > 1, and show that m,(a) = E(|X — Y|") satisfies
admr =2 il m
da r+1 "

10. Lines are laid down independently at random on the plane, dividing it into polygons. Show that
the average number of sides of this set of polygons is 4. [Hint: Consider n random great circles of a
sphere of radius R; then let R and n increase.]

11. A point P is picked at random in the triangle ABC. The lines AP, BP, CP, produced, meet BC,
AC, AB respectively at L, M, N. Show that E[LMN| = (10 — n2)|ABC|.

12. Sylvester’s problem. If four points are picked independently at random inside the triangle ABC,
show that the probability that no one of them lies inside the triangle formed by the other three is %

13. Ifthree points P, Q, R are picked independently at random in a disk of radius a, show that E|PQR| =
3542 /(487). [You may find it useful that [ [JF sin3 x sin® ysin |x — y|dx dy = 357/128.]

14. Two points A and B are picked independently at random inside a disk C. Show that the probability
that the circle having centre A and radius |AB| lies inside C is %

Hence find m,(a).

15. Two points A and B are picked independently at random inside a ball S. Show that the probability
that the sphere having centre A and radius |AB| lies inside S is %.

4.14 Problems

1. (a) Show that ffooo e dx = /7, and deduce that

(x — n)?

fx) = L expq — —00 <X <00
N P 202 ’ ’

is a density function if o > 0.
(b) Calculate the mean and variance of a standard normal variable.
(c) Show that the N (0, 1) distribution function & satisfies

1.2 1.2
Gl =xe 2 < V2r[l —dx)] <x"le™2¥, x>0.

These bounds are of interest because ® has no closed form.
(d) Let X be N(0, 1), and @ > 0. Show that P(X > x+a/x | X >x) > e %asx — 0.
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[4.14.2]-[4.14.11] Exercises Continuous random variables

2. Let X be continuous with density function f(x) = C(x — x2), where ¢ < x < Band C > 0.
(a) What are the possible values of « and B?
(b) Whatis C?

3. Let X be arandom variable which takes non-negative values only. Show that

o0 o0

Y G-Iy <X <) ily,

i=1 i=1
where A; = {i — 1 < X < i}. Deduce that

o0 o0
Y P(X > i) <EX) <14 Y P(X > ).

i=1 i=1

4. (a) Let X have a continuous distribution function F. Show that
(i) F(X) is uniformly distributed on [0, 1],
(i) —log F(X) is exponentially distributed.

(b) A straight line / touches a circle with unit diameter at the point P which is diametrically opposed
on the circle to another point Q. A straight line QR joins Q to some point R on /. If the angle P/Q\R
between the lines PQ and QR is a random variable with the uniform distribution on [— %n, %n’],
show that the length of PR has the Cauchy distribution (this length is measured positive or negative
depending upon which side of P the point R lies).

5. Let X have an exponential distribution. Show that P(X > s +x | X > 5) = P(X > x), for
x,s > 0. This is the ‘lack of memory’ property again. Show that the exponential distribution is the
only continuous distribution with this property. You may need to use the fact that the only non-negative
monotonic solutions of the functional equation g(s + ¢) = g(s)g(t) for s, ¢ > 0, with g(0) = 1, are
of the form g(s) = e**. Can you prove this?

6. Show that X and Y are independent continuous variables if and only if their joint density function
f factorizes as the product f(x, y) = g(x)h(y) of functions of the single variables x and y alone.

7. Let X and Y have joint density function f(x,y) = 2¢™*77, 0 < x < y < oo. Are they
independent? Find their marginal density functions and their covariance.

8. Bertrand’s paradox extended. A chord of the unit circle is picked at random. What is the

probability that an equilateral triangle with the chord as base can fit inside the circle if:

(a) the chord passes through a point P picked uniformly in the disk, and the angle it makes with a
fixed direction is uniformly distributed on [0, 27),

(b) the chord passes through a point P picked uniformly at random on a randomly chosen radius, and
the angle it makes with the radius is uniformly distributed on [0, 27).

9. Monte Carlo. It is required to estimate J = fol g(x)dx where 0 < g(x) < 1 for all x, as
in Example (2.6.3). Let X and Y be independent random variables with common density function
f(x)=1if0 <x < 1, f(x) = 0 otherwise. Let U = Iy <g(x)}, the indicator function of the event
thatY < g(X),andletV = g(X), W = %{g(X)+g(1—X)}. Show that E(U) = E(V) =E(W) = J,
and that var(W) < var(V) < var(U), so that, of the three, W is the most ‘efficient’ estimator of J.

10. Let X7, X», ..., X, be independent exponential variables, parameter A. Show by induction that
S = X1+ X2+ -+ X, has the I'(A, n) distribution.

11. Let X and Y be independent variables, I'(A, m) and I (A, n) respectively.

(a) Use the result of Problem (4.14.10) to show that X + Y is '(A, m + n) when m and » are integral
(the same conclusion is actually valid for non-integral m and n).
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(b) Find the joint density function of X + Y and X /(X + Y), and deduce that they are independent.

(c) If Z is Poisson with parameter A#, and m is integral, show that P(Z < m) = P(X > t).

(d) If0 < m < n and B is independent of Y with the beta distribution with parameters m and n — m,
show that Y B has the same distribution as X.

12. Let X7, X3, ..., X, be independent N (0, 1) variables.

(a) Show that X% is )(2(1).

(b) Show that X f + X% is x2(2) by expressing its distribution function as an integral and changing
to polar coordinates.

(c) More generally, show that X% + X% +---+ X% is xz(n).

13. Let X and Y have the bivariate normal distribution with means 1, u, variances o?, 07, and

correlation p. Show that

@ E(X | Y) = u1 +po1(Y — u2)/o3,

(b) the variance of the conditional density function fx|y is var(X | Y) = 012(1 - pz).

14. Let X and Y have joint density function f. Find the density function of Y/ X.

15. Let X and Y be independent variables with common density function f. Show that tan~! Y/X)
has the uniform distribution on (— %n, %yt) if and only if

o0
/ £ fGxy)lxldx = JeR.
—00

1

n(1+y?)’
Verify that this is valid if either f is the N (0, 1) density function or f(x) = a(l + x4~ for some
constant a.
16. Let X and Y be independent N (0, 1) variables, and think of (X, Y) as arandom point in the plane.
Change to polar coordinates (R, ®) given by R? = X2 4+ Y2, tan ©® = Y/ X; show that R? is x2(2),
tan © has the Cauchy distribution, and R and © are independent. Find the density of R.

Find E(X%/R2) and

{ min{|X|, |Y|} }
max{|X|, |Y]} ]

17. If X and Y are independent random variables, show that U = min{X, Y} and V = max{X, Y}
have distribution functions

Fyw)=1-{1-Fx@Hl — Fyw)}, Fy@)= Fx()Fy(v).

Let X and Y be independent exponential variables, parameter 1. Show that
(a) U is exponential, parameter 2,
(b) V has the same distribution as X + %Y . Hence find the mean and variance of V.
18. Let X and Y be independent variables having the exponential distribution with parameters A and
w respectively. Let U = min{X, Y}, V = max{X,Y},and W =V — U.
(@ FindP(U = X)=P(X <Y).
(b) Show that U and W are independent.
19. Let X and Y be independent non-negative random variables with continuous density functions
on (0, 00). )
(a) If, given X + Y = u, X is uniformly distributed on [0, ] whatever the value of u, show that X
and Y have the exponential distribution.
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[4.14.20]-[4.14.27] Exercises Continuous random variables

(b) If, given that X 4+ Y = u, X/u has a given beta distribution (parameters « and S, say) whatever
the value of u, show that X and Y have gamma distributions.

You may need the fact that the only non-negative continuous solutions of the functional equation

g(s +1) = g(s)g() for s,¢t > 0, with g(0) = 1, are of the form g(s) = ¢*S. Remember Problem

(4.14.5).

20. Show that it cannot be the case that U = X + Y where U is uniformly distributed on [0, 1] and X
and Y are independent and identically distributed. You should not assume that X and Y are continuous
variables.

21. Order statistics. Let X1, X, ..., X, beindependent identically distributed variables with a com-
mon density function f. Suchacollectionis called a random sample. Foreachw € €2, arrange the sam-
ple values X; (), ..., Xn(w) in non-decreasing order X(1)(w) < X(2)(@) < --- < X()(w), where
(1, (2), ..., (n) is a (random) permutation of 1,2, ...,n. The new variables X(1), X(2), - - -» X(n)
are called the order statistics. Show, by a symmetry argument, that the joint distribution function of
the order statistics satisfies

PX(1y <y Xy <yn) =n!PX1 < y1,....Xn <yn, X1 <Xp <+ < Xp)
=/--~/;15y1 L(xy,...,xp)n! f(x1) -+ f(xn)dxy -+ dxp

xX=y2

Xn é}’n
where L is given by

L) = { 1 ifxg <‘x2 << Xp,
0 otherwise,

and x = (x1,x2,...,xz). Deduce that the joint density function of X(1),..., X(») is g(y) =
n! L) f(1) -+ fn)-
22. Find the marginal density function of the kth order statistic X () of a sample with size n:
(a) by integrating the result of Problem (4.14.21),
(b) directly.

23. Find the joint density function of the order statistics of # independent uniform variables on [0, T'].

24. Let X1, X2, ..., Xn be independent and uniformly distributed on [0, 1], with order statistics

X1y, X@2)s -+ » X(n)-

(a) Show that, for fixed k, the density function of nX ;) converges as n — 00, and find and identify
the limit function.

(b) Show that log X () has the same distribution as — Y 7 i —1y;, where the Y; are independent
random variables having the exponential distribution with parameter 1.

(c) Show that Z1, Z,, ..., Z,, defined by Z; = (X(k)/X(k+1))k fork < nand Z, = (X())", are
independent random variables with the uniform distribution on [0, 1].

25. Let X1, X5, X3 be independent variables with the uniform distribution on [0, 1]. What is the

probability that rods of lengths X1, X5, and X3 may be used to make a triangle? Generalize your

answer to » rods used to form a polygon.

26. Let X1 and X, be independent variables with the uniform distribution on [0, 1]. A stick of unit
length is broken at points distance X; and X, from one of the ends. What is the probability that the
three pieces may be used to make a triangle? Generalize your answer to a stick broken in » places.

27. Let X, Y be a pair of jointly continuous variables.
(a) Holder’s inequality. Show that if p,q > 1and p~! + ¢! =1 then

E|XY| < {E|x?|}/P{E|Y?} /1,
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Problems Exercises [4.14.28]-[4.14.34]

Set p = q = 2 to deduce the Cauchy—Schwarz inequality E(XY )2 < E(XHEY?).
(b) Minkowski’s inequality. Show that, if p > 1, then

{E(X +Y1P)}P < {EIXP}V/P 4+ {RIYP}V/P.

Note that in both cases your proof need not depend on the continuity of X and Y; deduce that the same
inequalities hold for discrete variables.

28. Let Z be a random variable. Choose X and Y appropriately in the Cauchy—Schwarz (or Holder)
inequality to show that g(p) = log E|ZP| is a convex function of p on the interval of values of p such
that E|ZP| < 0o. Deduce Lyapunov’s inequality:

E1Z"1}/7 > (E|Z°]}/* wheneverr > s > 0.

You have shown in particular that, if Z has finite th moment, then Z has finite sth moment for all
positive s < r.

29. Show that, using the obvious notation, E{E(X | ¥, Z) | Y } = E(X | Y).

30. Motor cars of unit length park randomly in a street in such a way that the centre of each car, in
turn, is positioned uniformly at random in the space available to it. Let m(x) be the expected number
of cars which are able to park in a street of length x. Show that

l X
mix+1)= ;/0 {m(y)+m(x—y)+ l}dy.

It is possible to deduce that m(x) is about as big as %x when x is large.

31. Buffon’s needle revisited: Buffon’s noodle.

(a) A plane is ruled by the lines y = nd (n = 0, +1,...). A needle with length L (< d) is cast
randomly onto the plane. Show that the probability that the needle intersects a line is 2L/ (rd).

(b) Now fix the needle and let C be a circle diameter d centred at the midpoint of the needle. Let
A be a line whose direction and distance from the centre of C are independent and uniformly
distributed on [0, 2] and [0, %d] respectively. This is equivalent to ‘casting the ruled plane at
random’. Show that the probability of an intersection between the needle and A is 2L/ (d).

(c) Let S be a curve within C having finite length L(S). Use indicators to show that the expected
number of intersections between S and A is 2L(S)/(wd).

This type of result is used in stereology, which seeks knowledge of the contents of a cell by studying

its cross sections.

32. Buffon’s needle ingested. In the excitement of calculating v, Mr Buffon (no relation) inadver-
tently swallows the needle and is X-rayed. If the needle exhibits no preference for direction in the
gut, what is the distribution of the length of its image on the X-ray plate? If he swallowed Buffon’s
cross (see Exercise (4.5.3)) also, what would be the joint distribution of the lengths of the images of
the two arms of the cross?

33. Let X1, X3, ..., X, be independent exponential variables with parameter A, and let X (1) <
X(@2) <+ = X(n) be their order statistics. Show that

Vi=nXq, Yr=@0+1-rXe —Xe¢-1)> l<r<n

are also independent and have the same joint distribution as the X;.

34. LetX(1), X(2), - - - » X(n) be the order statistics of a family of independent variables with common
continuous distribution function F. Show that

FX¢) Y
Yn={F(X(n))}n, Yr‘—'{F—()((—(%)I)—)} , 1=r<n,
r
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[4.14.35]-[4.14.42] Exercises Continuous random variables

are independent and uniformly distributed on [0, 1]. This is equivalent to Problem (4.14.33). Why?

35. Secretary/marriage problem. You are permitted to inspect the r prizes at a féte in a given order,
at each stage either rejecting or accepting the prize under consideration. There is no recall, in the sense
that no rejected prize may be accepted later. It may be assumed that, given complete information, the
prizes may be ranked in a strict order of preference, and that the order of presentation is independent
of this ranking. Find the strategy which maximizes the probability of accepting the best prize, and
describe its behaviour when 7 is large.

36. Fisher’s spherical distribution. Let R? = X2+Y2+ 72 where X , Y, Z are independent normal
random variables with means A, u, v, and common variance o2, where (A, u,v) # (0,0,0). Show
that the conditional density of the point (X, Y, Z) given R = r, when expressed in spherical polar
coordinates relative to an axis in the direction e = (A, u, v), is of the form

f@,9)= —‘_z—eacose sind, 0<6 <m, 0<¢ <2m,
47 sinh a
where a = rle|.
37. Let ¢ be the N(0, 1) density function, and define the functions H,, n > 0, by Hy = 1, and
(=1)" Hy¢p = ¢™, the nth derivative of ¢. Show that:
(a) Hy(x) is a polynomial of degree n having leading term x", and

if m # n,
ifm = n.

00 0
/ Hin () Hy () (x) dx = {
—00 n'

o0 t"
_ 1.2
® Y Hy(x) — = exp(tx — 71%).
n=0

38. Lancaster’s theorem. Let X and Y have a standard bivariate normal distribution with zero
means, unit variances, and correlation coefficient p, and suppose U = u(X) and V = v(Y) have finite
variances. Show that |p(U, V)| < |p|. [Hint: Use Problem (4.14.37) to expand the functions « and
v. You may assume that u and v lie in the linear span of the H,.]

39. Let X(1), X(2), - - - » X(n) be the order statistics of n independent random variables, uniform on
[0, 1]. Show that:
r rin—s+1)
E(X =—, (b X, X = ———"— i <s.
@) E(X()) ) (®) cov(X (1), X(s5)) nt 22 orr <s
40. (a) Let X, Y, Z be independent N(0, 1) variables, and set R = v/ X2 + Y2 + Z2. Show that
X2/R? has a beta distribution with parameters % and 1, and is independent of RZ.

(b) Let X, Y, Z be independent and uniform on [—1, 1] and set R = /X2 + Y2 + Z2. Find the
density of X2/R? given that R < 1.

41. Let ¢ and ® be the standard normal density and distribution functions. Show that:

(@ ®(x)=1-®(—x),

®) f(x) =2¢(x)P(Ax), —00 < x < o0, is the density function of some random variable (denoted
by Y), and that |Y| has density function 2¢.

(c) Let X be astandard normal random variable independent of ¥, and define Z = (X+A|Y[)/v/1 4+ A2.
Write down the joint density of Z and |Y|, and deduce that Z has density function f.

42. The six coordinates (X;, Y;), 1 < i < 3, of three points A, B, C in the plane are independent
N (0, 1). Show that the the probability that C lies inside the circle with diameter AB is -‘11
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Problems Exercises [4.14.43]-[4.14.49]

43. The coordinates (X;, Y;, Z;), 1 <i < 3, of three points A, B, C are independent N (0, 1). Show

1 3
that the probability that C lies inside the sphere with diameter AB is 3~ i/—_
T

44. Skewness. Let X have variance o2 and write my = E(Xk ). Define the skewness of X by
skw(X) = E[(X —m1)3]/o3. Show that:
(@) skw(X) = (m3 —3mymy +2m3) /o3,
() skw(S,) = skw(X1)/+/n, where S, = >_7_; X, is a sum of independent identically distributed
random variables,
(©) skw(X) = (1 —2p)/./npq, when X is bin(n, p) where p +¢q = 1,
d) skw(X) =1 /«/X, when X is Poisson with parameter A,
(e) skw(X) =2/+/t, when X is gamma I'(A, t), and ¢ is integral.
45. Kurtosis. Let X have variance o2 and E(X¥) = my. Define the kurtosis of X by kur(X) =
E[(X — m1)*1/o*. Show that:
(a) kur(X) = 3, when X is N(u, 02),
(b) kur(X) =9, when X is exponential with parameter A,
() kur(X) =3+ A1 , when X is Poisson with parameter A,
(d) kur(Sy) = 3 + {kur(X1) — 3}/n, where S, = E;’:l X, is a sum of independent identically
distributed random variables.

46. Extreme value. Fisher—-Gumbel-Tippett distribution. Let X,, 1 < r < n, be independent and
exponentially distributed with parameter 1. Show that X ;) = max{X, : 1 <r < n} satisfies

: - —_ X
ngn;oP(X(n) logn < x) =exp(—e 7).

Hence show that f0°°{1 —exp(—e*)}dx = y where y is Euler’s constant.

47. Squeezing. Let S and X have density functions satisfying b(x) < fs(x) < a(x) and fg(x) <
fx(x). Let U be uniformly distributed on [0, 1] and independent of X. Given the value X, we
implement the following algorithm:

if Ufx(X) > a(X), rejectX;
otherwise: if Ufx(X) < b(X), accept X;
otherwise: if U fx (X) < fs(X), accept X;
otherwise: reject X.

Show that, conditional on ultimate acceptance, X is distributed as S. Explain when you might use this
method of sampling.

48. Let X, Y, and {U, : r > 1} be independent random variables, where:

PX=x)=(—1e ™, P¥ =y) = 'forx,y=1,2,...,

1
(e—1y
and the U, are uniform on [0, 1]. Let M = max{U;, Uj,...,Uy}, and show that Z = X — M is
exponentially distributed.

49. Let U and V be independent and uniform on [0, 1]. Set X = —a~llogU and ¥ = —logV
where a > 0.

s 1 2 . . —1x2
(a) Show that, conditional on theevent ¥ > 5 (X —a), X has density function f(x) = /2/me™ 2
for x > 0.

45
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(b) In sampling from the density function f, it is decided to use a rejection method: for given o > O,
we sample U and V repeatedly, and we accept X the first time that ¥ > %(X — )2, What is the
optimal value of o?

(c) Describe how to use these facts in sampling from the N (0, 1) distribution.

50. Let S be a semicircle of unit radius on a diameter D.

(a) A point P is picked at random on D. If X is the distance from P to S along the perpendicular to
D, show E(X) = m/4.

(b) A point Q is picked at random on S. If Y is the perpendicular distance from Q to D, show
E(Y)=2/n.

51. (Set for the Fellowship examination of St John’s College, Cambridge in 1858.) ‘A large quantity
of pebbles lies scattered uniformly over a circular field; compare the labour of collecting them one by
one:
(i) at the centre O of the field,
(ii) ata point A on the circumference.’
To be precise, if Lo and L 4 are the respective labours per stone, show that E(Lg) = %a and
E(LA) = 32a/(97) for some constant a.

(iii) Suppose you take each pebble to the nearer of two points A or B at the ends of a diameter. Show
in this case that the labour per stone satisfies

4a (16 17 1 2
E(LaB) = I {—3— - Fﬁ+ Elog(l +«/§)} ~1.13 x 3%

(iv) Finally suppose you take each pebble to the nearest vertex of an equilateral triangle ABC inscribed
in the circle. Why is it obvious that the labour per stone now satisfies E(Lapc) < E(Lg)?
Enthusiasts are invited to calculate E(L o).

52. Thelines L, M, and N are parallel, and P lies on L. A line picked at random through P meets M
at Q. A line picked at random through Q meets N at R. What is the density function of the angle ®
that RP makes with L? [Hint: Recall Exercise (4.8.2) and Problem (4.14.4).]

53. Let A denote the event that you can form a triangle with three given parts of a rod R.

(a) R is broken at two points chosen independently and uniformly. Show that P(A) = 21{

(b) R is broken in two uniformly at random, the longer part is broken in two uniformly at random.
Show that P(A) = log(4/e).

(c) R is broken in two uniformly at random, a randomly chosen part is broken into two equal parts.
Show that P(A) = 1.

(d) In case (c) show that, given A, the triangle is obtuse with probability 3 — 24/2.

54. You break a rod at random into two pieces. Let R be the ratio of the lengths of the shorter to the
longer piece. Find the density function fg, together with the mean and variance of R.

55. Let R be the distance between two points picked at random inside a square of side a. Show that
E(R?) = }a?, and that R?/a? has density function

0 r—4Jr+mn ifo<r<l,
r) =
Ar—1-2—r+2sin" ' Vr-1=2sin" ' V1-r"1 ifl<r<2.

56. Show that a sheet of paper of area A cm? can be placed on the square lattice with period 1 cm in
such a way that at least [ A] points are covered.

46



Problems Exercises [4.14.57]-[4.14.63]

57. Show that it is possible to position a convex rock of surface area S in sunlight in such a way that
its shadow has area at least %S.

58. Dirichlet distribution. Let {X, : 1 < r < k + 1} be independent I'(A, B;) random variables
(respectively).

(a) Show that Yr = X, /(X1 +---+ X;), 2 <r <k + 1, are independent random variables.

(b) Show that Z, = X, /(X1 + - -+ + Xg41), 1 <r =<k, have the joint Dirichlet density

P(Br+ -+ Br+1) p1—-1 -1 Br—1 Brri—1
7]z gyt (l=zp—zg— - — )17,
TB) - Ty * 2 k 2 g
59. Hotelling’s theorem. Let X, = (X1,, X2r,... , Xmr), 1 <r < n, be independent multivariate

normal random vectors having zero means and the same covariance matrix V = (v;;). Show that the
two random variables

n n n n—1
1
Sij =Y XirXjr — n Y Xir Y Xjro Tij=) XirXjr,
r=1 r=1 r=1 r=1

are identically distributed.

60. Choose P, Q, and R independently at random in the square S(a) of side a. Show that E|[PQR| =
11a2/144. Deduce that four points picked at random in a parallelogram form a convex quadrilateral
with probability (3)2.

61. Choose P, Q, and R uniformly at random within the convex region C illustrated beneath. By
considering the event that four randomly chosen points form a triangle, or otherwise, show that the
mean area of the shaded region is three times the mean area of the triangle PQR.

g

62. Multivariate normal sampling. Let V be a positive-definite symmetric » x n matrix, and L
a lower-triangular matrix such that V = L/L; this is called the Cholesky decomposition of V. Let
X = (X1, X»,..., Xn)beavector of independent random variables distributed as N (0, 1). Show that
the vector Z = g + XL has the multivariate normal distribution with mean vector g and covariance
matrix V.

63. Verifying matrix multiplications. We need to decide whether or not AB = C where A, B, C are
given n x n matrices, and we adopt the following random algorithm. Let x be a random {0, 1}"-valued
vector, each of the 2" possibilities being equally likely. If (AB — C)x = 0, we decide that AB = C,
and otherwise we decide that AB # C. Show that

1
PP(the decision is correct){ > 1 ifAB#£C
Z3 1 :

Describe a similar procedure which results in an error probability which may be made as small as
desired.
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Generating functions and their applications

5.1 Exercises. Generating functions

1. Find the generating functions of the following mass functions, and state where they converge.
Hence calculate their means and variances.

@ fOm)= (""" p"(1 - py", form > 0.

(b) f(m)={m@m+ 1)}, form > 1.

© fm)y=Q1-p)pm/Q+p),form=...,-1,0,1,....

The constant p satisfies 0 < p < 1.

2. Let X (= 0) have probability generating function G and write ¢#(rn) = P(X > n) for the ‘tail’
probabilities of X. Show that the generating function of the sequence {t(rn) : n > 0} is T(s) =
(1 — G(s))/(1 — s). Show that E(X) = T(1) and var(X) = 2T’ (1) + T (1) — T(1)2.

3. Let Gx,y(s,t) be the joint probability generating function of X and Y. Show that Gx(s) =
Gx,y(s,1) and Gy(¢) = Gx,y(1,t). Show that

2

a
XY)= —G ,t
E(XY) 3591 x,v(s )s=t=1

4. Find the joint generating functions of the following joint mass functions, and state for what values
of the variables the series converge.

@ fU,k)=1—a)B—a)lpk=i~1 for0 <k < j,where0 <a < 1,a < B.

() £, k) = (e — 1)e~@+Dki /i1 for j, k > 0.

© fG,k)= (5)Pj+k(1 — p)*=J /[klog{1/(1 — p)}],forO < j <k, k > 1, where 0 < p < 1.
Deduce the marginal probability generating functions and the covariances.

5. Acoin is tossed n times, and heads turns up with probability p on each toss. Assuming the usual
independence, show that the joint probability generating function of the numbers H and T of heads
and tails is G g, 7 (x, y) = {px + (1 — p)y}"*. Generalize this conclusion to find the joint probability
generating function of the multinomial distribution of Exercise (3.5.1).

6. Let X have the binomial distribution bin(n, U), where U is uniform on (0, 1). Show that X is
uniformly distributed on {0, 1,2, ..., n}.

7. Show that
G(x,y,2,w) = §(xyzw +xy + yz + 2w +2x + yw + xz + 1)
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Some applications Exercises [5.1.8]-[5.2.5]

is the joint generating function of four variables that are pairwise and triplewise independent, but are
nevertheless not independent.

8. Letp, > 0anda, € Rfor 1 <r < n. Which of the following is a moment generating function,
and for what random variable?

n n
@ MO =1+ prt’, O M) =) pre’.
r=1 r=1
9. Let G; and G, be probability generating functions, and suppose that 0 < o < 1. Show that
G1G2, and @G + (1 — @)Gy are probability generating functions. Is G(as)/G (a) necessarily a
probability generating function?

5.2 Exercises. Some applications

1. Let X be the number of events in the sequence A1, As, ..., A, which occur. Let S, = ]E(f”(),

X ), and show that

the mean value of the random binomial coefficient (m

n
Cfi—1
P(X i)=Y (~1)/ <f_ 1>sj forl <i<n,

j=i
n

i~ 1
where S,,,=Z(’ I)IP’(ij), forl <m<n.
"

Jj=m

2. Each person in a group of n people chooses another at random. Find the probability:
(a) that exactly k people are chosen by nobody,
(b) that at least k people are chosen by nobody.

3. Compounding.

(a) Let X have the Poisson distribution with parameter Y, where Y has the Poisson distribution with
parameter (. Show that Gy y(x) = exp{;t(xe"_1 - 1}.

(b) Let X1, X5, ... be independent identically distributed random variables with the logarithmic
mass function .

1-p) ’ >

klog(1/p)

where 0 < p < 1. If N is independent of the X; and has the Poisson distribution with parameter

W, show that Y = Zf-vzl X; has a negative binomial distribution.

fk) =

’

4. Let X have the binomial distribution with parameters » and p, and show that

( 1 ) 1_(1_p)n+l
E = .
1+ X (n+Dp

Find the limit of this expression as n — oo and p — 0, the limit being taken in such a way that
np — A where 0 < A < co. Comment.

5. A coin is tossed repeatedly, and heads turns up with probability p on each toss. Let hj, be
the probability of an even number of heads in the first n tosses, with the convention that O is an
even number. Find a difference equation for the 4, and deduce that they have generating function

%{(1 +2ps—s)" 1+ (1 - s)_l}.
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[5.2.6]-[5.3.6] Exercises Generating functions and their applications

6. An unfair coin is flipped repeatedly, where P(H) = p = 1 — g. Let X be the number of flips
until HTH first appears, and Y the number of flips until either HTH or THT appears. Show that
E(sX) = (p%¢s3)/(1 — s + pgs? — pg?s3) and find E(sY).

7. Matching again. The pile of (by now dog-eared) letters is dropped again and enveloped at
random, yielding X, matches. Show that P(X, = j) = (j + )P(X,,+1 = j + 1). Deduce that the
derivatives of the G, (s) = ]E(sX") satisfy G;, = G, and hence derive the conclusion of Example

(3.4.3), namely:
P(Xn=r)=l(—1———1—+ L D )

A2 3T T =)

8. Let X have a Poisson distribution with parameter A, where A is exponential with parameter p.
Show that X has a geometric distribution.

9. Coupons. Recall from Exercise (3.3.2) that each packet of an overpriced commodity contains a
worthless plastic object. There are four types of object, and each packet is equally likely to contain
any of the four. Let T be the number of packets you open until you first have the complete set. Find
E(sT) and P(T = k).

5.3 Exercises. Random walk
1. For a simple random walk S with S = Oand p = 1 —¢q < %, show that the maximum
M = max{Sy, : n > 0} satisfies P(M >r) = (p/q)" forr > 0.

2. Use generating functions to show that, for a symmetric random walk,
(a) 2kfy(2k) = P(Spx—2 = 0) fork > 1, and
(b) P(S5182--- 82, #0) =P(S3, =0) forn > 1.

3.  Aparticle performs arandom walk on the corners of the square ABCD. At each step, the probability
of moving from corner ¢ to corner d equals p.q, Where

PAB = PBA = PCD = PDC = &, PAD = PDA = PBC = PCB = B,

and o, B > 0, @ + B = 1. Let Ga(s) be the generating function of the sequence (paa(n) : n > 0),
where paa (n) is the probability that the particle is at A after n steps, having started at A. Show that

1 1 1
GA(s>-5{1_s2+l_lﬂ_alzsz}.

Hence find the probability generating function of the time of the first return to A.

4. A particle performs a symmetric random walk in two dimensions starting at the origin: each

step is of unit length and has equal probability % of being northwards, southwards, eastwards, or
westwards. The particle first reaches the line x 4+ y = m at the point (X, Y) and at the time 7. Find
the probability generating functions of 7' and X — Y, and state where they converge.

5. Derive the arc sine law for sojourn times, Theorem (3.10.21), using generating functions. That
is to say, let Ly, be the length of time spent (up to time 2n) by a simple symmetric random walk to
the right of its starting point. Show that

P(Ly, = 2k) = P(Sor = 0)P(S2,,—2k = 0) forO <k <n.

6. Let{S, : n > 0} be a simple symmetric random walk with Sg = 0, and let 7 = min{n > 0 :
Sn = 0}. Show that

E(min{T, 2m}) = 2E|Syp| = 4mP(Sy, =0)  form > 0.
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Branching processes Exercises [5.3.7]-[5.4.6]

7. Let Sp = > 7_o X, be a left-continuous random walk on the integers with a retaining barrier
at zero. More specifically, we assume that the X, are identically distributed integer-valued random
variables with X; > —1, P(X{ = 0) # 0, and

Sn+ Xn—I—l if S >0,

Sp+1 = :

Sn+Xpp1+1 ifS,=0.
Show that the distribution of Sy may be chosen in such a way that E(z%") = E(z%0) for all n, if and
only if E(X1) < 0, and in this case
(1 - DEXDEE*)

]E(an) = 1= ]E(ZX1)

8. Consider a simple random walk starting at 0 in which each step is to the right with probability
p (= 1 —gq). Let Tp be the number of steps until the walk first reaches b where b > 0. Show that
E(Tp | Tp < 00) = b/|p — 4|

5.4 Exercises. Branching processes

1. LetZ, bethesize of the nth generation in an ordinary branching process with Zg = 1, E(Z;) = u,
and var(Z;) > 0. Show that E(Z,Z,) = u”""]E(Z,zn) for m < n. Hence find the correlation
coefficient p(Z,,, Z,) in terms of w.

2. Consider a branching process with generation sizes Z, satisfying Zg = 1 and P(Z; = 0) = 0.
Pick two individuals at random (with replacement) from the nth generation and let L be the index of
the generation which contains their most recent common ancestor. Show that P(L =r) = E(Z; hy_

E(Z; ;) for 0 < r < n. What can be said if P(Z; = 0) > 0?

3. Consider a branching process whose family sizes have the geometric mass function f (k) = qpk s
k > 0, where p + q = 1, and let Z, be the size of the nth generation. Let 7 = min{n : Z, = 0} be
the extinction time, and suppose that Zg = 1. Find P(T = n). For what values of p is it the case that
E(T) < 00?

4. Let Z, be the size of the nth generation of a branching process, and assume Zg = 1. Find an

expression for the generating function G, of Z,, in the cases when Z; has generating function given

by:

@ Gi)=1-a(l—-sP, 0<a,B<]l.

®) Gs)=f —1{p( f(s))}, where P is a probability generating function, and f is a suitable function
satisfying f(1) = 1.

(c) Suppose in the latter case that f(x) = x™ and P(s) = s{y —(y — l)s}‘1 where y > 1. Calculate
the answer explicitly.

5. Branching with immigration. Each generation of a branching process (with a single progenitor)
is augmented by a random number of immigrants who are indistinguishable from the other members
of the population. Suppose that the numbers of immigrants in different generations are independent
of each other and of the past history of the branching process, each such number having probability
generating function H(s). Show that the probability generating function G, of the size of the nth
generation satisfies G,1(s) = Gn(G(s))H (s), where G is the probability generating function of a
typical family of offspring.

6. Let Z, be the size of the nth generation in a branching process with IE(sZI) =Q2- s)‘1
and Zg = 1. Let V, be the total number of generations of size r. Show that E(V}) = %nz, and
EQV; — V3) = tn? — gom.
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[5.5.11-[5.6.5] Exercises Generating functions and their applications

5.5 Exercises. Age-dependent branching processes
1. Let Z, be the size of the nth generation in an age-dependent branching process Z(z), the lifetime

distribution of which is exponential with parameter A. If Z(0) = 1, show that the probability generating
function G¢(s) of Z(t) satisfies

a
5,010 = MG(Gi(9)) = G ()}

Show in the case of ‘exponential binary fission’, when G(s) = s2, that

—At

se
G =T sa e

and hence derive the probability mass function of the population size Z(z) at time ¢.

2. Solve the differential equation of Exercise (1) when A = 1 and G(s) = %(1 + s2), to obtain

25 +t(1 —s)

Gt(s) = m

Hence find P(Z(¢) > k), and deduce that

P(Z®)/t = x| Z(t) > 0) = e™2* ast — oo.

5.6 Exercises. Expectation revisited

1. Jensen’s inequality. A function ¥ : R — R is called convex if for all real a there exists A,
depending on a, such thatu(x) > u(a)+A(x—a) forall x. (Draw a diagram to illustrate this definition.)
Show that, if u is convex and X is a random variable with finite mean, then E(u(X)) > u(E(X)).

2. Let Xy, X2, ... be random variables satisfying E(}_f2; |X;|) < co. Show that
[e¢] o0
E(Z X,-) =Y EX)).

3. Let{X,} be asequence of random variables satisfying X, < Y a.s. for some Y with E|Y| < oo.
Show that

E (lim sup X,,) > lim sup E(Xp).
n—>00

n—>o0
4. Suppose that E|X"| < oo where r > 0. Deduce that x"P(|X| > x) — 0 as x — 0o. Conversely,
suppose that x"P(|X| > x) — 0 as x — oo where r > 0, and show that E|X*| < cofor0 <s <.

5. Show that E|X| < oo if and only if the following holds: for all € > 0, there exists § > 0, such
that E(|X|74) < € for all A such that P(A) < é.
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Characteristic functions Exercises [5.7.1]-[5.7.9]
5.7 Exercises. Characteristic functions

1. Find two dependent random variables X and Y such that ¢xy () = ¢x (#)py (¢) for all ¢.

2. If ¢ is a characteristic function, show that Re{1 — ¢ (#)} > %Re{l — ¢(2t)}, and deduce that
1-]¢@20| < 8{1—lop®I}.
3. The cumulant generating function Ky (9) of the random variable X is defined by Kx () =

log E(¢?X), the logarithm of the moment generating function of X. If the latter is finite in a neigh-
bourhood of the origin, then Ky has a convergent Taylor expansion:

1
Kx®) =3 —kn(X)0"
n=1 "

and ky, (X) is called the nth cumulant (or semi-invariant) of X.
(a) Express k1(X), kp(X), and k3(X) in terms of the moments of X.
(b) If X and Y are independent random variables, show that k, (X + Y) = k, (X) + kn ().

4, Let X be N(0, 1), and show that the cumulants of X are kp(X) = 1, k;, (X) = 0 for m # 2.

5. Therandom variable X is said to have a lattice distribution if there exist a and b such that X takes

values in the set L(a, b) = {a + bm : m = 0, £1, ... }. The span of such a variable X is the maximal

value of b for which there exists a such that X takes values in L(a, b).

(a) Suppose that X has a lattice distribution with span b. Show that |¢px(27/b)| = 1, and that
|px (@) < 1for0 <t < 2m/b.

(b) Suppose that |¢px(@)] = 1 for some 6 # 0. Show that X has a lattice distribution with span
27k /0 for some integer k.

6. Let X be arandom variable with density function f. Show that [¢x (¢)| — 0 ast — Foo.

7. LetXy, X,..., X,beindependent variables, X; being N(u;, 1),andletY = X%+X%+- . -+X%.
Show that the characteristic function of Y is

1 it0
O = oy P (1 _ 2it>

where 0 = M% + p.% +.- 4+ p%. The random variables Y is said to have the non-central chi-squared
distribution with n degrees of freedom and non-centrality parameter 6, written x 2(n; 6).

8. Let X be N(u, 1) and let Y be x2(n), and suppose that X and Y are independent. The random
variable T = X/4/Y/n is said to have the non-central t-distribution with n degrees of freedom and
non-centrality parameter w. If U and V are independent, U being x2(m; 6) and V being x2(n), then
F = (U/m)/(V/n) is said to have the non-central F-distribution with m and n degrees of freedom
and non-centrality parameter 6, written F (m, n; 6).

(a) Show that T2 is F(1, n; u?).

(b) Show that

n(m + 60)
m@m —2)

E(F) = ifn > 2.

9. Let X be arandom variable with density function f and characteristic function ¢. Show, subject
to an appropriate condition on f, that

o0 2, _ 1 [*® 2
/_oof(x) dx = /_oo 6@ d.
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[5.7.10}-[5.8.11] Exercises Generating functions and their applications

10. If X and Y are continuous random variables, show that
00 . 00
[ exos ey = [~ oy -nfxwas.
-0 —00

11. Tilted distributions. (a) Let X have distribution function F and let T be such that M(t) =
E(e*X) < co. Show that F; (x) = M(t)~! [ €™ dF(y) is a distribution function, called a ‘tilted
distribution’ of X, and find its moment generating function.

(b) Suppose X and Y are independent and ]E(e’X ), ]E(e’Y ) < oo. Find the moment generating function
of the tilted distribution of X + Y in terms of those of X and Y.

5.8 Exercises. Examples of characteristic functions

1. If ¢ is a characteristic function, show that ¢, ¢2, |¢|2, Re(¢) are characteristic functions. Show
that |¢@| is not necessarily a characteristic function.

2. Show that
P(X = x) < inf {e " Mx®)},
>

where My is the moment generating function of X.

3. Let X have the I'(A, m) distribution and let Y be independent of X with the beta distribution
with parameters n and m — n, where m and n are non-negative integers satisfying n < m. Show that
Z = XY has the T"(), n) distribution.

4. Find the characteristic function of X2 when X has the N (u, 0’2) distribution.

5. LetXy, X»,... beindependent N (O, 1) variables. Use characteristic functions to find the distri-
bution of: (a) X7, (b) Y71 X2, (¢) X1/X2, (d) X1 X2, (€) X1 X2 + X3Xg4.

6. Let X1, X5, ..., X, be such that, for all ay,ay,...,a, € R, the linear combination a1 X +
ap Xy + - - -+ an X has a normal distribution. Show that the joint characteristic function of the X, is
exp(itp’ — %tVt’ ), for an appropriate vector # and matrix V. Deduce that the vector (X1, X3, ..., Xn)
has a multivariate normal density function so long as V is invertible.

7. Let X and Y be independent N (0, 1) variables, and let U and V be independent of X and Y. Show

that Z = (UX + VY)/v/U? + V2 has the N(0, 1) distribution. Formulate an extension of this result
to cover the case when X and Y have a bivariate normal distribution with zero means, unit variances,
and correlation p.

8. Let X be exponentially distributed with parameter A. Show by elementary integration that
E(e'*X) = A/ (A — i1).

9. Find the characteristic functions of the following density functions:

@ f&x)=4e FlforxeR,

®) f(x) = 3lxle * forx e R.

10. Is it possible for X, Y, and Z to have the same distribution and satisfy X = U(Y + Z), where
U is uniform on [0, 1], and Y, Z are independent of U and of one another? (This question arises in
modelling energy redistribution among physical particles.)

11. Find the joint characteristic function of two random variables having a bivariate normal distribution
with zero means. (No integration is needed.)
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Inversion and continuity theorems Exercises [5.9.1]-[5.9.8]

5.9 Exercises. Inversion and continuity theorems

1. Let X, be a discrete random variable taking values in {1, 2, ..., n}, each possible value having
probability n~!. Show that, asn — oo, P(n"1X, < y) - y,for0 <y < 1.

2. Let X, have distribution function

sin(2nmx)

F, =
E n(x) X 2n7T

s 0<x<Il.

(a) Show that F, is indeed a distribution function, and that X, has a density function.

(b) Show that, as n — oo, F, converges to the uniform distribution function, but that the density
function of F,, does not converge to the uniform density function.

3. A coin is tossed repeatedly, with heads turning up with probability p on each toss. Let N be the
minimum number of tosses required to obtain £ heads. Show that, as p | 0, the distribution function
of 2Np converges to that of a gamma distribution.

4. If X is an integer-valued random variable with characteristic function ¢, show that
1 (™ _i
PX =k) = — / e ¢ (1) dt.
27 J_n

What is the corresponding result for a random variable whose distribution is arithmetic with span A
(that is, there is probability one that X is a multiple of A, and A is the largest positive number with this
property)?

5. Use the inversion theorem to show that

/ ® sin(at) sin(bt) dt

7 = 7 min{a, b}.

—00

6. Stirling’s formula. Let f,(x) be a differentiable function on R with a a global maximum at
a > 0, and such that f(;x’ exp{fan(x)}dx < oo. Laplace’s method of steepest descent (related to
Watson’s lemma and saddlepoint methods) asserts under mild conditions that

o¢] o¢]
/0 exp{fn(x)}dx ~/0 exp{ fn(a) + %(x —a)?fl@}dx asn— oo.

By setting f,(x) = nlogx — x, prove Stirling’s formula: n! ~ n"e™"+/27n.

7. LetX = (X1, X»,...,Xyn) have the multivariate normal distribution with zero means, and
covariance matrix V = (v;;) satisfying |V| > 0 and v;; > 0 for all i, j. Show that

32
T itin ),
of 0x;0x;j
v; | 1092
Y Lo =,
28xl?'

and deduce that P(maxg<, X < u) > [Tf—1 P(Xk < u).

8. Let X1, X, have a bivariate normal distribution with zero means, unit variances, and correlation
p. Use the inversion theorem to show that

1

2y/1 - p2’

a
—PX1 >0, Xp>0)=
ap

Hence find P(X| > 0, X3 > 0).

55



[5.10.1]-[5.10.9] Exercises Generating functions and their applications

5.10 Exercises. Two limit theorems

1. Prove that, for x > 0, as n — 00,

S (1)Lt

k:
lk—gnl<px/n
k X
n 1 1,2
b — Ne”/ e 2% du.
( ) kZ k! —X VZJT
lk—n|<x/n

2. It is well known that infants born to mothers who smoke tend to be small and prone to a range of
ailments. It is conjectured that also they look abnormal. Nurses were shown selections of photographs
of babies, one half of whom had smokers as mothers; the nurses were asked to judge from a baby’s
appearance whether or not the mother smoked. In 1500 trials the correct answer was given 910 times.
Is the conjecture plausible? If so, why?

3. Let X have the I'(1, s) distribution; given that X = x, let Y have the Poisson distribution with
parameter x. Find the characteristic function of Y, and show that

Y-E¥) b

—— — N(,1 as s — 00.

Jvar(Y) ©.1)
Explain the connection with the central limit theorem. )
4. Let X, X5, ... be independent random variables taking values in the positive integers, whose

common distribution is non-arithmetic, in that gcd{n : P(X; = n) > 0} = 1. Prove that, for all
integers x, there exist non-negative integers r = r(x), s = s(x), such that

P(Xy+-+Xr —Xpq1 — - — Xrqs = x) > 0.

5. Prove the local central limit theorem for sums of random variables taking integer values. You
may assume for simplicity that the summands have span 1, in that gcd{ x| : P(X =x) > O} =1

6. Let X1, X5,... be independent random variables having common density function f(x) =
1/{2|x|(log |x])2} for |x] < e~1. Show that the X; have zero mean and finite variance, and that the
density function f,, of X1 + X + - - - + X, satisfies f,(x) — 0o as x — 0. Deduce that the X; do
not satisfy the local limit theorem.

7. First-passage density. Let X have the density function f(x) = Vorx—3 exp(—{2x}_1), x> 0.
Show that ¢ (is) = E(e %) = e_‘/2_s_, s > 0, and deduce that X has characteristic function

o) = { exp{—(1 —i)vi}  ift >0,

exp{—(1 +i)/Jt]} ift <O.
[Hint: Use the result of Problem (5.12.18).]
8. Let {X, : r > 1} be independent with the distribution of the preceding Exercise (7). Let
W =n"1 Sr 1 Xr,and Ty, = n~1U,. Show that:

(a) P(Uy < c¢) — 0forany c < oo,
(b) Ty has the same distribution as X;.
9. A sequence of biased coins is flipped; the chance that the rth coin shows a head is ®,, where ©,

is a random variable taking values in (0, 1). Let X, be the number of heads after »n flips. Does X,
obey the central limit theorem when:

(a) the ©, are independent and identically distributed?
(b) ®, = O for all r, where ® is a random variable taking values in (0, 1)?
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Problems Exercises [5.11.1]-[5.12.4]

5.11 Exercises. Large deviations

1. A fair coin is tossed n times, showing heads H, times and tails 7, times. Let S, = H, — Tj,.
Show that )

~ 1/" .
P(S, > an)'/" — \m+a)1+“(1 i if0<a<1.

What happens if a > 1?

2. Show that
1n _ 4

T
Va+alta1-a)l-e

T, = ; (Z)

lk—4n|>%an

asn — o0, where 0 < a < 1 and

Find the asymptotic behaviour of Tn1 /™ Where

k
T, = Z ’Ilc—!’ where a > 0.

k:
k>n(1+a)

3. Show that the moment generating function of X is finite in a neighbourhood of the origin if and
only if X has exponentially decaying tails, in the sense that there exist positive constants A and u such
that P(|X| > a) < we™*4 for a > 0. [Seen in the light of this observation, the condition of the large
deviation theorem (5.11.4) is very natural].

4. Let X, X5, ... be independent random variables having the Cauchy distribution, and let S, =
X1+ Xy + -+ Xp. Find P(S,, > an).

5.12 Problems

1. A die is thrown ten times. What is the probability that the sum of the scores is 27?

2. A coin is tossed repeatedly, heads appearing with probability p on each toss.

(a) Let X be the number of tosses until the first occasion by which three heads have appeared
successively. Write down a difference equation for f(k) = P(X = k) and solve it. Now write
down an equation for E(X) using conditional expectation. (Try the same thing for the first
occurrence of HTH).

(b) Let N be the number of heads in n tosses of the coin. Write down G y(s). Hence find the
probability that: (i) NV is divisible by 2, (i) N is divisible by 3.

3. Acoin is tossed repeatedly, heads occurring on each toss with probability p. Find the probability
generating function of the number 7" of tosses before a run of n heads has appeared for the first time.

4. Find the generating function of the negative binomial mass function

fl) = <’::;)p’(1—p)k—’, k=rr+1,...,
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[5.12.5]-[5.12.13] Exercises Generating functions and their applications

where 0 < p < 1 and r is a positive integer. Deduce the mean and variance.

5. For the simple random walk, show that the probability pg(2n) that the particle returns to the origin
at the (2n)th step satisfies pg(2n) ~ (4pq)"™ /+/7n, and use this to prove that the walk is persistent if

1
and only if p = % You will need Stirling’s formula: n! ~ n"t e /2.
6. A symmetric random walk in two dimensions is defined to be a sequence of points {(X,, V) :
n > 0} which evolves in the following way: if (Xn, ¥4) = (x, y) then (X, 41, Y,41) is one of the
four points (x £ 1, y), (x, y £ 1), each being picked with equal probability }1 If (X9, Yo) = (0, 0):
(a) show that E(X2 + ¥2) =n,
(b) find the probability pg(2n) that the particle is at the origin after the (2n)th step, and deduce that

the probability of ever returning to the origin is 1.

7. Consider the one-dimensional random walk {S,} given by

s _ { Sn +2 with probability p,
"1 S, —1 with probability ¢ = 1 — p,

where 0 < p < 1. What is the probability of ever reaching the origin starting from Sy = a where
a>0?

8. Let X and Y be independent variables taking values in the positive integers such that

PX=k|X+Y=n)= <Z)pk(1—p)"_k

for some p and all 0 < k < n. Show that X and Y have Poisson distributions.

9. In abranching process whose family sizes have mean  and variance o2, find the variance of Z,,,
the size of the nth generation, given that Zg = 1.

10. Waldegrave’s problem. A group {Aj, A, ..., A;} of r (> 2) people play the following game.
A1 and A, wager on the toss of a fair coin. The loser puts £1 in the pool, the winner goes on to play
As. In the next wager, the loser puts £1 in the pool, the winner goes on to play A4, and so on. The
winner of the (r — 1)th wager goes on to play Aj, and the cycle recommences. The first person to
beat all the others in sequence takes the pool.

(a) Find the probability generating function of the duration of the game.

(b) Find an expression for the probability that A; wins.

(c) Find an expression for the expected size of the pool at the end of the game, given that Ay wins.
(d) Find an expression for the probability that the pool is intact after the nth spin of the coin.

This problem was discussed by Montmort, Bernoulli, de Moivre, Laplace, and others.

11. Show that the generating function H, of the fotal number of individuals in the first #n generations
of a branching process satisfies Hy (s) = sG(H,_1(s)).

12. Show that the number Z, of individuals in the nth generation of a branching process satisfies
P(Zn > N | Zn =0) < G (O)N forn < m.

13. (a) A hen lays N eggs where N is Poisson with parameter A. The weight of the nth egg is
Wn, where W1, W», ... are independent identically distributed variables with common probability
generating function G(s). Show that the generating function Gy of the total weight W = Efvzl Wi
is given by Gw (s) = exp{—A + LG (s)}. W is said to have a compound Poisson distribution. Show
further that, for any positive integral value of n, Gy (s)1/” is the probability generating function of
some random variable; W (or its distribution) is said to be infinitely divisible in this regard.
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Problems Exercises [5.12.14]-[5.12.19]

(b) Show that if H(s) is the probability generating function of some infinitely divisible distribution

on the non-negative integers then H (s) = exp{—A + AG(s)} for some A (> 0) and some probability

generating function G(s).

14. The distribution of a random variable X is called infinitely divisible if, for all positive integers n,

there exists a sequence Y 1("), Yz("), ..., ¥ of independent identically distributed random variables

such that X and Yl(") + Yz(") +.-- 4+ Y,f") have the same distribution.

(a) Show that the normal, Poisson, and gamma distributions are infinitely divisible.

(b) Show that the characteristic function ¢ of an infinitely divisible distribution has no real zeros, in
that ¢ (¢) # O for all real ¢.

15. Let Xy, X5, ... beindependent variables each taking the values O or 1 with probabilities 1 — p and
p, where 0 < p < 1. Let N be a random variable taking values in the positive integers, independent
of the X;, and write § = X; + X7 + - - - + Xy. Write down the conditional generating function of N
given that S = N, in terms of the probability generating function G of N. Show that N has a Poisson
distribution if and only if ]E(xN)p = ]E(xIv | § = N) for all p and x.

16. If X and Y have joint probability generating function

1_ n
nyy(s,t)=]E(thY)= { (p1+ p2)} where p; + p2 <1,

{1 = (p15s + p2t)}*

find the marginal mass functions of X and Y, and the mass function of X + Y. Find also the conditional
probability generating function G x|y (s | y) = EGsX | Y = y) of X given that Y = y. The pair X, Y
is said to have the bivariate negative binomial distribution.

17. If X and Y have joint probability generating function

Gxy(s,t)=exp{a(s— 1)+ Bt -1 +y@st—1)}
find the marginal distributions of X, Y, and the distribution of X + Y, showing that X and Y have the
Poisson distribution, but that X 4+ ¥ does not unless y = 0.

18. Define o
I(a,b) = / exp(—azu2 — bzu_z)du
0

for a, b > 0. Show that

(@) I(a,b) =a~lI(1, ab), (b) 81/3b = —2I(1, ab),
© I(a,b) = \/me 2/ (a).

(d) If X has density function (d//x)e~/*~8% for x > 0, then

E(e ') =d gZ—t exp(—2Vc(g+1)), t>—g.

1
(e) If X has density function (271x3)_ 2¢~ /(2% for x > 0, then X has moment generating function
g g
given by E(e~'X) = exp{—+/2t}, ¢ > 0. [Note that E(X") = oo forn > 1.]

19. Let X, Y, Z be independent N (0, 1) variables. Use characteristic functions and moment gener-
ating functions (Laplace transforms) to find the distributions of

(@ U=X/Y,

® V=Xx72

(©) W=XYZ/VX2Y2+Y2272 + 72X2.
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[5.12.20]-[5.12.30] Exercises Generating functions and their applications

20. Let X have density function f and characteristic function ¢, and suppose that [ fooo ¢ ()| dt < oo.
Deduce that

_ 1 o0 —itx
fx) = g/_we o) dt.

21. Conditioned branching process. Consider a branching process whose family sizes have the
geometric mass function f (k) = gp¥, k > 0, where u = p/q > 1. Let Z, be the size of the nth
generation, and assume Zy = 1. Show that the conditional distribution of Z, /u", given that Z, > 0,

converges as n — oo to the exponential distribution with parameter 1 — wL.

22. A random variable X is called symmetric if X and —X are identically distributed. Show that X
is symmetric if and only if the imaginary part of its characteristic function is identically zero.

23. Let X and Y be independent identically distributed variables with means 0 and variances 1. Let
¢ (t) be their common characteristic function, and suppose that X + Y and X — Y are independent.
Show that ¢ (2¢) = ¢(t)3¢(—t), and deduce that X and Y are N (0, 1) variables.

More generally, suppose that X and Y are independent and identically distributed with means 0
and variances 1, and furthermore that E(X — Y | X+ Y) =0and var(X — Y | X + Y) = 2. Deduce
that ¢ (s)%> = ¢’(s)> — ¢ (s)¢” (s), and hence that X and Y are independent N (0, 1) variables.

24. Show that the average Z = n™1 _1 X; of n independent Cauchy variables has the Cauchy
distribution too. Why does this not violate the law of large numbers?

25. Let X and Y be independent random variables each having the Cauchy density function f(x) =
{r(1 +x2)}7 L, andlet Z = L(X + Y).

(a) Show by using characteristic functions that Z has the Cauchy distribution also.

(b) Show by the convolution formula that Z has the Cauchy density function. You may find it helpful

to check first that
fGR)+f—x)
x —_x)=—"—"" 4 xfx)+ @y —x —x
fFfy—x) @40 gN{xf@X)+ (o —x)f(y—x)}

where g(y) = 2/{my(4 + y?)}.
26. Let X1, X5, ..., X, be independent variables with characteristic functions ¢1, @7, ..., @,. De-
scribe random variables which have the following characteristic functions:

@ ¢1()P2(1) - - Pn (1), () |1 ()1,

© X} pjdj() where pj > 0and Y1 pj =1,  (d) 2 —¢1 (1),
@© Jo° p1(ut)e™ du.
27. Find the characteristic functions corresponding to the following density functions on (—oco, 00):
(a) 1/ cosh(rrx), () (1 — cosx)/(wx?),
©exp(—x —e™¥), () ie Pl
Show that the mean of the ‘extreme-value distribution’ in part (c) is Euler’s constant y.

28. Which of the following are characteristic functions:
(@) ¢p@) =1—|t|if |t] < 1, ¢(¢) = O otherwise,
O o) =A+H7L,  (© ) =exp(—1H,
(d) ¢(r) = cost, () p(t) = 2(1 — cost)/12.

29. Show that the characteristic function ¢ of a random variable X satisfies |1 — ¢(¢)| < E|¢X]|.

30. Suppose X and Y have joint characteristic function ¢ (s, t). Show that, subject to the appropriate
conditions of differentiability,

l-m-l-n]E(XmYn) — am+n¢
as™mar" s=t=0
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Problems Exercises [5.12.31]-[5.12.39]

for any positive integers m and n.

31. If X has distribution function F and characteristic function ¢, show that for ¢ > 0

3
2
@ S R AF < gl —Reg01
1 7 [t
) P(|X| > ;) < ;/0 [1 - Re ¢ ()] do.

32. Let X1, X», ... be independent variables which are uniformly distributed on [0, 1]. Let M, =

max{Xy, Xo, ..., X,} and show that n(1 — M,) B> X where X is exponentially distributed with
parameter 1. You need not use characteristic functions.

33. If X is either (a) Poisson with parameter A, or (b) I'(1, A), show that the distribution of ¥; =
(X — EX)/«/var X approaches the N(0, 1) distribution as > — oo.

(c) Show that

2 n"

n + + ! as
— et — )5 = n— 0o.
2 nl 2 o

e " (1 +n+
34. Coupon collecting. Recall that you regularly buy quantities of some ineffably dull commodity.
To attract your attention, the manufacturers add to each packet a small object which is also dull, and in
addition useless, but there are n different types. Assume that each packet is equally likely to contain
any one of the different types, as usual. Let 7, be the number of packets bought before you acquire

a complete set of n objects. Show that n~1(7,, — nlogn) =Y T, where T is a random variable with
distribution function P(T' < x) = exp(—e™*), —00 < x < 00.

35. Find a sequence (¢,,) of characteristic functions with the property that the limit given by ¢ () =
limy,—, o0 ¢ (¢) exists for all ¢z, but such that ¢ is not itself a characteristic function.

36. Use generating functions to show that it is not possible to load two dice in such a way that the
sum of the values which they show is equally likely to take any value between 2 and 12. Compare
with your method for Problem (2.7.12).

37. A biased coin is tossed N times, where N is a random variable which is Poisson distributed
with parameter A. Prove that the total number of heads shown is independent of the total number of
tails. Show conversely that if the numbers of heads and tails are independent, then N has the Poisson
distribution.

38. A binary tree is a tree (as in the section on branching processes) in which each node has exactly
two descendants. Suppose that each node of the tree is coloured black with probability p, and white
otherwise, independently of all other nodes. For any path 7 containing » nodes beginning at the root
of the tree, let B(rr) be the number of black nodes in 7, and let X, (k) be the number of such paths 7
for which B(r) > k. Show that there exists 8. such that

0 ifg>p,

E{Xn(Bn)} — { oo ifB < B,

and show how to determine the value B..

Prove that
0 if B> B,

1 if B < pe.

39. Use the continuity theorem (5.9.5) to show that, as n — oo,
(a) if X, is bin(n, A/n) then the distribution of X, converges to a Poisson distribution,

P(Xn(Bn) > 1) - {
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[5.12.40]-[5.12.46] Exercises Generating functions and their applications

(b) if Y, is geometric with parameter p = A /n then the distribution of Y, /n converges to an expo-
nential distribution.

40. Let X1, X5, ... be independent random variables with zero means and such that ]E|Xj3| < oo for

all j. Show that S, = X| + X2 + - - - + X, satisfies Sn/«/var(Sn) 2) N@©,1)asn — coif

Y EIX}| = 0({var(Sn)}_%).
j=1

The following steps may be useful. Let 01-2 = var(X;), a(n)2 = var(Sp), pj = IEIX;l, and ¢;

and Y, be the characteristic functions of X; and Sp/o (n) respectively.

(i) Use Taylor’s theorem to show that [¢;(r) — 1] < 2t2<7j2 and |¢;(t) — 1 + %ajztzl < |t|3pj for

j=zL

(ii) Show that |log(1 +2z) —z| < |z|2 if |z| < %, where the logarithm has its principal value.

(iii) Show that crj3 < pj, and deduce from the hypothesis that maxj<;j<, 0j/0(n) - 0 asn — oo,
implying that maxj <<, |¢; (t/o(n)) — 1| — 0.

(iv) Deduce an upper bound for |log ¢; (/5 (n)) — %tzaj2 /o (n)? |, and sum to obtain that log ¥, (f) —

1.2
—5t=.

41. Let X1, X5, ... be independent variables each taking values +1 or —1 with probabilities % and
%. Show that

n
,/%kak D NO, D) asn— oo
n
k=1

42. Normal sample. Let X{, X, ..., X, be independent N (i1, 0'%) random variables. Define X =
n~1 3% X; and Z; = X; — X. Find the joint characteristic function of X, Zj, Zj, . .., Zy, and hence
prove that X and §2 = (n — 1)~} YIX; — X)? are independent.

43. Log-normal distribution. Let X be N(0, 1), and let ¥ = % Y is said to have the log-normal
distribution. Show that the density function of Y is

fx) = ﬁexp{ fogx)?}, x>0

For |a| < 1, define f,(x) = {1 +asin(2w log x)} f(x). Show that f, is a density function with finite
moments of all (positive) orders, none of which depends on the value of a. The family {f; : |a| < 1}
contains density functions which are not specified by their moments.

44. Consider a random walk whose steps are independent and identically distributed integer-valued
random variables with non-zero mean. Prove that the walk is transient.

45. Recurrent events. Let {X, : r > 1} be the integer-valued identically distributed intervals
between the times of a recurrent event process. Let L be the earliest time by which there has been an
interval of length a containing no occurrence time. Show that, for integral a,

sP(X > a)
1-Y2 | s"P(X1=71)

E(sL) =

46. A biased coin shows heads with probability p (= 1 — g). It is flipped repeatedly until the first
time W, by which it has shown n consecutive heads. Let E(s Wn) = Gp(s). Show that G, =
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Problems Exercises [5.12.47]-[5.12.52]

psGy,_1/(1 — gsGy,_1), and deduce that

(1 — ps)p"s™
Gals) = LIPS
1—s+4gptst

47. In n flips of a biased coin which shows heads with probability p (= 1 — g), let L, be the length
of the longest run of heads. Show that, for r > 1,

00 np(L l_prsr
1+ZS P( n<r)=m.

n=1

48. The random process {X, : n > 1} decays geometrically fast in that, in the absence of external
input, X, 41 = %X,,. However, at any time n the process is also increased by Y, with probability
%, where {Y, : n > 1} is a sequence of independent exponential random variables with parameter A.
Find the limiting distribution of X, as n — oo.

49. Let G(s) = E(sX) where X > 0. Show that E{(X + 1)~} = [ G(s)ds, and evaluate this
when X is (a) Poisson with parameter A, (b) geometric with parameter p, (c) binomial bin(r, p), (d)
logarithmic with parameter p (see Exercise (5.2.3)). Is there a non-trivial choice for the distribution
of X such that E{(X + 1)~1} = (E(X + 1)}~ 1?

50. Find the density function of Ef;l Xy, where {X, : r > 1} are independent and exponentially
distributed with parameter A, and N is geometric with parameter p and independent of the X .

51. Let X have finite non-zero variance and characteristic function ¢ (z). Show that

1 d%

YO =" i

is a characteristic function, and find the corresponding distribution.

52. Let X and Y have joint density function

fay =H{1+xy62=y)},  Ixl<1, Iyl <1

Show that ¢x (£)@y (1) = ¢px+y(¢), and that X and Y are dependent.
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6

Markov chains

6.1 Exercises. Markov processes

1. Show that any sequence of independent random variables taking values in the countable set S is
a Markov chain. Under what condition is this chain homogeneous?

2. Adie is rolled repeatedly. Which of the following are Markov chains? For those that are, supply
the transition matrix.

(a) The largest number X, shown up to the nth roll.

(b) The number N, of sixes in » rolls.

(c) Attime r, the time C, since the most recent six.

(d) Attime r, the time B, until the next six.

3. Let{S, : n > 0} be a simple random walk with Sy = 0, and show that X,, = |S,| defines a

Markov chain; find the transition probabilities of this chain. Let M, = max{S; : 0 < k < n}, and
show that ¥, = M,, — S, defines a Markov chain. What happens if Sy # 0?

4. Let X be a Markov chain and let {n, : r > 0} be an unbounded increasing sequence of positive
integers. Show that ¥, = X,, constitutes a (possibly inhomogeneous) Markov chain. Find the
transition matrix of ¥ when n, = 2r and X is: (a) simple random walk, and (b) a branching process.

5. Let X be a Markov chain on S, and let I : S" — {0,1}. Show that the distribution of
Xn, Xn+41, ..., conditional on {I(Xq,...,X,) = 1} N {X, = i}, is identical to the distribution
of Xn, Xp41, ... conditional on {X, = i}.

6. Strong Markov property. Let X be a Markov chain on S, and let 7' be a random variable taking
values in {0, 1, 2, ...} with the property that the indicator function I{7—p}, of the event that T = n, is
a function of the variables X1, X», ..., X,. Such a random variable T is called a stopping time, and
the above definition requires that it is decidable whether or not 7 = n with a knowledge only of the
past and present, Xg, X1, ..., Xn, and with no further information about the future.

Show that
P(X74m=Jj| Xk =xxfor0 <k <T, X7 =i) =PX74m=Jj | X7 =)

form >0, i, j € S, and all sequences (x;) of states.

7. Let X be a Markov chain with state space S, and suppose that # : § — T is one-one. Show that
Y, = h(Xy) defines a Markov chain on 7'. Must this be so if 4 is not one—one?

8. Let X and Y be Markov chains on the set Z of integers. Is the sequence Z,, = X, + ¥ necessarily
a Markov chain?

9. Let X be a Markov chain. Which of the following are Markov chains?
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Classification of states Exercises [6.1.10]-[6.2.5]

(@) Xpmyr forr > 0.
() Xy, form > 0.
(c) The sequence of pairs (X, X,41) forn > 0.

10. Let X be a Markov chain. Show that, for 1 <r < n,

PXr=k|X;j=x;fori=1,2,...,r=1,r+1...,n)
=PXr =k | Xp—1 =xr—1, Xr41 = Xr41)-

11. Let {X, : n > 1} be independent identically distributed integer-valued random variables. Let
Sp =3 1 Xr, with S =0, Y, = Xp + X,— with Xg =0, and Z, = }_"_ S-. Which of the
following constitute Markov chains: (a) S,, (b)Y, (c) Z,, (d) the sequence of pairs (S, Z,)?

12. A stochastic matrix P is called doubly stochasticif ) ; p; j = Lforall j. Itis called sub-stochastic
if >7; pij < 1forall j. Show that, if P is stochastic (respectively, doubly stochastic, sub-stochastic),
then P is stochastic (respectively, doubly stochastic, sub-stochastic) for all n.

6.2 Exercises. Classification of states

1. Lastexits. Letl;j(n) = P(Xy = j, X #ifor1l <k < n| Xo = i), the probability that the
chain passes from i to j in n steps without revisiting i. Writing

o0
Lijs) =Y s"j(n),

n=1

show that Pj;(s) = Pj;(s)Ljj(s) if i # j. Deduce that the first passage times and last exit times
have the same distribution for any Markov chain for which P;; (s) = P;;(s) for all i and j. Give an
example of such a chain.

2. Let X be aMarkov chain containing an absorbing state s with which all other states i communicate,
in the sense that p;s(n) > 0 for some » = n(i). Show that all states other than s are transient.

3. Show that a state i is persistent if and only if the mean number of visits of the chain to i, having
started at 7, is infinite.

4. Visits. Let V; = |{n > 1: X, = j}| be the number of visits of the Markov chain X to j, and
define 7;; = P(V; = 00 | Xg = i). Show that:
1 ifi is persistent,
a) n; =
@ { 0 ifiis transient,
P(Tj <oo| Xg=1i) if jispersistent,
®) nij = s .
0 if j is transient,

5.  Symmetry. The distinct pair i, j of states of a Markov chain is called symmetric if

where T; = min{n > 1: X, = j}.

B(Ty <T; | Xo=1) =P(T; < Ty | Xo=j),

where T; = min{n > 1 : X, = i}. Show that, if Xy = i and i, j is symmetric, the expected number
of visits to j before the chain revisits i is 1.
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[6.3.11-[6.3.8] Exercises Markov chains

6.3 Exercises. Classification of chains

1. Let X be a Markov chain on {0, 1,2, ...} with transition matrix given by pg; = a; for j > 0,
pii =rand p;;_1 = 1—r fori > 1. Classify the states of the chain, and find their mean recurrence
times.

2. Determine whether or not the random walk on the integers having transition probabilities p; ;17 =
P, Di,i—1 = 1 — p, for all i, is persistent.

3. Classify the states of the Markov chains with transition matrices

1-2p 2p 0
@ p 1=-2p p |,
0 2p 1-2p
0 )4 0 1-p
1-p 0 D 0
®) 0 1-p 0 D
)4 0 1—p 0

In each case, calculate p; ;j (n) and the mean recurrence times of the states.

4. A particle performs a random walk on the vertices of a cube. At each step it remains where it is
with probability ;1; or moves to one of its neighbouring vertices each having probability 21{ Let v and
w be two diametrically opposite vertices. If the walk starts at v, find:

(a) the mean number of steps until its first return to v,
(b) the mean number of steps until its first visit to w,
(c) the mean number of visits to w before its first return to v.

5. Visits. With the notation of Exercise (6.2.4), show that
(a) ifi — j andi is persistent, then n;; = nj; = 1,
(b) nij =1lifand only if P(T; <00 | Xg =i) =P(Tj < oo | Xg=j)=1.

6. First passages. Let T4 = min{n > 0: X,, € A}, where X is a Markov chain and A is a subset
of the state space S, and let n; = P(T4 < oo | Xo = j). Show that

1 ifj €A,

=93 pime ifj ¢ A
keS

Show further that if x = (x; : j € §) is any non-negative solution of these equations then x; > »; for

all j.

7. Mean first passage. In the notation of Exercise (6), let p; = E(T4 | Xo = j). Show that

0 ifjeA,
PI= 14D pjror ifj ¢ A,
keS
and that if x = (x; : j € §) is any non-negative solution of these equations then x; > p; for all j.

8. Let X be an irreducible Markov chain and let A be a subset of the state space. Let S, and 7,
be the successive times at which the chain enters A and visits A respectively. Are the sequences
{Xs, : r > 1}, {X7, : r > 1} Markov chains? What can be said about the times at which the chain
exits A?
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9. () Show that for each pair i, j of states of an irreducible aperiodic chain, there exists N = N (i, j)
such that p;;(r) > O forallr > N.

(b) Show that there exists a function f such that, if P is the transition matrix of an irreducible aperiodic
Markov chain with # states, then p;; (r) > 0 for all states i, j, and all r > f(n).

(c) Show further that £(4) > 6 and f(n) > (n — 1)(n — 2).

[Hint: The postage stamp lemma asserts that, for a, b coprime, the smallest z» such that all integers
strictly exceeding » have the form aa + Bb for some integers o, 8 > 0is (a — 1)(b — 1).]

10. An urn initially contains n green balls and n + 2 red balls. A ball is picked at random: if it is
green then a red ball is also removed and both are discarded; if it is red then it is replaced together
with an extra red and an extra green ball. This is repeated until there are no green balls in the urn.
Show that the probability the process terminates is 1/(n + 1).

Now reverse the rules: if the ball is green, it is replaced together with an extra green and an extra
red ball; if it is red it is discarded along with a green ball. Show that the expected number of iterations
until no green balls remain is Z;‘=1(2 Jj + 1) = n(n + 2). [Thus, a minor perturbation of a simple
symmetric random walk can be non-null persistent, whereas the original is null persistent.]

6.4 Exercises. Stationary distributions and the limit theorem

1. The proof copy of a book is read by an infinite sequence of editors checking for mistakes. Each
mistake is detected with probability p at each reading; between readings the printer corrects the
detected mistakes but introduces a random number of new errors (errors may be introduced even if no
mistakes were detected). Assuming as muchindependence as usual, and that the numbers of new errors
after different readings are identically distributed, find an expression for the probability generating
function of the stationary distribution of the number X, of errors after the nth editor—printer cycle,
whenever this exists. Find it explicitly when the printer introduces a Poisson-distributed number of
errors at each stage.

2. Do the appropriate parts of Exercises (6.3.1)—-(6.3.4) again, making use of the new techniques at
your disposal.

3. Dams. Let X, be the amount of water in a reservoir at noon on day #. During the 24 hour period
beginning at this time, a quantity Y, of water flows into the reservoir, and just before noon on each
day exactly one unit of water is removed (if this amount can be found). The maximum capacity of
the reservoir is K, and excessive inflows are spilled and lost. Assume that the ¥}, are independent
and identically distributed random variables and that, by rounding off to some laughably small unit of
volume, all numbers in this exercise are non-negative integers. Show that (X, ) is a Markov chain, and
find its transition matrix and an expression for its stationary distribution in terms of the probability
generating function G of the Y.

Find the stationary distribution when ¥ has probability generating function G(s) = p(1—gs)~!.

4. Show by example that chains which are not irreducible may have many different stationary
distributions.

5. Diagonal selection. Let (x;(n) : i, n > 1) be a bounded collection of real numbers. Show that
there exists an increasing sequence n1, ny, . . . of positive integers such that lim,_; oo x; (1) exists for
alli. Use this result to prove that, for an irreducible Markov chain, if it is not the case that p;; (n) — 0
asn — oo forall i and j, then there exists a sequence (n, : r > 1) and a vector & (# 0) such that
pij(ny) = aj asr — ooforalli and j.

6. Random walk on a graph. A particle performs a random walk on the vertex set of a connected
graph G, which for simplicity we assume to have neither loops nor multiple edges. At each stage it
moves to a neighbour of its current position, each such neighbour being chosen with equal probability.
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If G has n (< 00) edges, show that the stationary distribution is given by 7y, = dy/(2n), where dy is
the degree of vertex v.

7. Show that a random walk on the infinite binary tree is transient.

8. Ateachtimen = 0,1,2,... a number ¥, of particles enters a chamber, where {Y, : n > 0}
are independent and Poisson distributed with parameter A. Lifetimes of particles are independent and
geometrically distributed with parameter p. Let X, be the number of particles in the chamber at time
n. Show that X is a Markov chain, and find its stationary distribution.

9. A random sequence of convex polygons is generated by picking two edges of the current polygon
at random, joining their midpoints, and picking one of the two resulting smaller polygons at random
to be the next in the sequence. Let X, + 3 be the number of edges of the nth polygon thus constructed.
Find E(X},) in terms of X, and find the stationary distribution of the Markov chain X.

10. Let s be a state of an irreducible Markov chain on the non-negative integers. Show that the chain
is persistent if there exists a solution y to the equations y; > > jijs PijYj»i # s, satisfying y; — oo.

11. Bow ties. A particle performs a random walk on a bow tie ABCDE drawn beneath on the left,
where C is the knot. From any vertex its next step is equally likely to be to any neighbouring vertex.
Initially it is at A. Find the expected value of:

(a) the time of first return to A,

(b) the number of visits to D before returning to A,

(c) the number of visits to C before returning to A,

(d) the time of first return to A, given no prior visit by the particle to E,

(e) the number of visits to D before returning to A, given no prior visit by the particle to E.

A D
l :Ci I
B E

A B

12. A particle starts at A and executes a symmetric random walk on the graph drawn above on the
right. Find the expected number of visits to B before it returns to A.

6.5 Exercises. Reversibility

1. A random walk on the set {0, 1, 2, ..., b} has transition matrix given by pgg = 1 — Ag, ppp =
1 — wp, piiv1 = Aj and p;11,; = Migq for 0 < i < b, where 0 < A;, u; < 1 for all i, and
Ai +u; = 1for1 <i < b. Show that this process is reversible in equilibrium.

2. Kolmogorov’s criterion for reversibility. Let X be an irreducible non-null persistent aperiodic
Markov chain. Show that X is reversible in equilibrium if and only if

Pj1j2Pj2j3 " Pjn—1jnPinjt = PjrinPjnjn—1""" Pi2j1
for all n and all finite sequences ji, jo, - .., jn Of states.

3. Let X be areversible Markov chain, and let C be a non-empty subset of the state space S. Define
the Markov chain Y on S by the transition matrix Q = (g;;) where

Bpij ifieCandj ¢C,
qij = .
pij  otherwise,
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Chains with finitely many states Exercises [6.5.4]-[6.6.3]

fori # j, and where B is a constant satisfying 0 < 8 < 1. The diagonal terms g;; are arranged so that
Q is a stochastic matrix. Show that Y is reversible in equilibrium, and find its stationary distribution.
Describe the situation in the limit as 8 | 0.

4. Can areversible chain be periodic?
5. Ehrenfest dog—flea model. The dog—flea model of Example (6.5.5) is a Markov chain X on the
state space {0, 1, ..., m} with transition probabilities

i

piiv1=1——, pij1=—, for 0<i=<m.
m

i
m

Show that, if Xo =i,

6. 'Which of the following (when stationary) are reversible Markov chains?

(a) The chain X = {X,} having transition matrix P = ( I—a o ) where @ + 8 > 0.

B 1-p
0 )4 1-p
(b) Thechain Y = {Y,} having transition matrixP= | 1 —p 0 P where 0 < p < 1.
p 1-p 0

(©) Zy = (Xn, Yn), where X, and Y, are independent and satisfy (a) and (b).

7. Let X,, Y, be independent simple random walks. Let Z, be (X,, ¥;) truncated to lie in the
region X, >0, Y, > 0, X, + Y, < a where a is integral. Find the stationary distribution of Z,.

8. Show that an irreducible Markov chain with a finite state space and transition matrix P is reversible
in equilibrium if and only if P = DS for some symmetric matrix S and diagonal matrix D with strictly
positive diagonal entries. Show further that for reversibility in equilibrium to hold, it is necessary but
not sufficient that P has real eigenvalues.

9. Random walk on a graph. Let G be a finite connected graph with neither loops nor multiple
edges, and let X be arandom walk on G as in Exercise (6.4.6). Show that X is reversible in equilibrium.

6.6 Exercises. Chains with finitely many states

The first two exercises provide proofs that a Markov chain with finitely many states has a stationary
distribution.
1. The Markov—Kakutani theorem asserts that, for any convex compact subset C of R” and any
linear continuous mapping T of C into C, T has a fixed point (in the sense that T (x) = x for some
x € C). Use this to prove that a finite stochastic matrix has a non-negative non-zero left eigenvector
corresponding to the eigenvalue 1.
2. LetTbeam x nmatrix and let v € R". Farkas’s theorem asserts that exactly one of the following
holds:

(i) there exists x € R™ such that x > 0 and xT = v,

(i) there exists y € R” such that yv' < 0 and Ty’ > 0.
Use this to prove that a finite stochastic matrix has a non-negative non-zero left eigenvector corre-
sponding to the eigenvalue 1.

3. Arbitrage. Suppose you are betting on arace with m possible outcomes. There are n bookmakers,
and a unit stake with the ith bookmaker yields ¢; if the jth outcome of the race occurs. A vector
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x = (x1, X2, ... ,Xn), Where x, € (—00, 00) is your stake with the rth bookmaker, is called a betting

scheme. Show that exactly one of (a) and (b) holds:

(a) there exists a probability mass function p = (p1, p2, ... , Pm) such that Z}’;l tij pj = 0 for all
values of i,

(b) there exists a betting scheme x for which you surely win, that is, ) 37_; x;#;; > 0 for all j.

4. Let X be a Markov chain with state space S = {1, 2, 3} and transition matrix

1—p D 0
P= 0 1-p p
p 0 1-p

" ain a2n Aa3p
P'=1a3, aip, a

AQn  A3p  QAln

where 0 < p < 1. Prove that

where a1, + way, + w2a3n = (1 — p + pw)", w being a complex cube root of 1.

5. Let P be the transition matrix of a Markov chain with finite state space. Let I be the identity
matrix, U the |S| x |S| matrix with all entries unity, and 1 the row |S|-vector with all entries unity.
Let & be a non-negative vector with >; 7; = 1. Show that #P = & ifand only if I - P+U) = 1.

Deduce that if P is irreducible then w = 1(I — P + U)~ L.
6. Chess. A chess piece performs a random walk on a chessboard; at each step it is equally likely

to make any one of the available moves. What is the mean recurrence time of a corner square if the
piece is a: (a) king? (b) queen? (c) bishop? (d) knight? (e) rook?

7. Chess continued. A rook and a bishop perform independent symmetric random walks with
synchronous steps on a 4 x 4 chessboard (16 squares). If they start together at a corner, show that the
expected number of steps until they meet again at the same corner is 448/3.

8. Find the n-step transition probabilities p;; (n) for the chain X having transition matrix

o~}

Il
WD W= O
ENTERNTE ST
S o v

6.7 Exercises. Branching processes revisited

1. Let Z, be the size of the nth generation of a branching process with Zy = 1and P(Z; = k) = 2%
for k > 0. Show directly that, asn — oo, P(Z, <2yn | Z, >0) > 1 — e 2, y > 0, in agreement
with Theorem (6.7.8).

2. Let Z be a supercritical branching process with Zg = 1 and family-size generating function G.
Assume that the probability n of extinction satisfies 0 < n < 1. Find a way of describing the process
Z, conditioned on its ultimate extinction.

3. Let Z, be the size of the nth generation of a branching process with Zg = 1and P(Z; = k) = gp*
fork > 0, where p+¢g = land p > % Use your answer to Exercise (2) to show that, if we condition
on the ultimate extinction of Z, then the process grows in the manner of a branching process with
generation sizes Zn satisfying 20 =1and ]P(El =k) = qu fork > 0.
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4, (a) Show that E(X | X > 0) < ]E(Xz) /E(X) for any random variable X taking non-negative
values.

(b) Let Z, be the size of the nth generation of a branching process with Zg = 1 and P(Zy = k) = qpk
for k > 0, where p > % Use part (a) to show that E(Z,/u" | Z, > 0) <2p/(p — q), where
K=p/q.

(c) Show that, in the notation of part (b), E(Z,/u" | Z, > 0) = p/(p —q) asn — oo.

6.8 Exercises. Birth processes and the Poisson process

1. Superposition. Flies and wasps land on your dinner plate in the manner of independent Poisson
processes with respective intensities A and p. Show that the arrivals of flying objects form a Poisson
process with intensity A + u.

2. Thinning. Insects land in the soup in the manner of a Poisson process with intensity A, and each
such insect is green with probability p, independently of the colours of all other insects. Show that
the arrivals of green insects form a Poisson process with intensity Ap.

3. Let T}, be the time of the nth arrival in a Poisson process N with intensity A, and define the excess
lifetime process E(t) = Tn(;)4+1 — ¢, being the time one must wait subsequent to ¢ before the next
arrival. Show by conditioning on 77 that

'
P(E®) > x) = e~ Mt+x) +/ P(E¢t —u) > x))»e_)‘“ du.
0

Solve this integral equation in order to find the distribution function of E (¢). Explain your conclusion.

4. Let B be a simple birth process (6.8.11b) with B(0) = I; the birth rates are A, = nAi. Write
down the forward system of equations for the process and deduce that

P(B(t) =k) = (’I‘ ~ 1>e_”‘t(1 e L = 5

Show also that E(B(¢)) = IeM and var(B()) = Ie2* (1 — 1),

5. Let B be a process of simple birth with immigration (6.8.11c) with parameters A and v, and
with B(0) = O; the birth rates are A, = nA + v. Write down the sequence of differential-difference
equations for p,(t) = P(B(t) = n). Without solving these equations, use them to show that m(z) =
E(B(2)) satisfies m’(t) = Am(t) + v, and solve for m(z).

6. Let N be a birth process with intensities Ag, A1, ..., and let N(0) = 0. Show that p,(t) =

P(N(t) = n) is given by
1 & 2 n Aj
t) = — )\, —Ajt
pn(t) o E i€ I I )‘j py
i=0 j=0
J#i

provided that A; # A; whenever i # j.

7. Suppose that the general birth process of the previous exercise is such that }° A, I < 0.
Show that A, p,(t) — f(¢) as n — oo where f is the density function of the random variable
T = sup{t : N(t) < oo}. Deduce that E(N(t) | N(t) < oo) is finite or infinite depending on the
convergence or divergence of 3., nA; L.

Find the Laplace transform of f in closed form for the case when A, = (n + %)2, and deduce an
expression for f.

71



[6.9.11-[6.9.8] Exercises Markov chains

6.9 Exercises. Continuous-time Markov chains

1. LetAp > 0and let X be a Markov chain on {1, 2} with generator

(-~ u
G= < A —x> ‘
(a) Write down the forward equations and solve them for the transition probabilities p;; (t), i, j =
1,2.
(b) Calculate G" and hence find Y52 (" /n!)G". Compare your answer with that to part (a).

(c) Solve the equation £G = 0 in order to find the stationary distribution. Verify that p; j () — 7
ast — 00.

2. As a continuation of the previous exercise, find:
(@ P(X®)=21X0)=1,X31)=1),
b) PX(t)=2|X0)=1,X3@t)=1,X4r) =1).

3. Jobs arrive in a computer queue in the manner of a Poisson process with intensity A. The central
processor handles them one by one in the order of their arrival, and each has an exponentially distributed
runtime with parameter u, the runtimes of different jobs being independent of each other and of the
arrival process. Let X (¢) be the number of jobs in the system (either running or waiting) at time ¢,
where X(0) = 0. Explain why X is a Markov chain, and write down its generator. Show that a
stationary distribution exists if and only if A < u, and find it in this case.

4. Pasta property. Let X = {X(¢) : t > 0} be a Markov chain having stationary distribution
7. We may sample X at the times of a Poisson process: let N be a Poisson process with intensity
A, independent of X, and define ¥, = X (T, +), the value taken by X immediately after the epoch
Ty of the nth arrival of N. Show that Y = {Y, : n > 0} is a discrete-time Markov chain with the
same stationary distribution as X. (This exemplifies the ‘Pasta’ property: Poisson arrivals see time
averages.)

[The full assumption of the independence of N and X is not necessary for the conclusion. It suffices
that {N(s) : s > ¢} be independent of {X (s) : s < ¢}, a property known as ‘lack of anticipation’. It is
not even necessary that X be Markov; the Pasta property holds for many suitable ergodic processes.]

5. Let X be a continuous-time Markov chain with generator G satisfying g; = —g;; > 0 for all i.
Let Hy = inf{r > 0: X(¢) € A} be the hitting time of the set A of states, and let n; = P(Hg < 00 |
X (0) = j) be the chance of ever reaching A from j. By using properties of the jump chain, which
you may assume to be well behaved, show that ) gjrni = 0 for j ¢ A.

6. In continuation of the preceding exercise, let j = E(Hy | X(0) = j). Show that the vector
is the minimal non-negative solution of the equations

uj=0 ifjed, 1+ gum=0 ifj¢A.
keS

7. Let X be a continuous-time Markov chain with transition probabilities p;;(t) and define F; =
inf{t > Ty : X(t) = i} where T is the time of the first jump of X. Show that, if g;; # O, then
P(F; < oo | X(0) =i) = 1if and only if i is persistent.

8. Let X be the simple symmetric random walk on the integers in continuous time, so that

Piji+1(h) = pii—1(h) = $Ah + o(h).

Show that the walk is persistent. Let T' be the time spent visiting m during an excursion from 0. Find
the distribution of T'.
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9. Let i be a transient state of a continuous-time Markov chain X with X(0) = i. Show that the
total time spent in state i has an exponential distribution.

10. Let X be an asymmetric simple random walk in continuous time on the non-negative integers
with retention at 0, so that

A +ot) ifj=i+1,i>0,
pij(h) = . .
uh+oCth) ifj=i—1,i>1

Suppose that X(0) = 0 and A > p. Show that the total time V, spent in state r is exponentially
distributed with parameter A — p.

Assume now that X (0) has some general distribution with probability generating function G.
Find the expected amount of time spent at 0 in terms of G.

11. LetX = {X (¢) : t > 0} be anon-explosive irreducible Markov chain with generator G and unique
stationary distribution ;r. The mean recurrence time (y is defined as follows. Suppose X (0) = &,
and let U = inf{s : X (s) # k}. Then uy = E(inf{t > U : X(¢t) = k}). Let Z = {Z, : n > 0} be the
imbedded ‘jump chain’ given by Zy = X (0) and Z,, is the value of X just after its nth jump.

(a) Show that Z has stationary distribution 7 satisfying

~ Tk 8k
T = e,
Do Tigi
where g; = —g;;, provided }_; m;g; < 0o. When is it the case that T = 7 ?

(b) Show that 7r; = 1/(u;g;) if u; < 0o, and that the mean recurrence time fiy of the state k in the
jump chain Z satisfies fiy = ug y_; 7;g; if the last sum is finite.

12. Let Z be an irreducible discrete-time Markov chain on a countably infinite state space S, having
transition matrix H = (h;;) satisfying h;; = O for all states i, and with stationary distribution v.
Construct a continuous-time process X on S for which Z is the imbedded chain, such that X has no
stationary distribution.

6.11 Exercises. Birth—death processes and imbedding

1. Describe the jump chain for a birth—death process with rates A, and pup.

2. Consider an immigration—death process X, being a birth—death process with birth rates A, = A
and death rates 1, = nu. Find the transition matrix of the jump chain Z, and show that it has as

stationary distribution
1 n
= 1+ 2 ) ple®
7 2<n!>( +p>“

where p = A/u. Explain why this differs from the stationary distribution of X.

3. Consider the birth—death process X with A, = nA and i, = nu foralln > 0. Suppose X (0) = 1
and let n(¢) = P(X (¢) = 0). Show that 7 satisfies the differential equation

7' (@) + O+ wn@) = p+ An()?

Hence find 7 (), and calculate P(X(¢) =0 | X(u) =0) for0 < ¢ < u.

4. For the birth—-death process of the previous exercise with A < u, show that the distribution of
X (), conditional on the event {X (t) > 0}, converges as ¢ — 00 to a geometric distribution.
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5. Let X be a birth—death process with A, = nA and p, = nu, and suppose X (0) = 1. Show that
the time T at which X (¢) first takes the value O satisfies

1

E(T|T <o0) = ; A
—log (—) ifA > pu.
“ A—p

What happens when A = u?

6. Let X be the birth—death process of Exercise (5) with A # u, and let V,(¢) be the total amount
of time the process has spent in state » > 0, up to time ¢. Find the distribution of V;(co) and the
generating function ), s"E(V,(¢)). Hence show in two ways that E(V;(00)) = [max{A, 173
Show further that E(V;(00)) = A"~ 1r~![max{A, u}]~".

7. Repeat the calculations of Exercise (6) in the case A = u.

6.12 Exercises. Special processes

1. Customers entering a shop are served in the order of their arrival by the single server. They
arrive in the manner of a Poisson process with intensity A, and their service times are independent
exponentially distributed random variables with parameter x. By considering the jump chain, show
that the expected duration of a busy period B of the server is (u — A)~1 when A < p. (The busy
period runs from the moment a customer arrives to find the server free until the earliest subsequent
time when the server is again free.)

2. Disasters. Immigrants arrive at the instants of a Poisson process of rate v, and each independently
founds a simple birth process of rate A. At the instants of an independent Poisson process of rate §,
the population is annihilated. Find the probability generating function of the population X (¢), given
that X (0) = 0.

3. More disasters. In the framework of Exercise (2), suppose that each immigrant gives rise to a
simple birth—death process of rates A and @. Show that the mean population size stays bounded if and
only if § > A — w.

4. The queue M/G/oo. (See Section 11.1.) An ftp server receives clients at the times of a Poisson
process with parameter A, beginning at time 0. The ith client remains connected for a length S;
of time, where the S; are independent identically distributed random variables, independent of the
process of arrivals. Assuming that the server has an infinite capacity, show that the number of clients
being serviced at time ¢ has the Poisson distribution with parameter A fé[l — G(x)]dx, where G is
the common distribution function of the S;.

6.13 Exercises. Spatial Poisson processes

1. In a certain town at time ¢ = O there are no bears. Brown bears and grizzly bears arrive as
independent Poisson processes B and G with respective intensities 8 and y .

(a) Show that the first bear is brown with probability 8/(8 + y).

(b) Find the probability that between two consecutive brown bears, there arrive exactly r grizzly
bears.

(c) Given that B(1) = 1, find the expected value of the time at which the first bear arrived.

2. Campbell-Hardy theorem. Let IT be the points of a non-homogeneous Poisson process on R4
with intensity function A. Let S = Y . g(x) where g is a smooth function which we assume for
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convenience to be non-negative. Show that E(S) = fRd g(u)A(u) duand var(S) = fRd g(u)2A(u) du,
provided these integrals converge.

3. Let I be a Poisson process with constant intensity A on the surface of the sphere of R? with radius
1. Let P be the process given by the (X, Y) coordinates of the points projected on a plane passing
through the centre of the sphere. Show that P is a Poisson process, and find its intensity function.

4. Repeat Exercise (3), when IT is a homogeneous Poisson process on the ball {(xy, x3, x3) : xl2 +
x22 + x_% <1}

5. You stick pins in a Mercator projection of the Earth in the manner of a Poisson process with
constant intensity A. What is the intensity function of the corresponding process on the globe? What

would be the intensity function on the map if you formed a Poisson process of constant intensity A of
meteorite strikes on the surface of the Earth?

6. Shocks. The rth point 7, of a Poisson process N of constant intensity A on R4 gives rise to an
effect X, re_‘"(’ ~Tr) at time t > T}, where the X, are independent and identically distributed with

finite variance. Find the mean and variance of the total effect S(t) = Ef;(tl) Xre~*=Tr) in terms of
the first two moments of the X, and calculate cov(S(s), S(z)).

What is the behaviour of the correlation p(S(s), S(¢)) as s — oo with ¢t — s fixed?

7. Let N be a non-homogeneous Poisson process on R4 with intensity function A. Find the joint
density of the first two inter-event times, and deduce that they are not in general independent.

8. Competitionlemma. Let {N,(z) : r > 1} be a collection of independent Poisson processes on R
with respective constant intensities {A, : 7 > 1}, such that Y, A, = A < 0o. Set N(t) = Y, Nr(¢),
and let 7 denote the index of the process supplying the first point in N, occurring at time 7. Show that

)“.
P =i, T>t)=PI =i)P({T >1t)= Tle_}‘t, i>1.

6.14 Exercises. Markov chain Monte Carlo

1. Let P be a stochastic matrix on the finite set ® with stationary distribution 7. Define the inner
product (X,y) = Y tc@ ¥k Yk7k, and let lz(n) ={x € RO : (x,X) < 00}. Show, in the obvious
notation, that P is reversible with respect to 7 if and only if (x, Py) = (Px,y) forallx,y € 12().

2. Barker’s algorithm. Show that a possible choice for the acceptance probabilities in Hastings’s
general algorithm is
b 7 8ji
jj = ————,
7i8ij + 7j&ji
where G = (g;;) is the proposal matrix.

3. Let S be a countable set. For each j € S, the sets Ajg, k € S, form a partition of the interval
[0,1]. Let g : S x [0,1] — S be given by g(j,u) = k if u € Aj;. The sequence {X, : n > 0} of
random variables is generated recursively by X, 11 = g(Xu, Up41), n > 0, where {Uy, : n > 1} are
independent random variables with the uniform distribution on [0, 1]. Show that X is a Markov chain,
and find its transition matrix.

4. Dobrushin’s bound. Let U = (uy;) be a finite | S| x |T| stochastic matrix. Dobrushin’s ergodic
coefficient is defined to be

d(U) = § sup > lujr — ujl.
t,]ESteT

(a) Show that, if V is a finite |T'| x |U| stochastic matrix, then d(UV) < d(U)d(V).

75



[6.15.1]-[6.15.7] Exercises Markov chains
(b) Let X and Y be discrete-time Markov chains with the same transition matrix P, and show that

Z]]P’(Xn =k) —P(Yp =k)| <d@®)" Z[P(xo =k) —P(Yo =k)|.
k k

6.15 Problems

1. Classify the states of the discrete-time Markov chains with state space S = {1,2,3,4} and
transition matrices

(@ ()

[«=FNEN NN
O O NI—WIN
—_—- 0 O
O =RW-= O
OO O NI
— O O NI
O owi ©

Ohrl— O O

In case (a), calculate f34(n), and deduce that the probability of ultimate absorption in state 4, starting
from 3, equals % Find the mean recurrence times of the states in case (b).

2. Atransition matrix is called doubly stochastic if all its column sums equal 1, thatis, if Y, p;; = 1
forall j € S.

(a) Show that if a finite chain has a doubly stochastic transition matrix, then all its states are non-null
persistent, and that if it is, in addition, irreducible and aperiodic then p;j (n) — N “lasn — oo,
where N is the number of states.

(b) Show that, if an infinite irreducible chain has a doubly stochastic transition matrix, then its states
are either all null persistent or all transient.

3. Prove that intercommunicating states of a Markov chain have the same period.
4. (a) Show that for each pair i, j of states of an irreducible aperiodic chain, there exists N = N(i, j)
such that p;;j(n) > Oforalln > N.

(b) Let X and Y be independent irreducible aperiodic chains with the same state space S and transition
matrix P. Show that the bivariate chain Z, = (X, Y,), n > 0, is irreducible and aperiodic.

(c) Show that the bivariate chain Z may be reducible if X and Y are periodic.

5. Suppose {X, : n > 0} is a discrete-time Markov chain with X = i. Let N be the total number
of visits made subsequently by the chain to the state j. Show that

1 fij ifn =0,

P(N =n) = { 1 ]
LG A= £ ifrn>1,

and deduce that P(N = oo) = 1 if and only if f;; = f;; = 1.

6. Leti and j be two states of a discrete-time Markov chain. Show that if i communicates with j,
then there is positive probability of reaching j from i without revisiting i in the meantime. Deduce
that, if the chain is irreducible and persistent, then the probability f;; of ever reaching j from i equals
1foralli and j.

7. Let{Xy : n > 0} be a persistent irreducible discrete-time Markov chain on the state space S with
transition matrix P, and let x be a positive solution of the equation x = xP.

(a) Show that
'x. . .
gij(n) = x_{Pji(n), i,jesS, n>1,
1
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defines the n-step transition probabilities of a persistent irreducible Markov chain on S whose
first-passage probabilities are given by

Xj .
gij(n) = ;lji(n), i#j,n>1,
l

where [jj(n) = P(Xp =i, T >n| Xo=j)and T = min{m > 0: Xp, = j}.

(b) Show that x is unique up to a multiplicative constant.

(c) LetTj = min{n > 1: X, = j} and define h;; = P(T; < T; | Xo = i). Show that x;h;; = xjhj;
foralli, j € S.

8. Renewal sequences. The sequence u = {u, : n > 0} is called a ‘renewal sequence’ if
n
ug =1, u,,:Zfiun_i forn>1,
i=1

for some collection f = {f, : n > 1} of non-negative numbers summing to 1.

(a) Show that u is a renewal sequence if and only if there exists a Markov chain X on a countable
state space S such that u, = P(X, = s | Xo = s), for some persistent s € S and all n > 1.

(b) Show that if u and v are renewal sequences then so is {u, v, : n > 0}.

9. Consider the symmetric random walk in three dimensions on the set of points {(x, y, z) : x, ¥,z =
0, £1,+2,...}; this process is a sequence {X, : n > 0} of points such that P(X,,+1 =X, +€) = %
for € = (%1, 0, 0), (0, £1,0), (0, 0, £1). Suppose that Xg = (0, 0, 0). Show that

1\2n (2n)! 1\2" (25 n! 2
P(in=(0’0’0))=(g) > (—,.J.T)f(z) 0 2 (3"i!j!k!>

i+j+k=n i+j+k=n

and deduce by Stirling’s formula that the origin is a transient state.

10. Consider the three-dimensional version of the cancer model (6.12.16). If k = 1, are the empires
of Theorem (6.12.18) inevitable in this case?

11. Let X be a discrete-time Markov chain with state space S = {1, 2}, and transition matrix

l-« o
P= .
( B 1= ﬁ)
Classify the states of the chain. Suppose that ¢f > 0 and ¢ # 1. Find the n-step transition

probabilities and show directly that they converge to the unique stationary distribution as n — oo.
For what values of o and B is the chain reversible in equilibrium?

12. Another diffusion model. N black balls and N white balls are placed in two urns so that each
contains N balls. After each unit of time one ball is selected at random from each urn, and the two
balls thus selected are interchanged. Let the number of black balls in the first urn denote the state
of the system. Write down the transition matrix of this Markov chain and find the unique stationary
distribution. Is the chain reversible in equilibrium?

13. Consider a Markov chain on the set S = {0, 1, 2, ...} with transition probabilities p; ;11 = a;,
pio = 1 —a;j,i > 0, where (g; : i > 0) is a sequence of constants which satisfy 0 < a; < 1 forall i.
Letbg =1, b; = agay - - - a;—1 fori > 1. Show that the chain is

(a) persistent if and only if b; — O asi — oo,

(b) non-null persistent if and only if >, b; < oo,

and write down the stationary distribution if the latter condition holds.
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[6.15.14]-[6.15.19] Exercises Markov chains

Let A and B be positive constants and suppose that a; = 1 — Ai =B for all large i. Show that the
chain is
(c) transient if 8 > 1,
(d) non-null persistent if 8 < 1.
Finally, if 8 = 1 show that the chain is
(e) non-null persistent if A > 1,
(f) null persistent if A < 1.
14. Let X be a continuous-time Markov chain with countable state space S and standard semigroup
{P;}. Show that p;;(¢) is a continuous function of ¢. Let g(#) = —log p;; (t); show that g is a
continuous function, g(0) = 0, and g(s +¢) < g(s) + g(¢). We say that g is ‘subadditive’, and a well
known theorem gives the result that

t t
lim §Q =A existsand A =sup & < o0.

o ¢ >0

Deduce that g;; = lim; g t~1{p;; (¢) — 1} exists, but may be —oo.

15. Let X be acontinuous-time Markov chain with generator G = (g;;) and suppose that the transition
semigroup P; satisfies P; = exp(#G). Show that X is irreducible if and only if for any pair i, j of
states there exists a sequence k1, ky, . . . , kn Of states such that g; x, 8y ky * * * 8ky,j 7 O-

16. (a) Let X = {X(t) : —oo < t < oo} be a Markov chain with stationary distribution 7, and
suppose that X (0) has distribution . We call X reversible if X and Y have the same joint
distributions, where Y (¢) = X (—1).

(1) If X (¢) has distribution & for all ¢, show that Y is a Markov chain with transition probabilities
pl{ j (t) = (mj/m;) pji(t), where the p;;(¢) are the transition probabilities of the chain X.
(ii) If the transition semigroup {P;} of X is standard with generator G, show that 7; g;; = 7;gj;
(for all i and j) is a necessary condition for X to be reversible.
(iii) If P; = exp(¢G), show that X (¢) has distribution & for all # and that the condition in (ii) is
sufficient for the chain to be reversible.

(b) Show that every irreducible chain X with exactly two states is reversible in equilibrium.

(c) Show that every birth—death process X having a stationary distribution is reversible in equilibrium.

17. Show that not every discrete-time Markov chain can be imbedded in a continuous-time chain.

More precisely, let

P= (13(1 1;0() forsome 0 <o < 1

be a transition matrix. Show that there exists a uniform semigroup {P;} of transition probabilities in
continuous time such that P; = P, if and only if % < « < 1. In this case show that {P;} is unique and
calculate it in terms of «.

18. Consider an immigration—death process X (¢), being a birth—death process with rates A, = A,
n = np. Show that its generating function G(s, t) = EGX®)is given by

G(s,t) = {1+ (s — De ™ M exp{p(s — (1 — e}

where p = A/p and X (0) = I. Deduce the limiting distribution of X (¢) as ¢t — oo.

19. Let N be a non-homogeneous Poisson process on R4 = [0, 0o) with intensity function A. Write
down the forward and backward equations for N, and solve them.

Let N(0) = 0, and find the density function of the time T until the first arrival in the process. If
A(t) =c/(1 +t), show that E(T) < oo if and only if ¢ > 1.
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20. Successive offers for my house are independent identically distributed random variables X,
X», ..., having density function f and distribution function F. Let Y; = X1, let Y, be the first offer
exceeding Y1, and generally let Y}, 1 be the first offer exceeding ¥, . Showthat Yy, Y5, ... arethe times
of arrivals in a non-homogeneous Poisson process with intensity function A(t) = f(r)/(1 — F(2)).
The Y; are called ‘record values’.

Now let Z be the first offer received which is the second largest to date, and let Z; be the second
such offer, and so on. Show that the Z; are the arrival times of a non-homogeneous Poisson process
with intensity function A.

21. Let N be a Poisson process with constant intensity A, and let Y7, Y5, ... be independent random
variables with common characteristic function ¢ and density function f. The process N*(t) =
Y1+ Y2+ 4 Yy is called a compound Poisson process. Yy is the change in the value of N* at
the nth arrival of the Poisson process N. Think of it like this. A ‘random alarm clock’ rings at the
arrival times of a Poisson process. At the nth ring the process N* accumulates an extra quantity Y.
Write down a forward equation for N* and hence find the characteristic function of N*(¢). Can you
see directly why it has the form which you have found?

22, If the intensity function A of a non-homogeneous Poisson process N is itself a random process,
then N is called a doubly stochastic Poisson process (or Cox process). Consider the case when
A(t) = A forall ¢, and A is a random variable taking either of two values A1 or Aj, each being picked
with equal probability % Find the probability generating function of N (¢), and deduce its mean and
variance.

23. Show that a simple birth process X with parameter A is a doubly stochastic Poisson process with
intensity function A(t) = A X (¢).

24. The Markov chain X = {X(¢) : t > 0} is a birth process whose intensities Az (¢) depend also on
the time ¢ and are given by

_ L+ uk
T4t

P(Xt+h) =k+1]|X@) =k) h + o(h)

as h | 0. Show that the probability generating function G (s, ) = E(sX ")) satisfies

G s—1 G
— = — 0, 0 1.
at 1+,u,t{G+Ms¢9s} ==

Hence find the mean and variance of X (#) when X(0) = 1.

25. (a) Let X be a birth—death process with strictly positive birth rates A, A1, ... and death rates
U1, 42, - ... Let n; be the probability that X (¢) ever takes the value O starting from X (0) = i. Show
that
Ajnjer — A + pjdnj + mjnj—1 =0, izl

and deduce that n; = 1 for all i so long as Y 3° ej = oo where ej = ppo - i/ (AAz -+ Aj).
(b) For the discrete-time chain on the non-negative integers with

G+1? 72
S ad pji 1=,
P+G+D? MR G+D?
find the probability that the chain ever visits 0, starting from 1.

Pj,j+1 =

26. Find a good necessary condition and a good sufficient condition for the birth—death process X of
Problem (6.15.25a) to be honest.

27. Let X be a simple symmetric birth—death process with A, = u, = nA, and let T be the time until
extinction. Show that

A 1
P(T < x| X(©0) =1I) = (H"M) ,
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[6.15.28]-[6.15.33] Exercises Markov chains

and deduce that extinction is certain if P(X(0) < o0) = 1.

Show that PAT/I < x | X(0) =) — e~ /¥ as I — oo.
28. Immigration—death with disasters. Let X be an immigration—death—disaster process, that is, a
birth—-death process with parameters A; = A, 4; = i 4, and with the additional possibility of ‘disasters’

which reduce the population to 0. Disasters occur at the times of a Poisson process with intensity §,
independently of all previous births and deaths.

(a) Show that X has a stationary distribution, and find an expression for the generating function of
this distribution.

(b) Show that, in equilibrium, the mean of X (¢) is A /(8 + ).
29. With any sufficiently nice (Lebesgue measurable, say) subset B of the real line R is associated a
random variable X (B) such that
(i) X(B) takes valuesin {0,1,2,...},
(ii) if By, By, ..., B, are disjoint then X (B1), X(B2), ..., X(Bp) are independent, and furthermore
X (B1 U By) = X(B1) + X(By),
(iii) the distribution of X (B) depends only on B through its Lebesgue measure (‘length’) | B|, and
P(X(B) > 1)

Wf)z—l)_)l as |B] — 0.

Show that X is a Poisson process.

30. Poisson forest. Let N be a Poisson process in R with constant intensity A, and let Ry < R <
-+ - be the ordered distances from the origin of the points of the process.

(a) Show that R(zl), R(zz), ... are the points of a Poisson process on Ry = [0, oo) with intensity Ax.
(b) Show that Ry has density function

2
2 Ar (Ar2)k—le—Anr

7Y s r > 0.

fr) =

31. Let X be a n-dimensional Poisson process with constant intensity A. Show that the volume of
the largest (n-dimensional) sphere centred at the origin which contains no point of X is exponentially
distributed. Deduce the density function of the distance R from the origin to the nearest point of
X. Show that E(R) = I'(1/n)/{n(rc)!/"} where c is the volume of the unit ball of R" and T is the
gamma function.

32. Avillage of N + 1 people suffers an epidemic. Let X (¢) be the number of ill people at time #,
and suppose that X(0) = 1 and X is a birth process with rates A; = Ai(N + 1 —i). Let T be the
length of time required until every member of the population has succumbed to the illness. Show that

1Y 1
E(T) =+ k; KN +1-8)
and deduce that B(T) = 208N +V) -2y
AN +1)

where y is Euler’s constant. It is striking that E(T') decreases with N, for large N.

33. A particle has velocity V (¢) at time ¢, where V (¢) is assumed to take values in {n + % :n >0}
Transitions during (¢, ¢ + h) are possible as follows:

W+ Hh+om) ifw=v+1,
P(VE+h) =w|V@E)=v) = 1-2vh+o(h) ifw=nv,
(w—Dh+oh) ifw=v—1
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Initially V(0) = . Let

&)
Gis, )= s"P(V(t) =n+3).
n=0

(a) Show that
G 290G
e (NN il
ar = 4075,
and deduce that G(s, 1) = {1 + (1 — s)t}~L.
(b) Show that the expected length m,, (T') of time for which V = n+ % during the time interval [0, T']
is given by

(1-29)G

T
mp(T) = /O P(V(t) =n+ 3)dt

and that, for fixed k, my(T) —logT — — Zle i~las T — oo.

(c) What is the expected velocity of the particle at time #?
34. A random sequence of non-negative integers {X, : n > 0} begins Xg = 0, X; = 1, and is
produced by

X Xn +X,—1  with probability ,

+1 = . .
" |Xn — X,—1] with probability %

Show that ¥, = (X,,—1, X») is a transient Markov chain, and find the probability of ever reaching
(1, 1) from (1, 2).
35. Take a regular hexagon and join opposite corners by straight lines meeting at the point C. A
particle performs a symmetric random walk on these 7 vertices, starting at A. Find:
(a) the probability of return to A without hitting C,
(b) the expected time to return to A,
(c) the expected nmber of visits to C before returning to A,
(d) the expected time to return to A, given that there is no prior visit to C.

36. Diffusion, osmosis. Markov chains are defined by the following procedures at any time #:

(2) Bernoulli model. Two adjacent containers A and B each contain m particles; m are of type I and
m are of type II. A particle is selected at random in each container. If they are of opposite types
they are exchanged with probability « if the type I is in A, or with probability 8 if the type I is in
B. Let X, be the number of type I particles in A at time 7.

(b) Ehrenfest dog—flea model. Two adjacent containers contain m particles in all. A particle is
selected at random. If it is in A it is moved to B with probability «, if it is in B it is moved to A
with probability 8. Let ¥}, be the number of particles in A at time n.

In each case find the transition matrix and stationary distribution of the chain.

37. Let X be an irreducible continuous-time Markov chain on the state space S with transition prob-
abilities pjr(¢) and unique stationary distribution 7, and write P(X(¢) = j) = a;(#). If c(x) is a
concave function, show that d(¢) = Y jeS wjc(aj(t)/mj) increases to c(1) as t — oo.

38. With the notation of the preceding problem, let ui () = P(X(t) = k | X(0) = 0), and suppose
the chain is reversible in equilibrium (see Problem (6.15.16)). Show that ug(2t) = Y i (mo/7j)u; (02,
and deduce that ug(t) decreases to mg as ¢ — 0o.

39. Perturbing a Poisson process. Let IT be the set of points in a Poisson process on R with
constant intensity A. Each point is displaced, where the displacements are independent and identically
distributed. Show that the resulting point process is a Poisson process with intensity A.
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40. Perturbations continued. Suppose for convenience in Problem (6.15.39) that the displacements
have a continuous distribution function and finite mean, and that d = 1. Suppose also that you are
at the origin originally, and you move to a in the perturbed process. Let Lgr be the number of points
formerly on your left that are now on your right, and Ry, the number of points formerly on your right
that are now on your left. Show that E(Lr) = E(Ry) if and only if a = u where u is the mean
displacement of a particle.

Deduce that if cars enter the start of a long road at the instants of a Poisson process, having
independent identically distributed velocities, then, if you travel at the average speed, in the long run
the rate at which you are overtaken by other cars equals the rate at which you overtake other cars.

41. Ants enter a kitchen at the instants of a Poisson process N of rate A; they each visit the pantry
and then the sink, and leave. The rth ant spends time X, in the pantry and Y, in the sink (and X, + ¥
in the kitchen altogether), where the vectors V, = (X,, Y,) and V; are independent for r # s. At
time ¢t = O the kitchen is free of ants. Find the joint distribution of the numbers A(¢) of ants in the
pantry and B(¢) of ants in the sink at time ¢. Now suppose the ants arrive in pairs at the times of the
Poisson process, but then separate to behave independently as above. Find the joint distribution of the
numbers of ants in the two locations.

42. Let {X, : r > 1} be independent exponential random variables with parameter A, and set S, =

>, Xr. Show that:

@) Y = S§/Sn, 1 < k < n — 1, have the same distribution as the order statistics of independent
variables {Uy : 1 < k < n — 1} which are uniformly distributed on (0, 1),

) Zy = Xi/Su, 1 < k < n, have the same joint distribution as the coordinates of a point
(Uy, ..., Uy) chosen uniformly at random on the simplex Zle ur =1,u, >0forallr.

43. Let X be a discrete-time Markov chain with a finite number of states and transition matrix
P = (p;j) where p;; > 0 for all i, j. Show that there exists A € (0, 1) such that |p;; (n) — 7| < Am
where 7t is the stationary distribution.

44. Under the conditions of Problem (6.15.43), let V;(n) = ;’;6 I{x,=;) be the number of visits of
the chain to i before time n. Show that

2
)—»0 asn — 00.

E OlVi(H)—ﬂi
n

Show further that, if f is any bounded function on the state space, then
1 n—1 2
(|- f(X)- Zf(i)m} - 0.
r=0

ieS
45. Conditional entropy. Let A and B = (B, By, ..., By) be a discrete random variable and
vector, respectively. The conditional entropy of A with respect to B is defined as H(A | B) =
]E(]E{— log f(A | B) I B}) where f(a | b) =P(A =a | B=b). Let X be an aperiodic Markov chain
on a finite state space. Show that

H(Xpy1 | X0, X1..., Xn) = H(Xp41 | Xn),

and that
HXp4+1 | Xn) — —ZmZpU log p;j asn — 0o,
i J
if X is aperiodic with a unique stationary distribution 7.

46. Coupling. Let X and Y be independent persistent birth—death processes with the same parameters
(and no explosions). It is not assumed that Xo = Y. Show that:
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(a) forany A C R, |P(X; € A) —P(Y; € A)] - Oast — oo,
(b) if P(Xg < Yp) = 1, then E[g(X;)] < E[g(¥;)] for any increasing function g.
47. Resources. The number of birds in a wood at time ¢ is a continuous-time Markov process X. Food
resources impose the constraint 0 < X (¢#) < n. Competition entails that the transition probabilities
obey

Pk k+1(h) = A(n — k)h + o(h), Pk,k—1(h) = pkh + o(h).

Find ]E(sX (’)), together with the mean and variance of X (), when X(0) = r. What happens as
t — 00?

48. Parrando’s paradox. A counter performs an irreducible random walk on the vertices 0, 1, 2 of
the triangle in the figure beneath, with transition matrix

0 po qo
P=1gq1 0 p
2 g9 0

where p; + q; = 1 for all i. Show that the stationary distribution 7 has

_ 1—-qap1
3—q1P0 — 92P1 — q0P2°

70

with corresponding formulae for 7y, 5.

0 2

Suppose that you gain one peseta for each clockwise step of the walk, and you lose one peseta
for each anticlockwise step. Show that, in equilibrium, the mean yield per step is

32pop1pP2 — poP1 — P1P2 —P2P0+Po+ P1+ P2 — 1)
y=> @Qpi—m= 3 .
; ~q1P0 — 92P1 — 90P2

Consider now three cases of this process:
A. Wehave p; = % — a for each i, where a > 0. Show that the mean yield per step satisfies yp < 0.

B. We have that pg = '116 —a,p1=py = % — a, where a > 0. Show that yg < O for sufficiently
small a.
C. At each step the counter is equally likely to move according to the transition probabilities of
case A or case B, the choice being made independently at every step. Show that, in this case,
po = 1% —a,pl=py = % — a. Show that yc > O for sufficiently small a.
The fact that two systematically unfavourable games may be combined to make a favourable game is
called Parrando’s paradox. Such bets are not available in casinos.

49. Cars arrive at the beginning of a long road in a Poisson stream of rate A from time ¢ = 0 onwards.
A car has a fixed velocity V' > 0 which is a random variable. The velocities of cars are independent
and identically distributed, and independent of the arrival process. Cars can overtake each other freely.
Show that the number of cars on the first x miles of the road at time ¢ has the Poisson distribution with
parameter )»]E[V“1 min{x, Vt}].
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50. Events occur at the times of a Poisson process with intensity A, and you are offered a bet based
on the process. Let ¢ > 0. You are required to say the word ‘now’ immediately after the event which
you think will be the last to occur prior to time ¢. You win if you succeed, otherwise you lose. If no
events occur before ¢ you lose. If you have not selected an event before time ¢ you lose.

Consider the strategy in which you choose the first event to occur after a specified time s, where
O<s<t.

(a) Calculate an expression for the probability that you win using this strategy.
(b) Which value of s maximizes this probability?
(c) If At > 1, show that the probability that you win using this value of s is e~L.

51. Anew Oxbridge professor wishes to buy a house, and can afford to spend up to one million pounds.
Declining the services of conventional estate agents, she consults her favourite internet property page
on which houses are announced at the times of a Poisson process with intensity A per day. House
prices may be assumed to be independent random variables which are uniformly distributed over the
interval (800,000, 2,000,000). She decides to view every affordable property announced during the
next 30 days. The time spent viewing any given property is uniformly distributed over the range (1, 2)
hours. What is the moment generating function of the total time spent viewing houses?
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7

Convergence of random variables

7.1 Exercises. Introduction

1. Letr > 1, and define | X |, = {E|X"[}}/”. Show that:

@ llcXllr = lcl- IX|lr forc € R,

®) IX+YIr < IXIlr+1Y1lr

© Xy = 0if and only if P(X = 0) = 1.

This amounts to saying that | - ||, is a norm on the set of equivalence classes of random variables on a

given probability space with finite th moment, the equivalence relation being given by X ~ Y if and
onlyif P(X =Y) = 1.

2. Define (X, Y) = E(XY) for random variables X and Y having finite variance, and define | X|| =
(X, X). Show that:

(@ (@X+0bY,Z)=a(X,Z)+b{Y, Z),

®) X+ Y[+ IX = YII> = 2(1X||* + )Y |»), the parallelogram property,

(0) if (X;, Xj) =0foralli # j then

n 2 n
doxi|l = Ixil*
i=1 i=1

3. Lete > 0. Letg,h : [0,1] — R, and define de(g, h) = fE dx where E = {u € [0,1] :
|g(u) — h(u)| > €}. Show that de does not satisfy the triangle inequality.

4. Lévy metric. For two distribution functions F and G, let
d(F, G) =inf{8 >0:F(x—8)—8<G(x)<F(x+68)+4sforallx e ]R}.

Show that d is a metric on the space of distribution functions.

5. Find random variables X, X1, X5, ... such that E(| X, — X|2) — 0asn — oo, but E|X,| =00
for all n.

7.2 Exercises. Modes of convergence

1. (a) Suppose X, L X where r > 1. Show that E|X},| — E|X"|.
(b) Suppose X —1-> X. Show that E(X,) — E(X). Is the converse true?
(c) Suppose X, —2-> X. Show that var(X,) — var(X).
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[7.2.2]-[7.3.3] Exercises Convergence of random variables

2. Dominated convergence. Suppose | X,| < Z for all n, where E(Z) < oo. Prove that if X, 5 X
then X, —1-> X.

3. Give a rigorous proof that E(XY) = E(X)E(Y) for any pair X, Y of independent non-negative
random variables on (€2, ¥, P) with finite means. [Hint: For k > 0, n > 1, define X,, = k/n if
k/n < X < (k + 1)/n, and similarly for ¥,,. Show that X,, and ¥}, are independent, and X, < X,
and Y, < Y. Deduce that EX, — EX and EY,, — EY, and also E(X,Y;) — E(XY).]

4. Show that convergence in distribution is equivalent to convergence with respect to the Lévy metric

of Exercise (7.1.4).

5. (a) Suppose that X, —D> Xand Y, —P> ¢, where c is a constant. Show that X, Yy, B) cX, and that
Xn/Yn 2 X/cifc 0.

(b) Suppose that X, B) 0and Y, —P> Y,and let g : R? — R be such that g(x, y) is a continuous

function of y for all x, and g(x, y) is continuous at x = O for all y. Show that g(Xp, ¥,) —P>
20, 7).
[These results are sometimes referred to as ‘Slutsky’s theorem(s)’.]
6. Let X1, Xp,... be random variables on the probability space (2, F,P). Show that the set
A = {w € Q : the sequence X, (w) converges} is an event (that is, lies in ¥), and that there exists a
random variable X (that is, an F~measurable function X : Q@ — R) such that X, (w) — X(w) for
w € A.

7. Let{X,}be asequence of random variables, and let {c,} be a sequence of reals converging to the
limit ¢. For convergence almost surely, in th mean, in probability, and in distribution, show that the
convergence of X, to X entails the convergence of ¢, X, to cX.

8. Let {X,} be a sequence of independent random variables which converges in probability to the
limit X. Show that X is almost surely constant.

9. Convergence in total variation. The sequence of discrete random variables X, with mass
functions fy,, is said to converge in total variation to X with mass function f if

ST/ = f0)] >0 as n— 0.
X

Suppose X, — X in total variation, and  : R — R is bounded. Show that E(u(X,)) — Eu(X)).

10. Let{X, : r > 1} be independent Poisson variables with respective parameters {A, : > 1}. Show
that 322, X, converges or diverges almost surely according as Y o0 ; A, converges or diverges.

7.3 Exercises. Some ancillary results

1. (a) Suppose that X, —P> X. Show that {X,} is Cauchy convergent in probability in that, for all
€ >0, P(X, — Xm| > €) > 0asn, m — 0o. In what sense is the converse true?

(b) Let {X,} and {Y,} be sequences of random variables such that the pairs (X;, X;) and (Y}, ¥;)

have the same distributions for all i, j. If X, LA X, show that ¥, converges in probability to
some limit ¥ having the same distribution as X.

2. Show that the probability that infinitely many of the events {4, : n > 1} occur satisfies
P(Ap i.0.) > limsup,,_, o, P(Ap).

3. Let{S, : n > 0} be a simple random walk which moves to the right with probability p at each
step, and suppose that Sy = 0. Write X, = S, — S, —1.
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Some ancillary results Exercises [7.3.4]-[7.3.10]

(a) Show that {S,, = 0i.0.} is not a tail event of the sequence {Xy}.
(b) Show that P(S, = 0i.0.) = 0if p # 1.
(c) Let T, = Sy, /+/n, and show that

{léln_l)ioréf T, < —x} N<limsup T, > x}

n—>oo

is a tail event of the sequence {X,}, for all x > 0, and deduce directly that P(S, = 0i.0.) = 1 if
p=73
4. Hewitt-Savage zero—one law. Let X, X», ... be independent identically distributed random
variables. The event A, defined in terms of the X, is called exchangeable if A is invariant un-
der finite permutations of the coordinates, which is to say that its indicator function 14 satisfies
Is(X1,X2,...,Xn,...) = 14Xy, Xi2’ ooy Xy Xpg1,...) forall n > 1 and all permutations
@i1,ip,...,ip) of (1,2,...,n). Show that all exchangeable events A are such that either P(A) = 0
or P(A) = 1.
5. Returning to the simple random walk S of Exercise (3), show that {S;,, = 0 i.0.} is an exchangeable
event with respect to the steps of the walk, and deduce from the Hewitt—Savage zero—one law that it
has probability either O or 1.

6. Weierstrass’s approximation theorem. Let f : [0, 1] — R be a continuous function, and let
Sy be arandom variable having the binomial distribution with parameters n and x. Using the formula

E(Z) = E(ZI4) + E(ZI4c) with Z = f(x) — f(n"1S,) and A = {|n~1 S, — x| > 8}, show that

FOo) =37 fe/m) (Z) (1 —xyn
k=0

You have proved Weierstrass’s approximation theorem, which states that every continuous function
on [0, 1] may be approximated by a polynomial uniformly over the interval.

lim sup =0.

n—=00 0]

7. Complete convergence. A sequence X1, X5, ... of random variables is said to be completely
convergent to X if
Z]P’(|X,,—X|>e)<oo forall € > 0.
n

Show that, for sequences of independent variables, complete convergence is equivalent to a.s. conver-
gence. Find a sequence of (dependent) random variables which converges a.s. but not completely.

8. Let X, X, ... be independent identically distributed random variables with common mean p
and finite variance. Show that

-1
(;) Z XiX; —P> u,z asn — oo.

I<i<j<n

9. Let{Xy :n > 1}beindependent and exponentially distributed with parameter 1. Show that

P <1imsupﬁ = 1) =1

n—oco logn

10. Let {X, : n > 1} be independent N (0, 1) random variables. Show that:

. | Xnl )
a) P | lim =2) =1,
@ <nfo‘ép Jogn
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[7.3.11]-[7.5.1] Exercises Convergence of random variables

0 if), P(X] > ap) < o0,
1 if ), P(X; > ap) = oo.
11. Construct an example to show that the convergence in distribution of X, to X does not imply the
convergence of the unique medians of the sequence X,.

(b) I[»(Xn > ap 10) = {

12. (i) Let {X, : r > 1} be independent, non-negative and identically distributed with infinite mean.
Show that lim sup, _, o, X,/r = oo almost surely.
(ii) Let {X,} be a stationary Markov chain on the positive integers with transition probabilities

J . .

— ifk=j+1,

j+2 J
Pjk = 2

= ifk=1.

j+2

(a) Find the stationary distribution of the chain, and show that it has infinite mean.
(b) Show that limsup,_, o, Xr/r < 1 almost surely.
13. Let {X, : 1 <r < n} be independent and identically distributed with mean p and finite variance

o2 LetX =n"1 3", X,. Show that

n n
> (X — ) / > (X —X)?
r=1

r=1

converges in distribution to the N (0, 1) distribution as n — oco.

7.4 Exercise. Laws of large numbers

1. Let X5, X3, ... be independent random variables such that

1
nlogn’

PXp=n)=PXy, =—n) =

, PXp=0=1-
2nlogn X )

Show that this sequence obeys the weak law but not the strong law, in the sense that n1 E’l' X;
converges to 0 in probability but not almost surely.

2. Construct a sequence {X, : r > 1} of independent random variables with zero mean such that
n~13" | X, — —oo almost surely, as n — oo.

3. Let N be a spatial Poisson process with constant intensity A in R?, where d > 2. Let S be the
ball of radius r centred at zero. Show that N(S)/|S| — A almost surely as r — oo, where |S| is the
volume of the ball.

7.5 Exercises. The strong law

1. Entropy. The interval [0, 1] is partitioned into » disjoint sub-intervals with lengths p1, p2, ...,
Dn, and the entropy of this partition is defined to be

n
h=—Y"pilogp;.
i=1
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Martingales Exercises [7.5.2]-[7.7.4]

Let X1, X5, ... be independent random variables having the uniform distribution on [0, 1], and let
Zm (i) be the number of the X, X», ..., X, which lie in the ith interval of the partition above. Show

that
n
i=1

satisfies m ! log Ry, — —h almost surely as m — oo.

2. Recurrentevents. Catastrophes occur at the times 71, T, ... where T; = X+ X2+ --+X; and
the X; are independent identically distributed positive random variables. Let N(t) = max{n : T, < t}
be the number of catastrophes which have occurred by time ¢. Prove that if E(X{) < oo then
N(t) > ooand N(¢)/t — 1/E(X1) ast — 0o, almost surely.

3. Random walk. Let X1, X5, ... be independent identically distributed random variables taking
values in the integers Z and having a finite mean. Show that the Markov chain § = {S,} given by
Sp = Y1 X; is transient if E(X;) # 0.

7.6 Exercise. Law of the iterated logarithm

1. A function ¢ (x) is said to belong to the ‘upper class’ if, in the notation of this section, P(S, >
¢(n)/nio.) = 0. A consequence of the law of the iterated logarithm is that ./aTog log x is in the
upper class for all ¢ > 2. Use the first Borel-Cantelli lemma to prove the much weaker fact that
¢(x) = J/alogx is in the upper class for all @ > 2, in the special case when the X; are independent
N(0, 1) variables.

7.7 Exercises. Martingales
1. Let X, X5, ... be random variables such that the partial sums S, = X; + Xo +--- + X,
determine a martingale. Show that E(X; X;) = 0ifi # j.

2. Let Z, be the size of the nth generation of a branching process with immigration, in which the
family sizes have mean p (# 1) and the mean number of immigrants in each generation is m. Suppose
that E(Zg) < o0, and show that

1—u
S"=“_n{z"""<1—l;>}

is a martingale with respect to a suitable sequence of random variables.

3. LetXp, X1, X, ... beasequence of random variables with finite means and satisfying E(X,, 4+ |
X0, X1,...,Xn) =aXn +bX,_1forn >1,where 0 <a,b < 1anda + b = 1. Find a value of o
for which S, = aX, + X,,_1, n > 1, defines a martingale with respect to the sequence X.

4. Let X, be the net profit to the gambler of betting a unit stake on the nth play in a casino; the
Xy may be dependent, but the game is fair in the sense that E(X,4+1 | X1, X2,..., Xn) = 0 for all
n. The gambler stakes Y on the first play, and thereafter stakes f, (X1, X2, ..., Xn) on the (n + 1)th
play, where fi, f2, ... are given functions. Show that her profit after n plays is

n
Sp = ZXifi—l(Xl’ X2, ..., Xiz1),

i=1

where fy =Y. Show further that the sequence S = {S,} satisfies the martingale condition E(S,+1 |
X1,X2,...,Xy) = Sp,n > 1,if Y is assumed to be known throughout.
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[7.8.1]1-[7.9.5] Exercises Convergence of random variables

7.8 Exercises. Martingale convergence theorem

1. Kolmogorov’s inequality. Let Xq, X, ... be independent random variables with zero means
and finite variances, and let S, = X1 + X2 + -+ + Xp,. Use the Doob—Kolmogorov inequality to
show that
l n
P|{ max |Si|>€| < —= var(X; fore > 0.
( ax_|S;l )_62; (X))

1<j=<n

2. Let X1, X, ... be independent random variables such that >~ , n~2var(X,) < oo. Use Kol-
mogorov’s inequality to prove that

5L X — E(X;) as,
Z — Y asn — 00,
i=1

for some finite random variable Y, and deduce that
1< as,
—_S_ (X; —EX;) — 0 asn — 0.
n
i=1

(You may find Kronecker’s lemma to be useful: if (a,) and (b,) are real sequences with b, 1 co and
i ai/bi < oo, thenb; ! 7 a; - Oasn — 0.

3. Let S be a martingale with respect to X, such that ]E(S,z,) < K < oo for some K € R. Suppose
that var(S,) — 0 as n — o0, and prove that S = lim,_, oo Sy, exists and is constant almost surely.

7.9 Exercises. Prediction and conditional expectation

1. Let Y be uniformly distributed on [—1, 1] andlet X =Y 2,
(a) Find the best predictor of X given Y, and of Y given X.
(b) Find the best linear predictor of X given Y, and of Y given X.

2. Letthe pair (X, Y) have a general bivariate normal distribution. Find E(Y | X).

3. Let Xy, X3,..., Xn berandom variables with zero means and covariance matrix V = (v;;), and
let Y have finite second moment. Find the linear function % of the X; which minimizes the mean
squared error E{(Y — h(X1, ..., Xn))?}.
4. Verify the following properties of conditional expectation. You may assume that the relevant
expectations exist.
@ E{EY | $)} =E@).
(i) E(@Y+BZ|§)=aE(Y | §)+BE(Z | §)fora, B eR.
(ii)) E(Y | §) = 0if Y = 0.
() E(Y | §) =E{E(Y | 50 | §} if § € #.
(v) E(Y | $) =E(Y) if Y is independent of I for every G € §.
(vi) Jensen’s inequality. g{E(Y | )} < E{g(Y) | 4} for all convex functions g.
(vii) If ¥, =5 Y and |Y,| < Z a.s. where E(Z) < oo, then E(Yy, | §) —> E(Y | §).
(Statements (ii)—(vi) are of course to be interpreted ‘almost surely’.)

5. Let X and Y have joint mass function f(x, y) = {x(x + 1)} forx =y =1,2,.... Show that
E(Y | X) < oo while E(Y) = co.
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Problems Exercises [7.9.6]-[7.11.5]

6. Let (2, F, P) be a probability space and let § be a sub-o-field of ¥. Let H be the space of
G-measurable random variables with finite second moment.

(a) Show that H is closed with respect to the norm || - ||2.

(b) Let Y be a random variable satisfying E(Y2) < oo, and show the equivalence of the following
two statements for any M € H:

() E{(Y — M)Z} =Oforall Z € H,
(i) E{(Y — M)Ig} =O0forall G € §.

7.10 Exercises. Uniform integrability

1. Show that the sum {X, + Y} of two uniformly integrable sequences {X,} and {Y,} gives a
uniformly integrable sequence.

2. (a) Suppose that X, L X where r > 1. Show that {|X,|" : n > 1} is uniformly integrable, and
deduce that E(X},) — E(X”) if r is an integer.

(b) Conversely, suppose that {|X|" : n > 1} is uniformly integrable where r > 1, and show that
Xn 5 Xif Xp > X.

3. Letg:[0,00) — [0, 0c0) be an increasing function satisfying g(x)/x — oo as x — oo. Show

that the sequence {X, : n > 1} is uniformly integrable if sup, E{g(|Xx|)} < oc.

4. Let {Z, : n > 0} be the generation sizes of a branching process with Zg = 1, E(Z;) = 1,
var(Z1) # 0. Show that {Z, : n > 0} is not uniformly integrable.

5. Pratt’s lemma. Suppose that X, < Y, < Z, where X, —P> X, Y, —P> Y, and Z, —ll Z. If
E(X,) — E(X) and E(Z,) — E(Z), show that E(Yy,) — E(Y).

6. Let {X, : n > 1} be a sequence of variables satisfying E(sup, |Xn|) < co. Show that {X,} is
uniformly integrable.

7.11 Problems

1. Let X, have density function

n
fn(x)=n—(1Tn2—xz)’ n>1.

With respect to which modes of convergence does X, converge as n — oo?

2. (i) Suppose that X, 25 X and Yn 25 Y, and show that X, + Yy 2% X + Y. Show that the
corresponding result holds for convergence in rth mean and in probability, but not in distribution.

(i) Show that if X, 25 X and Yy 2% ¥ then X nYn 2% XY. Does the corresponding result hold
for the other modes of convergence?

3. Letg:R — R be continuous. Show that g(Xp) —P> g(X)if X, —P> X.

4. LetYy,Y;,... beindependent identically distributed variables, each of which can take any value
in{0, 1, ..., 9} with equal probability ]10 Let X, =Y 7; ¥; 10™*. Show by the use of characteristic

functions that X, converges in distribution to the uniform distribution on [0, 1]. Deduce that X, 25y
for some Y which is uniformly distributed on [0, 1].

5. Let N(t) be a Poisson process with constant intensity on R.
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[7.11.6]1-[7.11.13] Exercises Convergence of random variables

(a) Find the covariance of N(s) and N (¢).

(b) Show that N is continuous in mean square, which is to say that IE({N (t+h)—N (t)}z) — Oas
h — 0.

(c) Prove that N is continuous in probability, which is to say that IP’(|N (t+h)—N@)| > e) —> 0Oas
h — 0, for all € > 0.

(d) Show that N is differentiable in probability but not in mean square.

6. Provethatn™! Y1 Xi 2% 0 whenever the X ; are independent identically distributed variables

with zero means and such that IE(X‘;*) < o0.

7. Show that X, 2% X whenever Yo E(Xn — X|") < oo for some r > 0.
8. Show that if X, B) X thenaX, +b B, aX + b for any real a and b.

9. If X has zero mean and variance 02, show that

2

o
P(th)502+t2 forz > 0.
10. Show that X, - 0 if and only if
E (M) —-0 asn—> o
1+ | Xnl '

11. The sequence {X,} is said to be mean-square Cauchy convergent if E{(X, — X, m)%} = 0as
m,n — oo. Show that { X, } converges in mean square to some limit X if and only if it is mean-square
Cauchy convergent. Does the corresponding result hold for the other modes of convergence?

12. Suppose that { X, } is a sequence of uncorrelated variables with zero means and uniformly bounded
variances. Show that n=1 37| X; 5 0.

13. Let X1, X», ... be independent identically distributed random variables with the common dis-
tribution function F, and suppose that F(x) < 1 for all x. Let M, = max{X;, X5,..., X} and
suppose that there exists a strictly increasing unbounded positive sequence aj, a3, ... such that

P(My,/an, <x) — H(x) for some distribution function H. Let us assume that H is continuous
with 0 < H(1) < 1; substantially weaker conditions suffice but introduce extra difficulties.

(a) Show that n[1 — F(an,x)] = —log H(x) as n — oo and deduce that
1 — F(apx) log H (x)
—_

if x > 0.
1— F(an) log H(1)
(b) Deduce thatif x > 0
1— F(x) log H (x)
- ast — 0o.
1-F@) log H(1)
(c) Set x = x1xp and make the substitution
_ log H(e¥)

8% = 1 HD)

to find that g(x + y) = g(x)g(y), and deduce that

exp(—ax~B) ifx >0,

H(x) =
) {0 ifx <0,
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Problems Exercises [7.11.141-[7.11.19]

for some non-negative constants « and 8.
You have shown that H is the distribution function of ¥ ~!, where Y has a Weibull distribution.
14. Let Xy, X5, ..., X, be independent and identically distributed random variables with the Cauchy

distribution. Show that M, = max{X1, X, ..., X} is such that = M, /n converges in distribution,
the limiting distribution function being given by H(x) = e~ /% if x > 0.
15. Let X1, X3, ... be independent and identically distributed random variables whose common
characteristic function ¢ satisfies ¢’(0) = ip. Show that n™! Z;l=1 X; LA W
16. Total variation distance. The fotal variation distance dyv (X, Y) between two random variables
X and Y is defined by

dv(X,Y)= sup |[E@(X)) - E@(Y))]

utflulloo=1

where the supremum is over all (measurable) functions u : R — R such that ||u||co = sup, |u(x)|
satisfies ||u|lco = 1.

(a) If X and Y are discrete with respective masses fy and g, at the points x,, show that

v (V) =3 |fn = &nl =2 SUp[P(X € 4) ~P(Y € 4)].
n CR

(b) If X and Y are continuous with respective density functions f and g, show that

o0

drv(X,Y) = / |f(x) —gx)|dx =2 sup |]P(X €A —PY e A)|.
(o'e] ACR

(c) Show that dyvy(X,, X) — 0 implies that X, — X in distribution, but that the converse is false.

(d) Maximal coupling. Show that P(X # Y) > %dTV(X ,Y), and that there exists a pair X', Y’
having the same marginals for which equality holds.

(e) If X;, Y; are independent random variables, show that
n n n
drv (Z X,y Y,-> <Y drv(Xi, Yo).
i=1 i=1 i=1

17. Let g : R — R be bounded and continuous. Show that

00 Lk
> ste/m ™)

k=0

e ™ > g(A) asn— oco.

18. Let X, and Yy, be independent random variables having the Poisson distribution with parameters
n and m, respectively. Show that
Xp—n)—Ym—m) D
— N(0, 1 asm,n —> 0.
T, 0, 1)

19. (a) Suppose that X1, X, ... is a sequence of random variables, each having a normal distribution,

and such that X, R4 X. Show that X has a normal distribution, possibly degenerate.
(b) Foreachn > 1,let (Xy, ¥,) be a pair of random variables having a bivariate normal distribution.

Suppose that X, —P> X and Y, —E) Y, and show that the pair (X, Y) has a bivariate normal
distribution.
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[7.11.20]-[7.11.26] Exercises Convergence of random variables

20. Let X, X5, ... berandom variables satisfying var(X,) < c for all n and some constant c. Show
that the sequence obeys the weak law, in the sense that n~! > 1(X; — EX;) converges in probability
to 0, if the correlation coefficients satisfy either of the following:

(@) o(X;, Xj) < Oforalli # j,

(i) p(X;, Xj) = Oas|i — j| — oo.
21. Let X1, X5, ... be independent random variables with common density function

0 if |x| <2,

fx) = ¢ .

- if x| > 2,

x2 log |x| Il
where c is a constant. Show that the X; have no mean, butn=! 30| X; L 0asn — co. Show that
convergence does not take place almost surely.

22. Let X, be the Euclidean distance between two points chosen independently and uniformly from
the n-dimensional unit cube. Show that E(X,)//n — 1/+/6 asn — oc.

23. Let X1, X2, ... be independent random variables having the uniform distribution on [—1, 1].

Show that n
P ( X

i=1
24. Let X1, X3, ... be independent random variables, each X} having mass function given by

>%nn)—>% asn — o0.

1
2k2°

1 1 .

P(Xy =k) =P(Xy =—k) =

Show that U, = Y] X; satisfies Up/+/n B N(0, 1) but var(Uy, /+/n) — 2 as n — oo.
25. Let X1, X3, ... be random variables, and let N1, N,, ... be random variables taking values in

the positive integers such that Ny B o ask - co. Show that:

@) if Xp, L X and the Xp are independent of the N, then X, D xask— 00,
(ii) if X, =% X then Xy, > X ask — oo.

26. Stirling’s formula.

(a) Leta(k,n) = n"/(k— D!for1 <k <n+1. Usethe fact that 1 —x < e if x > 0 to show that

an—kn) _ —2/en) e >0,
an+1,n) — -

(b) Let X1, X5, ... be independent Poisson variables with parameter 1, and let S, = X1 +--- + X,,.
Define the function g : R — R by

—x if0>x>-M,

0 otherwise,

glx) = {

where M is large and positive. Show that, for large n,

Sn— —-n
E (g{—Jﬁ—n}) = ij‘;{a(’H' l,n)—a(n—k,n)}
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Problems Exercises [7.11.271-[7.11.33]

where k = [Mnl/ 2]. Now use the central limit theorem and (a) above, to deduce Stirling’s
formula: " n
n.e

1
n"t2.2%

27. A bag contains red and green balls. A ball is drawn from the bag, its colour noted, and then it
is returned to the bag together with a new ball of the same colour. Initially the bag contained one
ball of each colour. If R, denotes the number of red balls in the bag after » additions, show that
Sn = R, /(n + 2) is a martingale. Deduce that the ratio of red to green balls converges almost surely
to some limit as n — oo.

-1 asn — 00.

28. Anscombe’s theorem. Let {X; : i > 1} be independent identically distributed random variables
with zero mean and finite positive variance o2, andlet S, = 3°1 Xi. Suppose that the integer-valued

. _ P . .
random process M (t) satisfies ¢ Iy (t) = 0 ast — oo, where 6 is a positive constant. Show that

Sm@) D Sm@ D
—= —> N@©0,1) and ———=— — N(,1 t — o0.
oot o, 1 N0 0,1) as

You should not assume that the process M is independent of the X;.

29. Kolmogorov’s inequality. Let X, X5, ... be independent random variables with zero means,
and Sp = X1+ Xp+ -+ Xn. Let My, = max; <x<, |S| and show that E(5214,) > c?P(Ay) where
Ar = {My_1 < ¢ < My} and ¢ > 0. Deduce Kolmogorov’s inequality:

E 2
]P’(max |Sk|>c)§ (i"), c>0.
c

1<k<n

30. Let X, X2, ... be independent random variables with zero means, and let S, = X7 + X2 +
-++ 4+ X,. Using Kolmogorov’s inequality or the martingale convergence theorem, show that:

(i) 372, X; converges almost surely if Y 2 ]E(X,%) < 00,
(ii) if there exists an increasing real sequence (by) such that b, — oo, and satisfying the inequality
T2 E(X})/b} < oo, then b1 22, X 25 0asn — oo.

31. Estimating the transition matrix. The Markov chain Xy, X1, ... , X, has initial distribution
fi = P(Xg = i) and transition matrix P. The log-likelihood function A(P) is defined as A(P) =
log(fxyPxg.X, PX1.Xy """ PX,_1,Xn)- Show that:

(@) A(P) =log fx, + Zi, j Njj log p;j where N;; is the number of transitions from i to j,

(b) viewed as a function of the p;;, A(P) is maximal when p;; = p;j where p;j = Njj />4 Niks
(c) if X is irreducible and ergodic then p; j 25 Dij asn —> 0o.
32. Ergodic theorem in discrete time. Let X be an irreducible discrete-time Markov chain, and let
W; be the mean recurrence time of state i. Let V;(n) = :’;& I{x,=i) be the number of visits to i up
ton — 1, and let f be any bounded function on S. Show that:

@ n71V;(m) 25 p ! asn — oo,

(b) if u; < oo for all i, then

1n—l
n SN fXr) > F@)/ui asn— oco.

r=0 ieS

33. Ergodic theorem in continuous time. Let X be an irreducible persistent continuous-time Markov
chain with generator G and finite mean recurrence times ;.
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[7.11.34]-[7.11.37] Exercises Convergence of random variables

1t 1
(a) Show that —/ Iix (s)=j} ds A%~ ast— 0;

tJo Mg
(b) deduce that the stationary distribution 7 satisfies wj = 1/(1;g;);
(c) show that, if f is a bounded function on S,

;/Ot f(X(s)ds =5 Zi:mf(i) ast — oo.

34. Tail equivalence. Suppose that the sequences {X, : n > 1} and {Yy, : n > 1} are tail equivalent,
which is to say that Z;’;l P(Xp # Yn) < 0o. Show that:

(@) 302 Xn and Y52, Yy, converge or diverge together,
(b) ZZ‘;I (Xn — Yy) converges almost surely,

(c) if there exist arandom variable X and a sequence a, such thata, 1 ocoand a,; 1 Zf:l X, 2% x s
then
1 -~ as
— Y, — X.

35. Three series theorem. Let {X,, : n > 1} be independent random variables. Show that Z;’,il Xn
converges a.s. if, for some a > 0, the following three series all converge:

(a) En ]P(|Xn| > a)’

(b) >, var(Xnl{x,|<a))-

©) > EXnlx,|<a))-

[The converse holds also, but is harder to prove.]
36. Let{Xy : n > 1} be independent random variables with continuous common distribution function

F. We call X} a record value for the sequence if X; > X, for 1 <r < k, and we write I for the
indicator function of the event that Xy is a record value.

(a) Show that the random variables I} are independent.
(b) Show that Ry, = > ¢, I, satisfies Ry, /logm 2% 1asm — .

37. Random harmonic series. Let {X, : n > 1} be a sequence of independent random variables
with P(X, = 1) =P X, =-1) = % Does the series ELI X, /r converge a.s. as n — 00?
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8
Random processes

8.2 Exercises. Stationary processes

1. Flip-flop. Let {X,} be a Markov chain on the state space S = {0, 1} with transition matrix

l-«a o
P= )
( B 1—ﬂ>
where « + 8 > 0. Find:

(a) the correlation p(Xpm, Xm+n), and its limit as m — oo with n remaining fixed,

(b) limp—oon 1 3" P(X, = 1).

Under what condition is the process strongly stationary?

2. Random telegraph. Let {N(¢) : ¢ > 0} be a Poisson process of intensity A, and let Ty be
an independent random variable such that P(Tp = +1) = % Define T(¢) = TO(—I)N ®). Show
that {T'(¢t) : t+ > 0} is stationary and find: (a) p(T(s), T(s + t)), (b) the mean and variance of
X(@t) = [§ T(s)ds.

3. Korolyuk-Khinchin theorem. An integer-valued counting process {N(¢) : ¢t > 0} with N(0) =
0 is called crudely stationary if py (s, t) = P(N(s +t) — N(s) = k) depends only on the length ¢ and
not on the location s. It is called simple if, almost surely, it has jump discontinuities of size 1 only.
Show that, for a simple crudely stationary process N, lim; ¢ t_I]P’(N @) > 0) =E(N()).

8.3 Exercises. Renewal processes

1. Let (fy : n > 1) be a probability distribution on the positive integers, and define a sequence
(up:n>0)byuy=1andu, = Z;‘zl frun—r, n > 1. Explain why such a sequence is called a
renewal sequence, and show that u is a renewal sequence if and only if there exists a Markov chain U
and a state s such that u, = P(U, =s | Uy = s).

2. Let{X; :i > 1} be the inter-event times of a discrete renewal process on the integers. Show
that the excess lifetime B, constitutes a Markov chain. Write down the transition probabilities of the
sequence {B,} when reversed in equilibrium. Compare these with the transition probabilities of the
chain U of your solution to Exercise (1).

3. Let(up:n > 1)satisfyug = 1and u, = E;’zl frup—r forn > 1, where (f; : r > 1)isa
non-negative sequence. Show that:

(a) vy = p"uy is a renewal sequence if p > 0 and Z;’f__l ot fn =1,

(b) asn — 00, p"u, converges to some constant c.
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[8.3.4]-[8.4.5] Exercises Random processes

4. Events occur at the times of a discrete-time renewal process N (see Example (5.2.15)). Let u, be
the probability of an event at time n, with generating function U (s), and let F(s) be the probability
generating function of a typical inter-event time. Show that, if |s| < 1:

o0 o0
S TEN @S = Ml and S E [(N(tsz)
s t=0

r=0

k
o= U6

= for k > 0.
1—s

5. Prove Theorem (8.3.5): Poisson processes are the only renewal processes that are Markov chains.

8.4 Exercises. Queues

1. The two tellers in a bank each take an exponentially distributed time to deal with any customer;
their parameters are A and p respectively. You arrive to find exactly two customers present, each
occupying a teller.

(a) Youtake a fancy to a randomly chosen teller, and queue for that teller to be free; no later switching
is permitted. Assuming any necessary independence, what is the probability p that you are the
last of the three customers to leave the bank?

(b) If you choose to be served by the quicker teller, find p.

(c) Suppose you go to the teller who becomes free first. Find p.

2. Customers arrive at a desk according to a Poisson process of intensity A. There is one clerk, and
the service times are independent and exponentially distributed with parameter p. At time O there is
exactly one customer, currently in service. Show that the probability that the next customer arrives
before time ¢ and finds the clerk busy is

A

(1 — e~ GFmry,
At p

3. Vehicles pass a crossing at the instants of a Poisson process of intensity A; you need a gap of
length at least a in order to cross. Let T be the first time at which you could succeed in crossing to
the other side. Show that E(T) = (¢** — 1)/A, and find E(e?T).

Suppose there are two lanes to cross, carrying independent Poissonian traffic with respective rates
A and w. Find the expected time to cross in the two cases when: (a) there is an island or refuge between
the two lanes, (b) you must cross both in one go. Which is the greater?

4. Customers arrive at the instants of a Poisson process of intensity A, and the single server has
exponential service times with parameter ;. An arriving customer who sees n customers present
(including anyone in service) will join the queue with probability (n + 1)/(n + 2), otherwise leaving
for ever. Under what condition is there a stationary distribution? Find the mean of the time spent in
the queue (not including service time) by a customer who joins it when the queue is in equilibrium.
What is the probability that an arrival joins the queue when in equilibrium?

5. Customers enter a shop at the instants of a Poisson process of rate 2. At the door, two represen-
tatives separately demonstrate a new corkscrew. This typically occupies the time of a customer and
the representative for a period which is exponentially distributed with parameter 1, independently of
arrivals and other demonstrators. If both representatives are busy, customers pass directly into the
shop. No customer passes a free representative without being stopped, and all customers leave by
another door. If both representatives are free at time 0, show the probability that both are busy at time
tis2 — 272 4 A5t

5 3 15 :
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Problems Exercises [8.5.1]-[8.7.4]

8.5 Exercises. The Wiener process

1. For a Wiener process W with W (0) = 0, show that

11
P(W(s) >0, W(t) > 0) = it sin~! \/§ fors <t.

Calculate P(W(s) > 0, W() >0, W) > 0) whens <t < u.

2. Let W be a Wiener process. Show that, for s < ¢ < u, the conditional distribution of W (¢) given
W (s) and W (1) is normal

N ((u —OWE)+ @ —s)Wm) u—1)¢ — s))

u-—s u-—=s

Deduce that the conditional correlation between W (¢) and W (1), given W (s) and W (v), where s <

t<u<wv,lis
(w—u)t —s)
w—0@u—ys)

3. For what values of a and b is aW; + bW, a standard Wiener process, where W, and W, are
independent standard Wiener processes?

4. Show that a Wiener process W with variance parameter o2 has finite quadratic variation, which

is to say that
n—1

Z{W((j +)t/n) ~ W(J‘l‘/’l)}2 2% 62t asn— oo
j=0

5. Let W be a Wiener process. Which of the following define Wiener processes?
@ -W@), ®/1Wd), (©) W2 —We).

8.7 Problems

1. Let{Z,} be a sequence of uncorrelated real-valued variables with zero means and unit variances,
and define the ‘moving average’

r
Yn= Z & Zn—i,
rd

for constants «g, o1, . .., &r. Show that Y is stationary and find its autocovariance function.

2. Let{Z,} be a sequence of uncorrelated real-valued variables with zero means and unit variances.
Suppose that {Y,} is an ‘autoregressive’ stationary sequence in that it satisfies ¥, = a¥,_1 + Z,,
—00 < n < 00, for some real o satisfying || < 1. Show that Y has autocovariance function
c(m) = al™ /(1 - a?).

3. Let {X,} be a sequence of independent identically distributed Bernoulli variables, each taking

values 0 and 1 with probabilities 1 — p and p respectively. Find the mass function of the renewal
process N (¢) with interarrival times {X,}.

4. Customers arrive in a shop in the manner of a Poisson process with parameter A. There are
infinitely many servers, and each service time is exponentially distributed with parameter ;. Show
that the number Q(¢) of waiting customers at time ¢ constitutes a birth—death process. Find its
stationary distribution.
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[8.7.5]-[8.7.7]1 Exercises Random processes

S. ~Let X (t) = Y cos(6t) + Z sin(6t) where Y and Z are independent N (0, 1) random variables, and
let X(¢) = R cos(0¢ + W) where R and W are independent. Find distributions for R and ¥ such that
the processes X and X have the same fdds.

6. Bartlett’s theorem. Customers arrive at the entrance to a queueing system at the instants of
an inhomogeneous Poisson process with rate function A(¢). Their subsequent service histories are
independent of each other, and a customer arriving at time s is in state A at time s + ¢ with prob-
ability p(s,t). Show that the number of customers in state A at time ¢ is Poisson with parameter

JL oo M) pu, t — u) du.

7. In a Prague teashop (U My$4ka), long since bankrupt, customers queue at the entrance for a
blank bill. In the shop there are separate counters for coffee, sweetcakes, pretzels, milk, drinks, and
ice cream, and queues form at each of these. At each service point the customers’ bills are marked
appropriately. There is a restricted number N of seats, and departing customers have to queue in order
to pay their bills. If interarrival times and service times are exponentially distributed and the process
is in equilibrium, find how much longer a greedy customer must wait if he insists on sitting down.
Answers on a postcard to the authors, please.

100



9

Stationary processes

9.1 Exercises. Introduction

1. Let...,Z_y,Zy, Z1, Z3, ... be independent real random variables with means 0 and variances
1, and let &, B € R. Show that there exists a (weakly) stationary sequence {Wy} satisfying W,, =
aWy_ 1 +BWy2+2Zy, n=...,—1,0,1,..., if the (possibly complex) zeros of the quadratic
equation z2 — @z — B = 0 are smaller than 1 in absolute value.

2. Let U be uniformly distributed on [0, 1] with binary expansion U = > {2, X;27%. Show that
the sequence

00
Vo=) Xirn2 ', n20,
i=1
is strongly stationary, and calculate its autocovariance function.
3. Let{X,:n=...,—1,0,1,...} be a stationary real sequence with mean 0 and autocovariance
function c(m).
(i) Show that the infinite series Y oo an X converges almost surely, and in mean square, whenever

Y20 lan| < oo.
(ii) Let

o0
Yo=Y aXnpk, n=...,-101,...
k=0

where Z,‘:io lak| < oo. Find an expression for the autocovariance function cy of Y, and show
that

(o]

Y. ley(m)l < co.

m=—00

4. LetX = {X, : n > 0} beadiscrete-time Markov chain with countable state space S and stationary
distribution 7, and suppose that X has distribution 7. Show that the sequence {f(X,) : n > 0} is
strongly stationary for any function f : § — R.

9.2 Exercises. Linear prediction

1. Let X be a (weakly) stationary sequence with zero mean and autocovariance function c(m).
(i) Find the best linear predictor X n+1 of Xy, 41 given Xp.
(ii) Find the best linear predictor X n+1 of Xp41 given Xy, and X,,_1.
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[9.2.2]-{9.4.2] Exercises Stationary processes

(iii) Find an expression for D = E{(X,41 — f(n+1)2} —E{(Xp4+1 — )?,,+1)2}, and evaluate this
expression when:
(@) X, = cos(nU) where U is uniform on [—n, 7],
(b) X is an autoregressive scheme with c(k) = okl where |o| < 1.

2. Suppose |a| < 1. Does there exist a (weakly) stationary sequence {X, : —00 < n < oo} with
zero means and autocovariance function

1 ifk=0,
a .
c(k) = 722 if |k| =1,
0 if |k| > 1.
Assuming that such a sequence exists, find the best linear predictor X, of X given X,, 1s
Xu—2, ..., and show that the mean squared error of prediction is (1 + a®)~1L. Verify that {X,,} is
(weakly) stationary.

9.3 Exercises. Autocovariances and spectra

1. Let X,, = Acos(nA) + Bsin(nA) where A and B are uncorrelated random variables with zero
means and unit variances. Show that X is stationary with a spectrum containing exactly one point.

2. LetU be uniformly digributed on (—m, 7), and let V be independent of U with distribution func-
tion F. Show that X,, = ¢!(U~V") defines a stationary (complex) sequence with spectral distribution
function F.

3. Find the autocorrelation function of the stationary process {X (f) : —oo < ¢t < oo} whose spectral
density function is:

() N©,1), (i) f(x)=ze ¥, —00 <x <o0.

4, LetXp,X;,...bea real-valued stationary sequence with zero means and autocovariance function
c(m). Show that '
1< sin(nA/2) \ 2
— X;)=c( ——=) dF(A
ar(n; ’) O J (nsin(x/z)) ®

where F is the spectral distribution function. Deduce that n~1 ;’=1 X; 2% 0 if and only if
F(0) — F(0—) = 0, and show that
1 n—1
cOF(© — F(O0-)} = lim ~ gc(n.
J_

9.4 Exercises. Stochastic integration and the spectral representation

1. Let S be the spectral process of a stationary process X with zero mean and unit variance. Show
that the increments of S have zero means.

2. Moving average representation. Let X be a discrete-time stationary process having zero means,
continuous strictly positive spectral density function f, and with spectral process S. Let

Y, e dso.
" /(—n',n] W ( )
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Gaussian processes Exercises [9.4.3]-[9.6.2]

Show that ..., Y_q, ¥y, Y1, ... is a sequence of uncorrelated random variables with zero means and
unit variances.

Show that X, may be represented as a moving average X, = Z}'i_oo a;Y,_;j where the a; are
constants satisfying

o0
V2rf(A) = Z aje_ij)‘ for A € (—m, 7].

j=—o0

3. Gaussian process. Let X be a discrete-time stationary sequence with zero mean and unit vari-
ance, and whose fdds are of the multivariate-normal type. Show that the spectral process of X has
independent increments having normal distributions.

9.5 Exercises. The ergodic theorem

1. LetT ={1,2,...}andlet 4 be the set of invariant events of (R7 , BT). Show that { is a o-field.

2. Assume that X1, X», ... is a stationary sequence with autocovariance function c(m). Show that

1 2 &I o)
i=1 j=1i=0
Assuming that j‘1 {;OI c(i) > o2 as j — o0, show that

1 n
var(—ZXi) — o2 asn — oo.
i

3. LetXj, X5, ... beindependent identically distributed random variables with zero mean and unit
variance. Let

[.9)
Yo=Y aiXnyi forn>1
i=0
where the o; are constants satisfying ) o:i2 < 0o. Use the martingale convergence theorem to show

that the above summation converges almost surely and in mean square. Prove that n~1 Y>>0
a.s. and in mean, as n — 00.

9.6 Exercises. Gaussian processes

1. Show that the function c(s, t) = min{s, ¢} is positive definite. That is, show that

n

> el tj)zjz > 0

Jj.k=1
forall0 <# <t < .-+ < t, and all complex numbers z1, z2, ..., Z, at least one of which is
non-zero.
2. Let X1, X5, ... be a stationary Gaussian sequence with zero means and unit variances which

satisfies the Markov property. Find the spectral density function of the sequence in terms of the
constant p = cov(X1, X3).
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[9.6.31-[9.7.71 Exercises Stationary processes

3. Show that a Gaussian process is strongly stationary if and only if it is weakly stationary.

4. Let X be a stationary Gaussian process with zero mean, unit variance, and autocovariance function
c(?). Find the autocovariance functions of the processes X2 = {X()? : —o0 < t < oo} and
X3 ={X@)3: -0 <t < o0}

9.7 Problems

1. Let...,X_1, Xo, X1, ... beuncorrelated random variables with zero means and unit variances,
and define

(]
Yn=Xn+aZﬁi_1X,,_i for —o0 <n < o0,
i=1
where o and B are constants satisfying |8| < 1, |8 — a| < 1. Find the best linear predictor of ¥,
given the entire past ¥, ¥,,_1, ....

2. Let{Yy:—o00 <k < 0o} be a stationary sequence with variance a%, and let

r
X, = ZakYn—kv —00 < n < 00,
k=0
where ag, ai, .. ., ar are constants. Show that X has spectral density function

2 .
£x® = ZL fy1)IGale™)?
ox

where fy is the spectral density function of Y, 0}2( = var(X1), and G4(z) = > f—o agzk.
Calculate this spectral density explicitly in the case of ‘exponential smoothing’, when r = oo,
ar =pX¥(1 —p),and0 < p < 1.

3. Suppose that ?n+1 = aY, + BY,_ is the best linear predictor of Y, given the entire past
Yn,Y,—1, ... of the stationary sequence {Y; : —oo < k < oo}. Find the spectral density function of
the sequence.

4. Recurrent events (5.2.15). Meteorites fall from the sky at integer times 71, T3, ... where T, =
X1+ X2+ -+ Xn. We assume that the X; are independent, X, X3, ... are identically distributed,
and the distribution of X is such that the probability that a meteorite falls at time » is constant for
all n. Let Y, be the indicator function of the event that a meteorite falls at time n. Show that {¥,} is
stationary and find its spectral density function in terms of the characteristic function of X».

5. LetX ={X, :n > 1} be given by X,, = cos(nU) where U is uniformly distributed on [—7, 7].
Show that X is stationary but not strongly stationary. Find the autocorrelation function of X and its
spectral density function.

6. (a) Let N be a Poisson process with intensity A, and let @ > 0. Define X () = N(t + «) — N(¢)
for t > 0. Show that X is strongly stationary, and find its spectral density function.

(b) Let W be a Wiener process and define X = {X(#) : ¢t > 1} by X(#) = W) — W@ - D).
Show that X is strongly stationary and find its autocovariance function. Find the spectral density
function of X.

7. LetZi, Z,,...be uncorrelated variables, each with zero mean and unit variance.

(a) Define the moving average process X by X, = Z, + «Z,_1 where « is a constant. Find the
spectral density function of X.

104



Problems Exercises [9.7.8]-[9.7.16]

(b) More generally, let Y, = > ;_qo; Zp—;, where ¢p = 1 and ¢y, . .., oy are constants. Find the
spectral density function of Y.

8. Show that the complex-valued stationary process X = {X(¢) : —oo < ¢t < oo} has a spectral
density function which is bounded and uniformly continuous whenever its autocorrelation function p
is continuous and satisfies fé’o lo@®)|dt < oo.

9. Let X = {X, : n > 1} be stationary with constant mean u = E(X}) for all n, and such that

cov(Xg, Xn) — 0as n — oo. Show that n—1 E;:l X; m.s, .

10. Deduce the strong law of large numbers from an appropriate ergodic theorem.

11. Let Q be a stationary measure on ®RT, 8Ty where T = {1,2,...}. Show that Qis ergodic if and
only if

1 n

- Z Y; »> E(Y) a.s. and in mean

"ia
forall Y : RT — R for which E(Y) exists, where Y; : RT - Ris given by ¥; (x) = Y(1:i_1 (x)). As
usual, 7 is the natural shift operator on RT.
12. The stationary measure Q on (RT, 87) is called strongly mixing if Q(ANt ™" B) — Q(A)Q(B)
asn — oo, forall A, B € $T; asusual, T = {1, 2, ...} and 7 is the shift operator on R7. Show that
every strongly mixing measure is ergodic.
13. Ergodic theorem. Let (2, ¥, P) be a probability space, and let T : Q — 2 be measurable and

measure preserving (i.e., P(T1A) = P(A) for all A € %). Let X : © — R be a random variable,
and let X; be given by X; (w) = X(T*~1(w)). Show that

1 n
- E Xi—>EX|J4) a.s. and in mean
n

i=1

where { is the o -field of invariant events of T'.

If T is ergodic (in that P(A) equals O or 1 whenever A is invariant), prove that E(X | {) = E(X)
almost surely.
14. Consider the probability space (€2, F, P) where Q = [0, 1), Fis the set of Borel subsets, and P
is Lebesgue measure. Show that the shift 7 : 2 — 2 defined by T (x) = 2x (mod 1) is measurable,
measure preserving, and ergodic (in that P(A) equals 0 or 1 if A = T—1A).

Let X : Q — R be the random variable given by the identity mapping X (w) = . Show that the
proportion of 1’s, in the expansion of X to base 2, equals % almost surely. This is sometimes called
‘Borel’s normal number theorem’.

15. Let g : R — R be periodic with period 1, and uniformly continuous and integrable over [0, 1].
Define Z, = g(X + (n — Da), n > 1, where X is uniform on [0, 1] and « is irrational. Show that,

asn — 00,
1 & 1
—ZZJ-—>/ gw)du a.s.
nj=1 0

16. Let X = {X(¢) : t > 0} be a non-decreasing random process such that:

(@) X(0) =0, X takes values in the non-negative integers,

(b) X has stationary independent increments,

(c) the sample paths {X (¢, w) : ¢ > 0} have only jump discontinuities of unit magnitude.
Show that X is a Poisson process.
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[9.7.171-[9.7.22] Exercises Stationary processes

17. Let X be a continuous-time process. Show that:

(a) if X has stationary increments and m(¢) = E(X (¢)) is a continuous function of ¢, then there exist
« and B such that m(¢) = « + Bt,

(b) if X has stationary independent increments and v(¢) = var(X (#) — X (0)) is a continuous function
of ¢ then there exists 2 such that var(X (s +1t) — X(s)) = o2t for all .

18. A Wiener process W is called standard if W(0) = 0 and W (1) has unit variance. Let W be a

standard Wiener process, and let « be a positive constant. Show that:

(@) aW( /az) is a standard Wiener process,

(b) W(t + a) — W(e) is a standard Wiener process,

(c) the process V, given by V(t) = tW(1/t) fort > 0, V(0) = 0, is a standard Wiener process,

(d) the process W(1) — W(1 — ¢) is a standard Wiener process on [0, 1].

19. Let W be a standard Wiener process. Show that the stochastic integrals

t t
X(t)=/0 dw (), Y(t)=/0 e Waww), t>0,

are well defined, and prove that X (#) = W (¢), and that Y has autocovariance function cov(Y (s), Y (t)) =
l(e—ls—tl _ e—s—t) s <t
2 J :
20. Let W be a standard Wiener process. Find the means of the following processes, and the autoco-
variance functions in cases (b) and (c):
(@ X@) =W,
®) Y(@) =V,
© Z(@) = Jg Wu)du.
Which of these are Gaussian processes? Which of these are Markov processes?
21. Let W be a standard Wiener process. Find the conditional joint density function of W (#;) and
W(#3) given that W(#1) = W(t4) =0, wheret) <) <13 <14.
Show that the conditional correlation of W (#;) and W (#3) is

o= (14 —B3)(12 — 11)
(ts —1)(t3 —11)
22. Empirical distribution function. Let Uj, Uy, ... be independent random variables with the
uniform distribution on [0, 1]. Let I; (x) be the indicator function of the event {U; < x}, and define

n
Fo(x) = %zlj(x), 0<x<L
j=1

The function Fy, is called the ‘empirical distribution function’ of the U;.

(a) Find the mean and variance of F,(x), and prove that /5 (F, (x) — x) L Y(x) asn — oo, where
Y (x) is normally distributed.

(b) What is the (multivariate) limit distribution of a collection of random variables of the form
{(Vr(Fn(x)) —x;): 1 <i <k},where0 <x; <xp <--- <xx <1?

(c) Show that the autocovariance function of the asymptotic finite-dimensional distributions of
/N (Fy(x) — x), in the limit as n — 00, is the same as that of the process Z(¢) = W(r) —tW (1),
0 <t <1, where W is a standard Wiener process. The process Z is called a ‘Brownian bridge’
or ‘tied-down Brownian motion’.
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10
Renewals

In the absence of indications to the contrary, {X, : n > 1} denotes the sequence of interarrival times
of either a renewal process N or a delayed renewal process N9. In either case, F4 and F are the
distribution functions of X; and X, respectively, though F9 # F only if the renewal process is
delayed. We write & = E(X3), and shall usually assume that 0 < u < 0o. The functions m and md
denote the renewal functions of N and N9. We write T, = >.7_; X;, the time of the nth arrival.

10.1 Exercises. The renewal equation

1. Prove that E(¢?N®)) < oo for some strictly positive & whenever E(X1) > 0. [Hint: Consider
the renewal process with interarrival times X ;c = €l{x,>¢} for some suitable €]

2. Let N be a renewal process and let W be the waiting time until the length of some interarrival
time has exceeded s. Thatis, W = inf{z : C(¢t) > s}, where C(¢) is the time which has elapsed (at
time ¢) since the last arrival. Show that

ifx <s,

0
Fy(x) =
W) { 1= F(s) + J§ Fw(x —u)dF(u) ifx > s,
where F is the distribution function of an interarrival time. If N is a Poisson process with intensity A,

show that
A—0

oWy _
B = 5 ge00s

for6 < A,
and E(W) = (¢* — 1)/A. You may find it useful to rewrite the above integral equation in the form of
a renewal-type equation.

3. Find an expression for the mass function of N(¢) in a renewal process whose interarrival times
are: (a) Poisson distributed with parameter A, (b) gamma distributed, I"(A, b).

4. Let the times between the events of a renewal process N be uniformly distributed on (0, 1). Find
the mean and variance of N(¢) for0 <t < 1.

10.2 Exercises. Limit theorems

1. Planes land at Heathrow airport at the times of a renewal process with interarrival time distribution
function F. Each plane contains a random number of people with a given common distribution and
finite mean. Assuming as much independence as usual, find an expression for the rate of arrival of
passengers over a long time period.

2. Let Zq, Z,, ... be independent identically distributed random variables with mean 0 and finite
variance o'2, and let T, = >-%_1 Z;. Let M be a finite stopping time with respect to the Z; such that
E(M) < 0o. Show that var(Tys) = E(M)o2.
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3. Show that E(T(r)+k) = u(m(t)+k) forallk > 1, but thatitis not generally true that E(Ty () =
um(t).

4. Show that, using the usual notation, the family {N(¢)/¢t : 0 < ¢t < oo} is uniformly integrable.
How might one make use of this observation?

5. Consider a renewal process N having interarrival times with moment generating function M, and
let T be a positive random variable which is independent of N. Find E(sN (T)) when:

(a) T is exponentially distributed with parameter v,

(b) N is a Poisson process with intensity A, in terms of the moment generating function of 7. What
is the distribution of N(T') in this case, if T has the gamma distribution I" (v, )?

10.3 Exercises. Excess life

1. Suppose that the distribution of the excess lifetime E(¢) does not depend on ¢. Show that the
renewal process is a Poisson process.

2. Show that the current and excess lifetime processes, C(¢) and E (), are Markov processes.

3. Suppose that X is non-arithmetic with finite mean .
(a) Show that E(¢) converges in distribution as ¢ — o0, the limit distribution function being

* 1
Hx) = /0 ~[1 - FO)ldy.

(b) Show that the rth moment of this limit distribution is given by
x"dH(x) = —1 =,
/0 p@r+1)

assuming that this is finite.
(c) Show that

t
B(EQ) =E(C = 0%7) + [ bt —x)dm)

for some suitable function 4 to be found, and deduce by the key renewal theorem that E(E(¢)") —
E(X;T/{u(r + 1)} as t — oo, assuming this limit s finite.
4. Find an expression for the mean value of the excess lifetime E(¢) conditional on the event that
the current lifetime C(¢) equals x.

5. Let M(t) = N(¢) + 1, and suppose that X has finite non-zero variance o2.

(a) Show that var(Tps(r) — uM(t)) = oz(m(t) +1).
(b) In the non-arithmetic case, show that var(M (¢))/t — o2 / u3 ast — 00.

10.4 Exercise. Applications

1. Find the distribution of the excess lifetime for a renewal process each of whose interarrival times is
the sum of two independent exponentially distributed random variables having respective parameters
X and w. Show that the excess lifetime has mean

1 re” Wt 4y

+
u A+ p)
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10.5 Exercises. Renewal-reward processes

1. If X(¢) is an irreducible persistent non-null Markov chain, and u(-) is a bounded function on the
integers, show that

1 t
2 [ uxends 25 S muo,
tJo ieS§

where 7 is the stationary distribution of X ().

2. Let M(¢) be an alternating renewal process, with interarrival pairs {X,, Y, : r > 1}. Show that

1 EX;

t
_/ I{M(s)iseven}ds 2l ast — 00.
t Jo ]EX1+]EY1

3. Let C(s) be the current lifetime (or age) of a renewal process N (¢) with a typical interarrival time
X. Show that

1 E(X?
;/0 C(s)ds—zi'i&z]::(xi ast — 0o.

Find the corresponding limit for the excess lifetime.

4. Let j and k be distinct states of an irreducible discrete-time Markov chain X with stationary
distribution 7. Show that

1/my
E(T; | Xo =k) +E(Tx | Xo = j)

P(Tj <Ti | Xo=k) =

where T; = min{n > 1 : X,, = i} is the first passage time to the state i. [Hint: Consider the times of
return to j having made an intermediate visit to k.]

10.5 Problems

1. (a) Show that P(N(t) - oo ast — 00) = 1.
(b) Show that m(t) < coif u # 0.
(c) More generally show that, for all k > 0, E(N (t)k ) <ooifu#0.

2. Letv(t) = E(N(£)%). Show that
t
v(t) =m@) + 2/ m(t —s)dm(s).
0
Find v(¢) when N is a Poisson process.

3. Suppose that 02 = var(X;) > 0. Show that the renewal process N satisfies

N@—-(@/u) b
—“’\/_—~_2/7—>N(0, 1), ast — 00.

4. Find the asymptotic distribution of the current life C(¢) of N ast — oo when X is not arithmetic.

5. Let N be aPoisson process with intensity A. Show that the total life D(¢) at time # has distribution
function P(D(t) < x) = 1 — (1 + Amin{t, x})e™* for x > 0. Deduce that E(D(?)) = (2 —e~*)/A.

6. A Type 1 counter records the arrivals of radioactive particles. Suppose that the arrival process
is Poisson with intensity A, and that the counter is locked for a dead period of fixed length T after
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each detected arrival. Show that the detection process N is a renewal process with interarrival time
distribution F(x) =1 — e =T if x > T. Find an expression for P(N (t) > k).

7. Particles arrive at a Type 1 counter in the manner of a renewal process N; each detected arrival
locks the counter for a dead period of random positive length. Show that

P(X, <x) = /0 [1 - F(x — )IFLG) dm(y)

where F is the distribution function of a typical dead period.

8. (a) Show that m(¢) = %At - %(1 — e ) if the interarrival times have the gamma distribution
ra,?2).

(b) Radioactive particles arrive like a Poisson process, intensity A, at a counter. The counter fails to
register the nth arrival whenever » is odd but suffers no dead periods. Find the renewal function
 of the detection process N.

9. Show that Poisson processes are the only renewal processes with non-arithmetic interarrival times
having the property that the excess lifetime E(z) and the current lifetime C(t) are independent for
each choice of ¢.

10. Let N; be a Poisson process, and let N, be a renewal process which is independent of N; with
non-arithmetic interarrival times having finite mean. Show that N(¢) = Nj(¢) + N,(¢?) is a renewal
process if and only if N, is a Poisson process.

11. Let N be a renewal process, and suppose that F is non-arithmetic and that 6% = var(X;) < oo.
Use the properties of the moment generating function F*(—0) of X; to deduce the formal expansion

2 2

m*(6)=$+%+0(1) as® — 0.

Invert this Laplace—Stieltjes transform formally to obtain

o2 — 2

2u?

m(t)=;i—+ +o(l) ast— oo.

Prove this rigorously by showing that
¢ t
m() == = Fp @)+ [ 11 56 =l dmc)
where Fg is the asymptotic distribution function of the excess lifetime (see Exercise (10.3.3)), and
applying the key renewal theorem. Compare the result with the renewal theorems.
12. Show that the renewal function m9 of a delayed renewal process satisfies
t
md(t) = Fd@t) + / md(t — x)dF(x).
0
Show that vd(z) = E(N4(¢)?) satisfies
t
vd(r) = md(r) +2 / md(t — x) dm(x)
0
where m is the renewal function of the renewal process with interarrival times X5, X3, .. ..
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13. Letm(z) be the mean number of living individuals at time ¢ in an age-dependent branching process
with exponential lifetimes, parameter A, and mean family size v (> 1). Prove that m(t) = I DA
where I is the number of initial members.

14. Alternating renewal process. The interarrival times of this process are Zg, Y1, Z1, Yo, ...,
where the ¥; and Z; are independent with respective common moment generating functions My and
Mz. Let p(¢) be the probability that the epoch ¢ of time lies in an interval of type Z. Show that the
Laplace-Stieltjes transform p* of p satisfies

1—-Mz(-6)
1— My(—6)Mz(—6)

p*6) =

15. Type 2 counters. Particles are detected by a Type 2 counter of the following sort. The incoming
particles constitute a Poisson process with intensity A. The jth particle locks the counter for a length
Y; of time, and annuls any after-effect of its predecessors. Suppose that Y1, Y5, . .. are independent of
each other and of the Poisson process, each having distribution function G. The counter is unlocked
at time 0.

Let L be the (maximal) length of the first interval of time during which the counter is locked.
Show that H(¢t) = P(L > t) satisfies

H@) = e_At[l -G+ /Ot H( —x)[1 - G(x)])‘e—)»x dx.

Solve for H in terms of G, and evaluate the ensuing expression in the case G(x) = 1 — e”#* where
u>0.

16. Thinning. Consider a renewal process N, and suppose that each arrival is ‘overlooked’ with
probability g, independently of all other arrivals. Let M (¢) be the number of arrivals which are
detected up to time ¢/p where p =1 —gq.

(a) Show that M is a renewal process whose interarrival time distribution function F), is given by
Fp(x) = 321 pq" ~1F,(x/p), where F, is the distribution function of the time of the nth
arrival in the original process N.

(b) Find the characteristic function of Fj, in terms of that of F, and use the continuity theorem to
show that,as p | 0, Fp(s) - 1—e™* /B for s > 0, so long as the interarrival times in the original
process have finite mean p. Interpret!

(c) Suppose that p < 1, and M and N are processes with the same fdds. Show that N is a Poisson
process.

17. (a) A PC keyboard has 100 different keys and a monkey is tapping them (uniformly) at random.
Assuming no power failure, use the elementary renewal theorem to find the expected number of
keys tapped until the first appearance of the sequence of fourteen characters ‘W. Shakespeare’.
Answer the same question for the sequence ‘omo’.

(b) A coin comes up heads with probability p on each toss. Find the mean number of tosses until the
first appearances of the sequences (i) HHH, and (ii) HTH.

18. Let N be a stationary renewal process. Let s be a fixed positive real number, and define X (t) =
N(s +1t) — N(¢) for t > 0. Show that X is a strongly stationary process.

19. Bears arrive in a village at the instants of a renewal process; they are captured and confined at a
cost of $¢ per unit time per bear. When a given number B bears have been captured, an expedition
(costing $d) is organized to remove and release them a long way away. What is the long-run average
cost of this policy?
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Queues

11.2 Exercises. M/M/1

1. Consider a random walk on the non-negative integers with a reflecting barrier at 0, and which
moves rightwards or leftwards with respective probabilities o/(1 + p) and 1/(1 + p); when at 0, the
particle moves to 1 at the next step. Show that the walk has a stationary distribution if and only if
p < 1, and in this case the unique such distribution 7 is given by 7oy = %(1 —p), Ty = %(1 —p2)p”_1
forn > 1.

2. Suppose now that the random walker of Exercise (1) delays its steps in the following way. When
at the point 7, it waits a random length of time having the exponential distribution with parameter
6, before moving to its next position; different ‘holding times’ are independent of each other and of
further information concerning the steps of the walk. Show that, subject to reasonable assumptions
on the 6;, the ensuing continuous-time process settles into an equilibrium distribution v given by
vy = Cmp /6, for some appropriate constant C.

By applying this result to the case when 6y = A, 6, = A+ forn > 1, deduce that the equilibrium
distribution of the M(1)/M(u)/1 queue is v, = (1 — p)p", n > 0, where p = A/ < 1.

3. Waiting time. Consider a M(A)/M(u)/1 queue with o = A/ satisfying p < 1, and suppose that
the number Q(0) of people in the queue at time O has the stationary distribution 7, = (1 — p)p™,
n > 0. Let W be the time spent by a typical new arrival before he begins his service. Show that the
distribution of W is givenby P(W < x) = 1—pe™* (=) for x > 0, and note that P(W = 0) = 1 —p.

4. A box contains i red balls and j lemon balls, and they are drawn at random without replacement.
Each time a red (respectively lemon) ball is drawn, a particle doing a walk on {0, 1,2, ...} moves
one step to the right (respectively left); the origin is a retaining barrier, so that leftwards steps from
the origin are suppressed. Let 7w (n; i, j) be the probability that the particle ends at position 7, having
started at the origin. Write down a set of difference equations for the 7 (n; i, j), and deduce that

w(n;i,j)=Am;i,j)—A(n+1;i,j) fori <j+n

where A(n; i, j) = () /(7 1").
5. Let O be a M(A)/M(p)/1 queue with Q(0) = 0. Show that p, (r) = P(Q(t) = n) satisfies

A e—M j—ut
= 3w, ) (( t)i;z ) ((m) e )

il
i,j>0 I

where the 7 (n; i, j) are given in the previous exercise.

6. Let Q(z) be the length of an M(A)/M(w)/1 queue at time ¢, and let Z = {Z,} be the jump chain
of Q. Explain how the stationary distribution of Q may be derived from that of Z, and vice versa.
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7. Tandem queues. Two queues have one server each, and all service times are independent and
exponentially distributed, with parameter u; for queue i. Customers arrive at the first queue at the
instants of a Poisson process of rate A (< min{u1, (#2}), and on completing service immediately enter
the second queue. The queues are in equilibrium. Show that:

(a) the output of the first queue is a Poisson process with intensity A, and that the departures before
time ¢ are independent of the length of the queue at time ¢,

(b) the waiting times of a given customer in the two queues are not independent.

11.3 Exercises. M/G/1

1. Consider M(1)/D(d)/1 where p = Ad < 1. Show that the mean queue length at moments of
departure in equilibrium is 1 p(2 — p)/(1 — p).

2. Consider M(A)/M(u)/1, and show that the moment generating function of a typical busy period
is given by

At+u—5)—vVO+u—s)2—drp

Mp(s) = 2)»

for all sufficiently small but positive values of s.

3. Show that, for a M/G/1 queue, the sequence of times at which the server passes from being busy
to being free constitutes a renewal process.

11.4 Exercises. G/M/1

1. Consider G/M(u)/1, and let aj = E((uX Y e~HX /j!) where X is a typical interarrival time.
Suppose the traffic intensity p is less than 1. Show that the equilibrium distribution 7 of the imbedded
chain at moments of arrivals satisfies

o0

Ty = Zainn+,-_1 forn > 1.
i=0

Look for a solution of the form r,, = 6" for some 6, and deduce that the unique stationary distribution
is given by mr; = (1 — mnJ for j > 0, where 7 is the smallest positive root of the equation s =
My (u(s — 1)).

2. Consider a G/M(u)/1 queue in equilibrium. Let 7 be the smallest positive root of the equation
x = My (u(x — 1)) where My is the moment generating function of an interarrival time. Show that
the mean number of customers ahead of a new arrival is (1 — 77)‘1 , and the mean waiting time is

n{u( — )L

3. Consider D(1)/M(u)/1 where 1 > 1. Show that the continuous-time queue length Q(¢) does not
converge in distribution as ¢ — 0o, even though the imbedded chain at the times of arrivals is ergodic.

11.5 Exercises. G/G/1

1. Show that, for a G/G/1 queue, the starting times of the busy periods of the server constitute a
renewal process.

2. Consider a G/M(u)/1 queue in equilibrium, together with the dual (unstable) M(w)/G/1 queue.
Show that the idle periods of the latter queue are exponentially distributed. Use the theory of duality
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of queues to deduce for the former queue that: (a) the waiting-time distribution is a mixture of an
exponential distribution and an atom at zero, and (b) the equilibrium queue length is geometric.

3. Consider G/M(u)/1, and let G be the distribution function of S — X where S and X are typical
(independent) service and interarrival times. Show that the Wiener—-Hopf equation

Fx) = / " Fx—y)dGo),  x=0,

—00

for the limiting waiting-time distribution F is satisfied by F(x) = 1 — ne~#(=MX x > 0. Here,
is the smallest positive root of the equation x = My ((x — 1)), where M is the moment generating
function of X.

11.6 Exercise. Heavy traffic

1. Consider the M(A)/M(u)/1 queue with p = A/u < 1. Let Q, be a random variable with the
equilibrium queue distribution, and show that (1 — o) Q, converges in distribution as p 1 1, the limit
distribution being exponential with parameter 1.

11.7 Exercises. Networks of queues

1. Consider an open migration process with ¢ stations, in which individuals arrive at station j at
rate vj, individuals move from i to j atrate A;;@; (n;), and individuals depart from i at rate u; ¢; (n;),
where n; denotes the number of individuals currently at station i. Show when ¢; (n;) = n; for all i
that the system behaves as though the customers move independently through the network. Identify
the explicit form of the stationary distribution, subject to an assumption of irreducibility, and explain
a connection with the Bartlett theorem of Problem (8.7.6).

2. Let Q be an M(A)/M(u)/s queue where A < su, and assume Q is in equilibrium. Show that
the process of departures is a Poisson process with intensity A, and that departures up to time ¢ are
independent of the value of Q(z).

3. Customers arrive in the manner of a Poisson process with intensity A in a shop having two servers.
The service times of these servers are independent and exponentially distributed with respective
parameters p) and uy. Arriving customers form a single queue, and the person at the head of the
queue moves to the first free server. When both servers are free, the next arrival is allocated a server
chosen according to one of the following rules:

(a) each server is equally likely to be chosen,

(b) the server who has been free longer is chosen.

Assume that A < @1 + w9, and the process is in equilibrium. Show in each case that the process of

departures from the shop is a Poisson process, and that departures prior to time ¢ are independent of
the number of people in the shop at time ¢.

4. Difficult customers. Consider an M(1)/M(u)/1 queue modified so that on completion of service
the customer leaves with probability §, or rejoins the queue with probability 1 —4§. Find the distribution
of the total time a customer spends being served. Hence show that equilibrium is possible if A < dp,
and find the stationary distribution. Show that, in equilibrium, the departure process is Poisson, but if
the rejoining customer goes to the end of the queue, the composite arrival process is not Poisson.

5. Consider an open migration process in equilibrium. If there is no path by which an individual
at station k can reach station j, show that the stream of individuals moving directly from station j to
station k forms a Poisson process.
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11.8 Problems

1. Finite waiting room. Consider M(A)/M(u)/k with the constraint that arriving customers who
see N customers in the line ahead of them leave and never return. Find the stationary distribution of
queue length for the cases k = 1 and k = 2.

2. Baulking. Consider M(1)/M(w)/1 with the constraint that if an arriving customer sees n customers
in the line ahead of him, he joins the queue with probability p(r) and otherwise leaves in disgust.
(a) Find the stationary distribution of queue length if p(n) = (n + DL

(b) Find the stationary distribution 1 of queue length if p(n) = 27", and show that the probability

that an arriving customer joins the queue (in equilibrium) is @ (1 — mg)/A.

3. Series. In aMoscow supermarket customers queue at the cash desk to pay for the goods they want;
then they proceed to a second line where they wait for the goods in question. If customers arrive in the
shop like a Poisson process with parameter A and all service times are independent and exponentially
distributed, parameter w at the first desk and w; at the second, find the stationary distributions of
queue lengths, when they exist, and show that, at any given time, the two queue lengths are independent
in equilibrium.

4. Batch (or bulk) service. Consider M/G/1, with the modification that the server may serve up to m
customers simultaneously. If the queue length is less than m at the beginning of a service period then she
serves everybody waiting at that time. Find a formula which is satisfied by the probability generating

function of the stationary distribution of queue length at the times of departures, and evaluate this
generating function explicitly in the case when m = 2 and service times are exponentially distributed.

5. Consider M(A)/M(w)/1 where A < . Find the moment generating function of the length B of a
typical busy period, and show that E(B) = (4 — A)‘l and var(B) = (A + w)/(n — A)3. Show that
the density function of B is

v /A
fB(x) = ——A;Le_(}d'”)xh (2x/Ap) forx >0

where [ is a modified Bessel function.

6. Consider M(A)/G/1 in equilibrium. Obtain an expression for the mean queue length at departure
times. Show that the mean waiting time in equilibrium of an arriving customer is %AE(SZ) /(1 —p)
where S is a typical service time and p = AE(S).

Amongst all possible service-time distributions with given mean, find the one for which the mean
waiting time is a minimum.
7. Let W; be the time which a customer would have to wait in a M(1)/G/1 queue if he were to arrive
at time ¢. Show that the distribution function F(x; t) = P(W; < x) satisfies

dF OF
—=———AF +AP(W; + S5 <x)
ot ax

where S is a typical service time, independent of W;.

Suppose that F(x, t) — H(x) for all x as t — oo, where H is a distribution function satisfying
0=h—AH +AP(U + S < x) for x > 0, where U is independent of S with distribution function H,
and A is the density function of H on (0, cc). Show that the moment generating function My of U
satisfies

(1-p)86

My®) = 5 =M

where p is the traffic intensity. You may assume that P(S = 0) = 0.
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8. Consider a G/G/1 queue in which the service times are constantly equal to 2, whilst the interarrival
times take either of the values 1 and 4 with equal probability % Find the limiting waiting time
distribution.

9. Consider an extremely idealized model of a telephone exchange having infinitely many channels
available. Calls arrive in the manner of a Poisson process with intensity A, and each requires one
channel for a length of time having the exponential distribution with parameter y, independently of
the arrival process and of the duration of other calls. Let Q(z) be the number of calls being handled
at time ¢, and suppose that Q(0) = I.

Determine the probability generating function of Q(t), and deduce E(Q(¢)), P(Q(#) = 0), and
the limiting distribution of Q(¢) as t — oo.

Assuming the queue is in equilibrium, find the proportion of time that no channels are occupied,
and the mean length of an idle period. Deduce that the mean length of a busy period is (MH—1) /A

10. Customers arrive in a shop in the manner of a Poisson process with intensity A, where 0 < A < 1.
They are served one by one in the order of their arrival, and each requires a service time of unit length.
Let Q(¢) be the number in the queue at time ¢. By comparing Q(¢) with Q(¢ + 1), determine the
limiting distribution of Q(f) as ¢ — oo (you may assume that the quantities in question converge).
Hence show that the mean queue length in equilibrium is A(1 — %A) /(1 =A).

Let W be the waiting time of a newly arrived customer when the queue is in equilibrium. Deduce
from the results above that E(W) = %A/(l —A).
11. Consider M(A)/D(1)/1, and suppose that the queue is empty at time 0. Let T be the earliest time

at which a customer departs leaving the queue empty. Show that the moment generating function M7
of T satisfies

s
log (1 . X) +log My (s) = (s — ) (1 — Mr(s)),
and deduce the mean value of T, distinguishing between the cases A < 1 and A > 1.

12. Suppose A < u, and consider a M(A)/M(w)/1 queue Q in equilibrium.

(a) Show that Q is a reversible Markov chain.

(b) Deduce the equilibrium distributions of queue length and waiting time.

(c) Show that the times of departures of customers form a Poisson process, and that Q(¢) is indepen-
dent of the times of departures prior to ¢.

(d) Consider asequence of K single-server queues such that customers arrive at the first in the manner
of a Poisson process, and (for each j) on completing service in the jth queue each customer moves
to the (j + 1)th. Service times in the jth queue are exponentially distributed with parameter u;,
with as much independence as usual. Determine the (joint) equilibrium distribution of the queue
lengths, when A < w; for all j.

13. Consider the queue M(A)/M(w)/k, where k > 1. Show that a stationary distribution 7 exists if
and only if A < ku, and calculate it in this case.
Suppose that the cost of operating this system in equilibrium is

o0
Ak + By (n—k + Dmy,
n=k
the positive constants A and B representing respectively the costs of employing a server and of the
dissatisfaction of delayed customers.
Show that, for fixed u, there is a unique value A* in the interval (0, 1) such that it is cheaper to
have k = 1 than k = 2 if and only if A < A*.

14. Customers arrive in a shop in the manner of a Poisson process with intensity A. They form a
single queue. There are two servers, labelled 1 and 2, server i requiring an exponentially distributed
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time with parameter u; to serve any given customer. The customer at the head of the queue is served
by the first idle server; when both are idle, an arriving customer is equally likely to choose either.

(a) Show that the queue length settles into equilibrium if and only if A < u; + usp.

(b) Show that, when in equilibrium, the queue length is a time-reversible Markov chain.

(c) Deduce the equilibrium distribution of queue length.

(d) Generalize your conclusions to queues with many servers.

15. Consider the D(1)/M(u)/1 queue where ¢+ > 1, and let O, be the number of people in the
queue just before the nth arrival. Let Q,, be a random variable having as distribution the stationary
distribution of the Markov chain {Q,}. Show that (1 — u,”l)Q u converges in distribution as u | 1,
the limit distribution being exponential with parameter 2.

16. Taxis arrive at a stand in the manner of a Poisson process with intensity 7, and passengers
arrive in the manner of an (independent) Poisson process with intensity . If there are no waiting
passengers, the taxis wait until passengers arrive, and then move off with the passengers, one to each
taxi. If there is no taxi, passengers wait until they arrive. Suppose that initially there are neither
taxis nor passengers at the stand. Show that the probability that n passengers are waiting at time # is

1
(w/7)2" e~ vty (2t+/7 ), where I,(x) is the modified Bessel function, i.e., the coefficient of z"
in the power series expansion of exp{%x(z +z7h)

17. Machines arrive for repair as a Poisson process with intensity A. Each repair involves two stages,
the ith machine to arrive being under repair for a time X; + Y;, where the pairs (X;, ¥;),i =1,2,...,
are independent with a common joint distribution. Let U () and V (¢) be the numbers of machines in
the X-stage and Y -stage of repair at time ¢. Show that U (¢) and V (¢) are independent Poisson random
variables.

18. Ruin. An insurance company pays independent and identically distributed claims {K, : n > 1}
at the instants of a Poisson process with intensity A, where AE(K;) < 1. Premiums are received at
constant rate 1. Show that the maximum deficit M the company will ever accumulate has moment
generating function

(1 - p)6

oM
E =,
€)= e TaR@E)
19. (a) Erlang’s loss formula. Consider M(A)/M(u)/s with baulking, in which a customer departs
immediately if, on arrival, he sees all the servers occupied ahead of him. Show that, in equilibrium,
the probability that all servers are occupied is

0*/s!

‘—m, Wherep=)»/u.

Ty =

(b) Consider an M(A)/M(w)/oo queue with channels (servers) numbered 1,2,.... On arrival, a
customer will choose the lowest numbered channel that is free, and be served by that channel. Show
in the notation of part (a) that the fraction p. of time that channel c is busy is p. = p(7w.—1 — 7¢) for
¢>2,and p; =m.

117



12

Martingales

12.1 Exercises. Introduction

1. @) If (Y, ¥) is a martingale, show that E(Y,) = E(Yp) for all n.

(ii) If (Y, #) is a submartingale (respectively supermartingale) with finite means, show that E(Y,) >
E(Yp) (respectively E(Y,) < E(Yp)).

2. Let (Y, #) be a martingale, and show that E(Yy,, | F,) = ¥, forall n,m > 0.

3. Let Z, be the size of the nth generation of a branching process with Zy = 1, having mean family
size u and extinction probability 7. Show that Z, " and n%» define martingales.

4. Let{S, : n > 0} be a simple symmetric random walk on the integers with Sy = k. Show that S,
and S,% — n are martingales. Making assumptions similar to those of de Moivre (see Example (12.1.4)),
find the probability of ruin and the expected duration of the game for the gambler’s ruin problem.

5. Let (Y, ¥) be a martingale with the property that ]E(Y,%) < oo for all n. Show that, fori < j <k,
E{(Yx — Y))Y;} = 0, and E{(Y; — ¥;)? | Fi} = E(¥? | 1) — ]E(Yj2 | #;). Suppose there exists K
such that IE(YnZ) < K for all n. Show that the sequence {¥,} converges in mean square as n — 00.

6. LetY be a martingale and let u be a convex function mapping R to R. Show that {u(Yy) : n > 0}
is a submartingale provided that E(u(¥,) ™) < oo for all n.

Show that |Y,|, YnZ, and Y, constitute submartingales whenever the appropriate moment condi-
tions are satisfied.

7. LetY be a submartingale and let u be a convex non-decreasing function mapping R to R. Show
that {u(¥y) : n > 0} is a submartingale provided that E(u(Y,)1) < oo for all n.

Show that (subject to a moment condition) Y,;" constitutes a submartingale, but that |Y, | and Y,l2
need not constitute submartingales.

8. Let X be a discrete-time Markov chain with countable state space S and transition matrix P.
Suppose that ¢ : § — R is bounded and satisfies Zjes pij¥(j) < Ay (@) for some A > 0 and all

i € S. Show that A™"(X,) constitutes a supermartingale.

9. Let Gp(s) be the probability generating function of the size Z, of the nth generation of a branching
process, where Zg = 1 and var(Z;) > 0. Let H, be the inverse function of the function G, viewed
as a function on the interval [0, 1], and show that M, = {Hj (s)}Z" defines a martingale with respect
to the sequence Z.
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12.2 Exercises. Martingale differences and Hoeffding’s inequality

1. Knapsack problem. It is required to pack a knapsack to maximum benefit. Suppose you have n
objects, the ith object having volume V; and worth W;, where V1, V;, ..., Vy,, Wi, Wy, ..., W, are
independent non-negative random variables with finite means, and W; < M for all i and some fixed
M. Your knapsack has volume ¢, and you wish to maximize the total worth of the objects packed in
it. That is, you wish to find the vector z;, 22, . . . , 2, of 0’s and 1’s such that Z'l' z; Vi < c and which
maximizes Y1 z; W;. Let Z be the maximal possible worth of the knapsack’s contents, and show that

P(1Z — EZ| > x) < 2exp{—x2/(2nM?)} for x > 0.

2. Graph colouring. Given n vertices vy, v3, ..., Uy, foreach 1 <i < j < n we place an edge
between v; and v; with probability p; different pairs are joined independently of each other. We call
v; and v; neighbours if they are joined by an edge. The chromatic number yx of the ensuing graph is
the minimal number of pencils of different colours which are required in order that each vertex may
be coloured differently from each of its neighbours. Show that P(|x — Ex| > x) < 2exp{— %xz /n}
forx > 0.

12.3 Exercises. Crossings and convergence

1. Give a reasonable definition of a downcrossing of the interval [a, b] by the random sequence
Yo, Y1,....

(a) Show that the number of downcrossings differs from the number of upcrossings by at most 1.

(b) If (Y, #) is a submartingale, show that the number Dy(a, b; Y) of downcrossings of [a, b] by ¥
up to time 7 satisfies

E{(Ys — b)"}

EDy(a,b;Y) <
b—a

2. Let (Y, #) be a supermartingale with finite means, and let U, (a, b; Y) be the number of upcross-
ings of the interval [a, b] up to time n. Show that

E{(n —a)7}

EUn(a, by Y) <
b—a

Deduce that EUy (a, b; Y) < a/(b — a) if Y is non-negative and a > 0.

3. Let X be a Markov chain with countable state space S and transition matrix P. Suppose that X is
irreducible and persistent, and that ¥ : § — S is abounded function satisfying 5 jes Pij ¥ (J) < ¥ (@)
fori € S. Show that v is a constant function.

4. LetZy, Z,, ... be independent random variables such that:

ap  with probability %n_z,

Zy=4 0  with probability 1 — n=2,
—ay  with probability %n“z,

where a; = 2 and a, = 42;‘;11 aj. Show that Y, = Y_7_, Z; defines a martingale. Show that
Y =lim ¥, exists almost surely, but that there exists no M such that E|Y,| < M for all n.
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12.4 Exercises. Stopping times

1. If T) and T, are stopping times with respect to a filtration &, show that 7 + T, max{T7, T},
and min{T}, 7>} are stopping times also.

2. Let X1, X5, ... be a sequence of non-negative independent random variables and let N(¢) =
max{n : X; + X2 +---+ X, <t}. Show that N(¢) + 1 is a stopping time with respect to a suitable
filtration to be specified.

3. Let (Y, #) be a submartingale and x > 0. Show that

1
11»( max Y zx) < ;]E(Y,;").

0<m<n

4. Let (Y, ) be a non-negative supermartingale and x > 0. Show that

1
lP’( max Yy > x) < ;]E(YO).

0<m<n

5. Let (Y, ) be a submartingale and let S and T be stopping times satisfying0 < S < T < N for
some deterministic N. Show that EYy < EYs < EYy < EYy.

6. Let {S,} be a simple random walk with S§g = Osuchthat) < p =P(§1 = 1) < % Use de
Moivre’s martingale to show that E(sup,, Si) < p/(1 — 2p). Show further that this inequality may
be replaced by an equality.

7. Let Fbe a filtration. For any stopping time 7" with respect to &, denote by 7 the collection of
all events A such that, for alln, AN {T < n} € F,. Let S and T be stopping times.

(a) Show that ¥ is a o-field, and that T is measurable with respect to this o-field.

(b) If A € Fg,showthat AN{S < T} e Fr.

(c) Let S and T satisfy S < T. Show that ¥5 C ¥7.

12.5 Exercises. Optional stopping

1. Let (Y, ¥) be a martingale and T a stopping time such that P(T < oo) = 1. Show that E(Y7) =
E(Yp) if either of the following holds:

(a) E(sup, |Yranl) <00, () E(Y7Anl'™?) < c for some ¢, § > 0 and all n.

2. Let (Y, ¥) be a martingale. Show that (Y7 A, F) is a uniformly integrable martingale for any
finite stopping time T such that either:

(a) E|Y7| < 00 and E(|Yy|l{7>n)) — O asn — 00, or

(b) {Yn} is uniformly integrable.

3. Let (Y, #) be a uniformly integrable martingale, and let S and T be finite stopping times satisfying

S < T. Prove that Y7 = E(Ye | F7) and that Yg = E(Y7 | F5), where Yo is the almost sure limit
asn —> oo of ¥y.

4. Let {S, : n = 0} be a simple symmetric random walk with 0 < Sy < N and with absorbing
barriers at 0 and N. Use the optional stopping theorem to show that the mean time until absorption is
E{So(N — So)}-

5. Let{Sy : n > 0} be a simple symmetric random walk with So = 0. Show that

_ cos{ALSn — 3 (b~ )]}
" (cos 1)
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constitutes a martingale if cos A # 0.
Let a and b be positive integers. Show that the time T until absorption at one of two absorbing
barriers at —a and b satisfies

=W <A<
cos(1a(b +a)}’ b+a’

E(fcosA}~T)

6. Let{Sy, :n > 0} be a simple symmetric random walk on the positive and negative integers, with
So = 0. For each of the three following random variables, determine whether or not it is a stopping
time and find its mean:

U=min{n>5:8,=S,_5+5}, V=U—-5W=minfn:S,=1}.

7. LetS, =a+) ;_; X beasimple symmetric random walk. The walk stops at the earliest time T
when it reaches either of the two positions 0 or K where 0 < a < K. Show that M, = ELO Sr— %SS
is a martingale and deduce that E(Y"7_ §,) = 31;(1(2 —d®a +a.

8. Gambler’s ruin. Let X; be independent random variables each equally likely to take the values
+1,and let T = min{n : S, € {—a, b}}. Verify the conditions of the optional stopping theorem
(12.5.1) for the martingale S,% — n and the stopping time T'.

12.7 Exercises. Backward martingales and continuous-time martingales

1. Let X be a continuous-time Markov chain with finite state space S and generator G. Let 5 =
{n(@) : i € S}be aroot of the equation G§’ = 0. Show that (X (¢)) constitutes a martingale with
respect to F; = o ({X (u) : u < t}).

2. Let N be a Poisson process with intensity A and N(0) = 0, and let 7, = min{t : N() = a},
where a is a positive integer. Assuming that E{exp(¥' T;)} < oo for sufficiently small positive ¥, use
the optional stopping theorem to show that var(T,;) = aA~2.

3. LetS, = Z;’; 1 Xr, m < n, where the X, are independent and identically distributed with finite
mean. Denote by Uy, Up, ... , Uy the order statistics of # independent variables which are uniformly
distributed on (0, t), and set U, 41 = ¢. Show that Ry, = Sm/Up41, 0 < m < n, is a backward
martingale with respect to a suitable sequence of o -fields, and deduce that

P(Rm > 1forsomem < n|S, =y) <min{y/t, 1}.

12.9 Problems

1. Let Z, be the size of the nth generation of a branching process with immigration in which the
mean family size is p (# 1) and the mean number of immigrants per generation is m. Show that

_ 1—pt
Tn=u n{z"_ml—u}

defines a martingale.

2. In an age-dependent branching process, each individual gives birth to a random number of off-
spring atrandom times. At time 0, there exists a single progenitor who has N children at the subsequent
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times By < By < --- < By; his family may be described by the vector (N, By, By, ..., By). Each
subsequent member x of the population has a family described similarly by a vector (N (x), By (x), ...,
By (x)(x)) having the same distribution as (N, By, ..., By) and independent of all other individuals’
families. The number N (x) is the number of his offspring, and B;(x) is the time between the births
of the parent and the ith offspring. Let {By » : r > 1} be the times of births of individuals in the nth
generation. Let M, (0) =, e~ 9Bnr_and show that Y, = My, (9)/E(M;(8))" defines a martingale
with respect to ¥, = 0 ({Bm,r : m < n, r > 1}), for any value of 6 such that EM(6) < oo.

3. Let (Y, %) be a martingale with EY,, = 0 and E(Y?) < oo for all n. Show that

2
)< E(Yy) x> 0.

P| max Y, > x — ",
(15k5n k = E(Y2) +x2

4. Let(Y, ¥)beanon-negative submartingale with Y = 0, and let {c,, } be a non-increasing sequence
of positive numbers. Show that

1<k=n

1 n
]P(max ck Yy zx) < —ch]E(Yk—Yk—l), x> 0.
¥ k=1

Such an inequality is sometimes named after subsets of Hajek, Rényi, and Chow. Deduce Kol-
mogorov’s inequality for the sum of independent random variables. [Hint: Work with the martingale
Zn = cn¥n — Yk=1 kEXk | Fx—1) + Xk=1(ck—1 — ck)Yk—1 where X = Y — ¥j_1 ]

5. Suppose that the sequence { X, : n > 1} of random variables satisfies E(X, | X1, X2, ..., Xp—1)
= 0 for all n, and also Y 22| E(|Xx|")/k" < oo for some r € [1,2]. Let S, = Y I, Z; where
Z; = X;/i, and show that

1 r
P (lrsnl?én [Sm4k — Sml = x) = x_rE(|Sm+n — Sml ), x> 0.

Deduce that S, converges a.s. as n — 00, and hence that n~1 > Xk 2% 0. [Hint: In the case
1 < r < 2,proveand use the fact that 4 (u) = |u|" satisfies h(v)—h(u) < (v—u)h'(u)+2h((v—u)/2).
Kronecker’s lemma is useful for the last part.]

6. Let X1, X», ... be independent random variables with

1 with probability (2n)~!,
Xn=1{ 0  with probability 1 —n~1,
—1 with probability (2n)~1.

LetY; = Xjand forn > 2

Y _{X,, ifY,_1 =0,
" U nYa1lXal i Yao1 #0.
Show that Y, is a martingale with respectto ¥, = o (Y1, Y3, ..., ¥,). Show that ¥, does not converge

almost surely. Does Y, converge in any way? Why does the martingale convergence theorem not
apply?
7. LetXp, Xy, ... beindependent identically distributed random variables and suppose that M (t) =

E(e'X1) satisfies M(z) = 1 for some ¢ > 0. Show that P(S; > x for some k) < e~** for x > 0 and
such a value of ¢, where Sy = X1 + Xo + -+ + Xi.

8. Let Z, be the size of the nth generation of a branching process with family-size probability
generating function G(s), and assume Zy = 1. Let & be the smallest positive root of G(s) = s.
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Use the martingale convergence theorem to show that, if 0 < § < 1, then P(Z, — 0) = £ and
P(Z, > o0)=1—-E&.

9. Let (¥, ¥) be a non-negative martingale, and let ¥, = max{Yx : 0 < k < n}. Show that
e
E(Y}) < ;_—1{1 +E(Yn(og ¥)") }

[Hint: alogt b < alog® a + b/e if a, b > 0, where logt x = max{0, log x}.]

10. Let X = {X(¢) : t > 0} be a birth~death process with parameters 1;, w;, where A; = 0 if and
only if i = 0. Define #(0) =0, ~(1) = 1, and

h(J)—1+ZI;II:§ jiz2

Show that £(X (¢)) constitutes a martingale with respect to the filtration ¥; = o ({X () : 0 < u < 1t}),
whenever EA(X (¢)) < oo for all . (You may assume that the forward equations are satisfied.)

Fix n,and let m < n; let w(m) be the probability that the process is absorbed at 0 before it reaches
size n, having started at size m. Show that w(m) =1 — {h(m)/h(n)}.

11. Let (Y, ¥) be a submartingale such that IE(Y"') < M for some M and all n.

(a) Show that M, = limy— 0o ]E( ntm | Fn) exists (almost surely) and defines a martingale with
respect to F.

(b) Show that ¥, may be expressed in the form ¥, = X, — Z, where (X, ¥) is a non-negative
martingale, and (Z, ¥) is a non-negative supermartingale. This representation of Y is sometimes
termed the ‘Krickeberg decomposition’.

(c) Let (Y, #) be a martingale such that E|Y,| < M for some M and all n. Show that ¥ may be
expressed as the difference of two non-negative martingales.

12. Let £Y, be the assets of an insurance company after n years of trading. During each year it
receives a total (fixed) income of £ P in premiums. During the nth year it pays out a total of £C, in
claims. Thus Y, 41 = Y, + P — Cp,41. Suppose that Cy, C», ... are independent N (u, o2) variables
and show that the probability of ultimate bankruptcy satisfies

2P — W)Y,
P(¥» < 0 for some ) 5‘”‘"{‘(—2’”0}-
a

13. Pélya’s urn. A bag contains red and blue balls, with initially r red and b blue where rb > 0. A
ball is drawn from the bag, its colour noted, and then it is returned to the bag together with a new ball
of the same colour. Let R, be the number of red balls after n such operations.

(a) Show that Y, = R, /(n + r + b) is a martingale which converges almost surely and in mean.

(b) Let T be the number of balls drawn until the first blue ball appears, and suppose thatr = b = 1.
Show that E{(T +2)~1} = 1.

(c) Suppose r = b = 1, and show that P(Y,, > % for some n) < %

14. Here is a modification of the last problem. Let {A, : n > 1} be a sequence of random variables,
each being a non-negative integer. We are provided with the bag of Problem (12.9.13), and we add
balls according to the following rules. At each stage a ball is drawn from the bag, and its colour noted;
we assume that the distribution of this colour depends only on the current contents of the bag and not
on any further information concerning the A,. We return this ball together with A, new balls of the
same colour. Write R, and By, for the numbers of red and blue balls in the urn after » operations, and
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let ¥, = o ({Rg, Br : 0 < k < n}). Show that ¥, = R,/(R, + Bp) defines a martingale. Suppose
Ro = By = 1, let T be the number of balls drawn until the first blue ball appears, and show that

1+ A7 1
Elom=7 =7
243 i=1 Ai 2
-1
solongas Y ,(2+ Y7 Ai)” =ooas.

15. Labouchere system. Here is a gambling system for playing a fair game. Choose a sequence
X1, X2, - .., Xp Of positive numbers.

Wager the sum of the first and last numbers on an evens bet. If you win, delete those two numbers;
if you lose, append their sum as an extra term x, | (= x1 + x,) at the right-hand end of the sequence.

You play iteratively according to the above rule. If the sequence ever contains one term only, you
wager that amount on an evens bet. If you win, you delete the term, and if you lose you append it to
the sequence to obtain two terms.

Show that, with probability 1, the game terminates with a profit of ) ] x;, and that the time until
termination has finite mean.

This looks like another clever strategy. Show that the mean size of your largest stake before
winning is infinite. (When Henry Labouchere was sent down from Trinity College, Cambridge, in
1852, his gambling debts exceeded £6000.)

16. Here is a martingale approach to the question of determining the mean number of tosses of a coin
before the first appearance of the sequence HHH. A large casino contains infinitely many gamblers
G1, Gy, ..., each with an initial fortune of $1. A croupier tosses a coin repeatedly. For each n,
gambler G, bets as follows. Just before the nth toss he stakes his $1 on the event that the nth toss
shows heads. The game is assumed fair, so that he receives a total of $ p_1 if he wins, where p is the
probability of heads. If he wins this gamble, then he repeatedly stakes his entire current fortune on
heads, at the same odds as his first gamble. At the first subsequent tail he loses his fortune and leaves
the casino, penniless. Let S, be the casino’s profit (losses count negative) after the nth toss. Show
that S, is a martingale. Let N be the number of tosses before the first appearance of HHH; show that
N is a stopping time and hence find E(N).

Now adapt this scheme to calculate the mean time to the first appearance of the sequence HTH.

17. Let {(Xk, Yi) : k = 1} be a sequence of independent identically distributed random vectors such
that each X} and Y takes values in the set {—1,0,1,2,...}. Suppose that E(X;) = E(Y;) =0
and E(X1Y]) = ¢, and furthermore X; and Y; have finite non-zero variances. Let Uy and Vj
be positive integers, and define (Uy41, V1) = (Un, Vi) + (Xp41, Ypy1) for each n > 0. Let
T = min{n : U,V, = 0} be the first hitting time by the random walk (U, V;,) of the axes of R2.
Show that E(T) < oo if and only if ¢ < 0, and that E(T) = —E(UpVp)/c in this case. [Hint: You
might show that U, V,, — cn is a martingale.]

18. The game ‘Red Now’ may be played by a single player with a well shuffled conventional pack of
52 playing cards. Attimesn = 1,2, ..., 52 the player turns over a new card and observes its colour.
Just once in the game he must say, just before exposing a card, “Red Now”. He wins the game if the
next exposed card is red. Let R, be the number of red cards remaining face down after the nth card
has been turned over. Show that X,, = R, /(52 —n), 0 < n < 52, defines a martingale. Show that

there is no strategy for the player which results in a probability of winning different from %

19. A businessman has a redundant piece of equipment which he advertises for sale, inviting “offers
over £1000”. He anticipates that, each week for the foreseeable future, he will be approached by
one prospective purchaser, the offers made in week 0, 1, ... being £1000Xg, £1000X1, ..., where
Xo, X1, ... are independent random variables with a common density function f and finite mean.
Storage of the equipment costs £1000c per week and the prevailing rate of interest is o (> 0) per
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week. Explain why a sensible strategy for the businessman is to sell in the week T, where T is a
stopping time chosen so as to maximize

T
W) = E{(l +a) Txr -3+ a)_"c}.

n=1

Show that this problem is equivalent to maximizing E{(1 + o)~ TZr} where Z, = X, + ¢ /a.
Show that there exists a unique positive real number y with the property that

(o.¢]
ay =/ P(Z, > y)dy,
Y

and that, for this value of y, the sequence V,, = (1 + ) ™" max{Z,, y} constitutes a supermartingale.
Deduce that the optimal strategy for the businessman is to set a target price T (which you should
specify in terms of y) and sell the first time he is offered at least this price.

In the case when f(x) = 2x3forx>1,andc=a = 510, find his target price and the expected
number of weeks he will have to wait before selling.

20. Let Z be a branching process satisfying Zg = 1, E(Z1) < 1, and P(Z; > 2) > 0. Show that
E(sup, Z») < n/(n— 1), where 1 is the largest root of the equation x = G(x) and G is the probability
generating function of Z;.

21. Matching. In a cloakroom there are K coats belonging to K people who make an attempt to
leave by picking a coat at random. Those who pick their own coat leave, the rest return the coats and
try again at random. Let N be the number of rounds of attempts until everyone has left. Show that
EN = K and var(N) < K.

22. Let W be a standard Wiener process, and define
t
M(@) =/ W) du — W (@t)>.
0

Show that M (¢) is a martingale, and deduce that the expected area under the path of W until it first
reaches one of the levels a (> 0) or b (< 0) is — %ab(a + b).

23. Let W = (W, Wy, ..., Wy) be a d-dimensional Wiener process, the W; being independent
one-dimensional Wiener processes with W;(0) = 0 and variance parameter o2 =d"! Let R(t)2 =
w1 (t)2 + W2(t)2 + -4 Wd(t)z, and show that R(t)2 — t is a martingale. Deduce that the mean
time to hit the sphere of R with radius a is a2.

24. Let W be a standard one-dimensional Wiener process, and let a, b > 0. Let T be the earliest

time at which W visits either of the two points —a, b. Show that P(W(T) = b) = a/(a + b) and
E(T) = ab. In the case a = b, find E(e—5T) for s > 0.
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13

Diffusion processes

13.3 Exercises. Diffusion processes

1. LetX = {X(?) : ¢ > 0} be a simple birth—death process with parameters A, = nA and u, = np.
Suggest a diffusion approximation to X.

2. Bartlett’s equation. Let D be a diffusion with instantaneous mean and variance a(t, x) and
b(t, x), and let M(z,0) = E(e?P®), the moment generating function of D(z). Use the forward
diffusion equation to derive Bartlett’s equation:

oM ) 1 )
— =f0a(t,— | M+-6%(t,— M
a1 “( ae) *2 ( ae>

where we interpret
a "M
t, — | M= t)——
g( 39) E,, yn()89"

if g(t,x) = Y520 yn(Ox".
3. Write down Bartlett’s equation in the case of the Wiener process D having drift m and instanta-
neous variance 1, and solve it subject to the boundary condition D(0) = 0.

4. Write down Bartlett’s equation in the case of an Ornstein—Uhlenbeck process D having instan-
taneous mean a(t, x) = —x and variance b(¢, x) = 1, and solve it subject to the boundary condition
D) =0.

5. Bessel process. If W1 (t), W(¢), W3(¢) are independent Wiener processes, then R(¢) defined as
R? = W12 + W22 + W32 is the three-dimensional Bessel process. Show that R is a Markov process. Is
this result true in a general number n of dimensions?

6. Show that the transition density for the Bessel process defined in Exercise (5) is

3
f@,yls,x) = 5P(R(t) <y|R(@) =x)

o (o= [ O+0?
= a9 1%\ T2 = P\ 2= /) [

7. If W is a Wiener process and the function g : R — R is continuous and strictly monotone, show
that g(W) is a continuous Markov process.

8. Let W be a Wiener process. Which of the following define martingales?
@ VO, ®)cW(t/c?), (©)tW({E) — [§ W(s)ds.
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Stochastic calculus Exercises [13.3.9]-{13.7.1]

9. Exponential martingale, geometric Brownian motion. Let W be a standard Wiener process

and define S(7) = e# W ®)_ Show that:

(a) S is a Markov process,

(b) S is a martingale (with respect to the filtration generated by W) if and only if a + %bz =0, and
in this case E(S(¢)) = 1.

10. Find the transition density for the Markov process of Exercise (9a).

13.4 Exercises. First passage times

1. Let W be astandard Wiener process and let X (t) = exp{id W (¢) + %Gzt} where i = 4/—1. Show
that X is a martingale with respect to the filtration given by ¥ = o ({W () : u < t}).

2. LetT be the (random) time at which a standard Wiener process W hits the ‘barrier’ in space—time
givenby y = at+bwherea < 0, b > 0; thatis, T = inf{t : W(¢) = ar+b}. Use theresult of Exercise
(1) to show that the moment generating function of 7' is given by E¥T) = exp{ —b( Va2 -2y +a) }
for ¢ < %az. You may assume that the conditions of the optional stopping theorem are satisfied.

3. Let W be a standard Wiener process, and let T' be the time of the last zero of W prior to time ¢.
Show that P(T < u) = (2/)sin"! /u/t, 0 <u <t.

13.5 Exercise. Barriers

1. Let D be a standard Wiener process with drift m starting from D(0) = d > 0, and suppose that
there is a reflecting barrier at the origin. Show that the density function f*(z, y) of D(¢) satisfies
ff@¢t, y) > 0ast — oo if m > 0, whereas fI(t, y) — 2|m|e‘2|’"|y fory > 0,ast - oo if m < 0.

13.6 Exercises. Excursions and the Brownian bridge

1. Let W be a standard Wiener process. Show that the conditional density function of W (¢), given
that W(u) > 0for0 <u <t,is g(x) = (x/t)e‘x2/(2’), x > 0.

2. Show that the autocovariance function of the Brownian bridge is c(s, ) = min{s, ¢} — s, 0 <
s,t <1

3. Let Wbe astandard Wiener process, and letW(t) = W(@)—tW(1). Show that {/Vl7(t) :0<r<1}
is a Brownian bridge.

i./ If W is a Wiener process with W (0) = 0, show that W(t) =(1-0W@e/A1—-t))for0<t <1,
W (1) = 0, defines a Brownian bridge.

5. Let0 <s <t < 1. Show that the probability that the Brownian bridge has no zeros in the
interval (s, t) is (2/7) cos~! @t —s)/It(1 —s)].

13.7 Exércises. Stochastic calculus

1. Doob’s L, inequality. Let W be a standard Wiener process, and show that

E( max [Wsl?) < 4B(WD).
t

0<s<

127



[13.7.2]-[13.8.6] Exercises Diffusion processes

2. Let W be a standard Wiener process. Fix ¢t > 0, n > 1, and let § = ¢/n. Show that Z, =
Z;';é (W(j+1)s — Wjs)? satisfies Z, — ¢ in mean square as n — 00.

3. Let W be a standard Wiener process. Fixt > 0,n > 1, and let § = ¢/n. Let V; = Wjs and
Aj = Vj1 — Vj. Evaluate the limits of the following as n — oo:

@ L =Y VA,

®) L(n) =3 Vit14;,

© I =Y, 3(Vir1 + VDA,

(d) I4(n) = Ej W(j+21-)8A1"

4. Let W be a standard Wiener process. Show that U(r) = e P!W(e2F!) defines a stationary
Ornstein—Uhlenbeck process.

5. Let W be a standard Wiener process. Show that Uy = W; — 8 fé e PU=)W, ds defines an
Ornstein—Uhlenbeck process.

13.8 Exercises. The Ito integral

In the absence of any contrary indication, W denotes a standard Wiener process, and ¥; is the smallest
o-field containing all null events with respect to which every member of {W, : 0 < u < ¢} is
measurable.

t t
1. (a) Verify directly that / sdWs =tW; — / Ws ds.
0 0

t t
(b) Verify directly that / W2dws = Iw? - / W ds.
0 0

t 2 t
© Showthat]E([/ Wdes] ):/ E(W2)ds.
0 0

2, LetX;= fé W; ds. Show that X is a Gaussian process, and find its autocovariance and autocor-
relation function.

3. Let (2, #, P) be a probability space, and suppose that X, 2% Xasn > oo, If g C ¥, show
that E(X, | §) =5 E(X | §).
4. Let ¢ and y be predictable step functions, and show that

(9}
Euwnumn=m(£ mawxﬂm)
whenever both sides exist.

5. Assuming that Gaussian white noise Gy = dW;/dt exists in sufficiently many senses to appear
as an integrand, show by integrating the stochastic differential equation d X; = —BX; dt + dW; that

t
X =W — ﬂ/ e PU=IW, ds,
0

if Xg =0.
6. Let ¢ be an adapted process with || || < co. Show that || I(¥)[l2 = ||[¥]l-
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Option pricing Exercises [13.9.1]-[13.10.1]

13.9 Exercises. Ito’s formula

In the absence of any contrary indication, W denotes a standard Wiener process, and ¥ is the smallest
o-field containing all null events with respect to which every member of {W, : 0 < u < t}is
measurable.

1. Let X and Y be independent standard Wiener processes. Show that, with R,2 =X ,2 +Y?,

135'¢ ty
Z, = —‘dx+/—idy
! /oRs ST Jo RY

is a Wiener process. [Hint: Use Theorem (13.8.13).] Hence show that R? satisfies
t
R? =2/ Rs dWs + 2t.
0

Generalize this conclusion to n dimensions.

2. Write down the SDE obtained via It6’s formula for the process ¥; = W, and deduce that
E(W; = 3¢2.

3. Show that Y; = tW; is an It0 process, and write down the corresponding SDE.

4. Wiener process on a circle. Let ¥; = ¢!"t. Show that Y = X; +iXyisa process on the unit
circle satisfying

dX1 = —1X1dt — X,dW, dX,=-1X,dr+X;dW.

5. Find the SDEs satisfied by the processes:

@ Xy =W/(1+0),

(b) X = sin We,

(c) [Wiener process on an ellipse] X; = a cos Wy, Y; = b sin Wy, where ab # 0.

13.10 Exercises. Option pricing

In the absence of any contrary indication, W denotes a standard Wiener process, and ¥; is the smallest
o-field containing all null events with respect to which every member of {W, : 0 < u < t} is
measurable. The process S; = exp((u — %02) + o W;) is a geometric Brownian motion, and » > 0
is the interest rate.

1. (a) Let Z have the N(y, 12) distribution. Show that

E((@e? - K)*) = ae” 370 (1_‘2&“/;’9_?1 + ,) _K® (l‘.’ﬂ‘l@iﬁ)

where @ is the N (0, 1) distribution function.
(b) Let Q be a probability measure under which o W is a Wiener process with drift » — u and
instantaneous variance o2, Show for 0 < ¢ < T that

Eo((St - K)t | %) = S’ T (d; (1, S1)) — KD (da (1, Sp))
where

log(x/K) + (r + 302)(T — 1)
oA/T —t ’
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[13.10.2]-[13.12.2] Exercises Diffusion processes

2. Consider a portfolio which, at time ¢, holds & (¢, S) units of stock and ¥ (¢, ) units of bond, and
assume these quantities depend only on the values of S, for 0 < u < ¢. Find the function v such that
the portfolio is self-financing in the three cases:

(@ &@,S)=1foralls, S,

(b) £, 8) =S,
(©) & S)—/tS dv
’ - 0 v .

3. Suppose the stock price S; is itself a Wiener process and the interest rate r equals 0, so that a
unit of bond has unit value for all time. In the notation of Exercise (2), which of the following define
self-financing portfolios?

(@ £@¢, S) =y, S)=1foralls, S,

) £, ) =28, ¥(t,8) = -5 1,

© &£, 8)=~t, ¥(t,8) = [§ Ss ds,

d) £, ) = [o Ssds, ¥(t, S) = — [y S?ds.

4. An ‘American call option’ differs from a European call option in that it may be exercised by the
buyer at any time up to the expiry date. Show that the value of the American call option is the same
as that of the corresponding European call option, and that there is no advantage to the holder of such
an option to exercise it strictly before its expiry date.

5. Show that the Black—Scholes value at time O of the European call option is an increasing function
of the initial stock price, the exercise date, the interest rate, and the volatility, and is a decreasing
function of the strike price.

13.11 Exercises. Passage probabilities and potentials

1. Let G be the closed sphere with radius € and centre at the origin of RY where d > 3. LetWhbea
d-dimensional Wiener process starting from W(0) = w ¢ G. Show that the probability that W visits
Gis (e/r)d‘z, where r = |w|.

2. Let G be an infinite connected graph with finite vertex degrees. Let A, be the set of vertices x
which are distance » from O (that is, the shortest path from x to O contains n edges), and let N, be

the total number of edges joining pairs x, y of vertices with x € Ay, y € A, ;. Show that a random

walk on G is persistent if ) ; Ni—l = 00.

3. Let G be a connected graph with finite vertex degrees, and let H be a connected subgraph of G.
Show that a random walk on H is persistent if a random walk on G is persistent, but that the converse
is not generally true.

13.12 Problems

1. Let W be astandard Wiener process, that is, a process with independent increments and continuous
sample paths such that W (s +¢) — W(s)is N(0, ¢) for# > 0. Let « be a positive constant. Show that:

(a) aW(t /az) is a standard Wiener process,
(b) W(t + a) — W(w) is a standard Wiener process,
(c) the process V, given by V(t) = tW(1/¢) for t > 0, V(0) = 0, is a standard Wiener process.

2. LetX = {X(z) : t > 0} be a Gaussian process with continuous sample paths, zero means, and
autocovariance function c(s, ¢) = u(s)v(¢) for s < ¢ where u and v are continuous functions. Suppose

130



Problems Exercises [13.12.3]-{13.12.9]

that the ratio r (¢) = u(¢)/v(t) is continuous and strictly increasing with inverse function r~1. Show
that W(t) = X (r‘1 @)/ v(r“1 (1)) is a standard Wiener process on a suitable interval of time.
Ifc(s,2) =s(1 —t) fors <t < 1, express X in terms of W.

3. Let B > 0, and show that U(r) = e P! W (¢2f* — 1) is an Ornstein—Uhlenbeck process if W is a
standard Wiener process.

4. LetV = {V() : t > 0} be an Ornstein—-Uhlenbeck process with instantaneous mean a(t, x) =
—pBx where B > 0, with instantaneous variance b (¢, x) = o2, and with U (0) = u. Show that V(¢) is
N(ue P, 621 — e=2Bt) /(2B)). Deduce that V () is asymptotically N (0, %az/ﬂ) ast — 00, and
show that V is strongly stationary if V (0) is N (0, %02 /B).

Show that such a process is the only stationary Gaussian Markov process with continuous auto-
covariance function, and find its spectral density function.

5. Let D = {D() : t = 0} be a diffusion process with instantaneous mean a(¢, x) = ax and
instantaneous variance b(t, x) = Bx where « and B are positive constants. Let D(0) = d. Show that
the moment generating function of D(¢) is

20dfe*? }

.0 =g 2

Find the mean and variance of D(¢), and show that P(D(¢t) = 0) — e=242/P a5t 5 o0.

6. Let D be an Ornstein—-Uhlenbeck process with D(0) = 0, and place reflecting barriers at —c and
d where ¢, d > 0. Find the limiting distribution of D as t — oco.

7. LetXp, X1, ... beindependent N (0, 1) variables, and show that

2 X sin(k
W(;):ﬁxo_,_\/;,;sm]({t)xk

defines a standard Wiener process on [0, 7 ].

8. Let W be a standard Wiener process with W (0) = 0. Place absorbing barriers at —b and b, where
b > 0, and let W2 be W absorbed at these barriers. Show that W2(¢) has density function

2kb)?
fa(y,t)—— Z( l)kexp{ = > ) }, ~b<y<b,
k——oo
which may also be expressed as
o ¢]
fiy,t) = Zane_)‘"’ sin (—rfl(—;b_'_—b)) , -b<y<b,

n=1
where a, = b~!sin(3n7) and A = n?72/(8b2).
Hence calculate P(supg<; <, |W(s)| > b) for the unrestricted process W.

9. Let D be a Wiener process with drift m, and suppose that D(0) = 0. Place absorbing barriers at
the points x = —a and x = b where a and b are positive real numbers. Show that the probability p,
that the process is absorbed at —a is given by

mb __ 1
Pa= FmGa+dy _1°
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[13.12.10]-[13.12.18] Exercises Diffusion processes

10. Let W be a standard Wiener process and let F (u, v) be the event that W has no zero in the interval
(u, v).

(a) fab > 0, show that P(F(0, 1) | W(0) = a, W(t) = b) = 1 — e~24b/2,

() fW0)=0and0 < 19 <1 < tp, show that

i1
P(F(t9, 12) | Ft9, 11)) = Z:ETI_J: «/Zx?

(c) Deduce that, if W(0) =0and 0 < t; < 1y, then P(F(0, 1p) | F (0, t1)) = +/t1 /2.
11. Let W be a standard Wiener process. Show that

2t
P ( sup |W(s)| > w) SP(WO z2w) < — for w > 0.
0<s<t w

Sett = 2" and w = 22"/3 and use the Borel-Cantelli lemma to show that t~1W () — 0 a.s. as
t — oo.

12. Let W be a two-dimensional Wiener process with W(0) = w, and let F be the unit circle. What
is the probability that W visits the upper semicircle G of F before it visits the lower semicircle H?

13. Let Wi and W, be independent standard Wiener processes; the pair W(t) = (W1(r), Wa(r))
represents the position of a particle which is experiencing Brownian motion in the plane. Let ! be
some straight line in R?, and let P be the point on / which is closest to the origin O. Draw a diagram.
Show that

(a) the particle visits /, with probability one,

(b) if the particle hits [ for the first time at the point R, then the distance PR (measured as positive or
negative as appropriate) has the Cauchy density function f(x) = d/{m(d?+x2)}, —00 < x < 00,
where d is the distance OP,

(c) the angle POR is uniformly distributed on [—%n, %JT].

14. Let¢(x +iy) = u(x, y) +iv(x, y) be an analytic function on the complex plane with real part
u(x, y) and imaginary part v(x, y), and assume that

(8u 2+ (3u>2 -1

x ay)

Let (W1, W) be the planar Wiener process of Problem (13) above. Show that the pair u(Wy, W),
v(W1, W) is also a planar Wiener process.

15. Let M(¢) = maxg<s<; W(s), where W is a standard Wiener process. Show that M (t) — W(z)
has the same distribution as M (¢).

16. Let W be a standard Wiener process, u € R, and let Z = {¢t : W(¢) = u}. Show that Z is a null
set (i.e., has Lebesgue measure zero) with probability one.

17. Let M(t) = maxo<s<; W(s), where W is a standard Wiener process. Show that M (¢) is attained
at exactly one point in [0, ¢], with probability one.

18. Sparre Andersen theorem. Let so = 0 and s, = Z}’;l xj, where (xj : 1 < j < n)isagiven
sequence of real numbers. Of the n! permutations of (xj : 1 < j = n), let A, be the number of
permutations in which exactly r values of (s, : 0 < m < n) are strictly positive, and let B, be the
number of permutations in which the maximum of (s, : 0 < m < n) first occurs at the rth place.
Show that A, = B, for 0 < r < n. [Hint: Use induction on n.]
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Problems Exercises [13.12.19]-[13.12.24]

19. Arc sine laws. For the standard Wiener process W, let A be the amount of time u during the
time interval [0, #] for which W(u) > O; let L be the time of the last visit to the origin before ¢;
and let R be the time when W attains its maximum in [0, ¢]. Show that A, L, and R have the same
distribution function F(x) = (2/7)sin™! \/x/7 for 0 < x < ¢. [Hint: Use the results of Problems
(13.12.15)—(13.12.18).]

20. Let W be a standard Wiener process, and let Uy be the amount of time spent below the level x
(= 0) during the time interval (0, 1), thatis, Uy = fol I{w (1) <x} @t. Show that Uy has density function

S (u)_———l—-—ex —12- O<u<l
U= 2 u(l —u) Pl7 2 ) )

Show also that
v { sup{t <1: W; =x} if this set is non-empty,
X =

1 otherwise,

has the same distribution as Uy.

21. Letsign(x) = 1ifx > 0 andsign(x) = —1 otherwise. Show that V; = fé sign(Ws) d W; defines
a standard Wiener process if W is itself such a process.

22. After the level of an industrial process has been set at its desired value, it wanders in a random
fashion. To counteract this the process is periodically reset to this desired value, at times 0, T, 27, ....
If W; is the deviation from the desired level, ¢ units of time after a reset, then {W; : 0 <t < T} can
be modelled by a standard Wiener process. The behaviour of the process after a reset is independent
of its behaviour before the reset. While W; is outside the range (—a, a) the output from the process
is unsatisfactory and a cost is incurred at rate C per unit time. The cost of each reset is R. Show that
the period T which minimises the long-run average cost per unit time is 7*, where

T* a le
R= ~2 4
C/O Jomn P\ T ) ¥

23. An economy is governed by the Black—Scholes model in which the stock price behaves as a
geometric Brownian motion with volatility o, and there is a constant interest rate . An investor likes
to have a constant proportion y (€ (0, 1)) of the current value of her self-financing portfolio in stock
and the remainder in the bond. Show that the value function of her portfolio has the form V; = f (t)Sty
where f(t) = cexp{(l — y)(%_—ya2 + r)t} for some constant ¢ depending on her initial wealth.

24. Let u(z, x) be twice continuously differentiable in x and once in ¢, for x € Rand ¢ € [0, T]. Let
W be the standard Wiener process. Show that u is a solution of the heat equation

if and only if the process Uy = u(T —t, W), 0 <t < T, has zero drift.
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1
Events and their probabilities

1.2 Solutions. Events as sets

1. (@ Leta € (UA;)°. Thena ¢ |JA4;, so that a € AY for all i. Hence (J A;)° S ) AY.
Conversely, if a € () Af, then a ¢ A; for every i. Hence a ¢ |J A;, and so (| A] € (U A;)°. The
first De Morgan law follows.
(b) Applying part (a) to the family {AS : i € I}, we obtain that ({J; AS)® = ;(A9)° = N} A;.
Taking the complement of each side yields the second law.
2. Clearly
(i) ANB = (A°U B%°,

(ii) A\ B=ANB°®=(A°UB)°,
(iii) AAB=(A\B)U(B\ A) =(A°UB)°U (AU B°°.
Now ¥ is closed under the operations of countable unions and complements, and therefore each of
these sets lies in F.
3. Letusnumbertheplayers 1, 2, ...,2" inthe order in which they appear in the initial table of draws.
The set of victors in the first round is a point in the space V,, = {1, 2} x {3,4} x --- x {2" —1,2"}.
Renumbering these victors in the same way as done for the initial draw, the set of second-round
victors can be thought of as a point in the space V,,_1, and so on. The sample space of all possible
outcomes of the tournament may therefore be taken to be V,, x V,,_1 x --- x V1, a set containing
22" 719277 gl _ 921 points.

Should we be interested in the ultimate winner only, we may take as sample space the set
{1,2,...,2"} of all possible winners.

4. 'We must check that § satisfies the definition of a o-field:

(a) @ € F, and therefore = 2N B € §,

(b) if A1, A, ... € F then|J;(4; N B) = (U; Ai) "B € §,

(c) if A € F,then A®° € Fsothat B\(ANB)=A°NB¢€§.

Note that § is a o-field of subsets of B but not a o'-field of subsets of €2, since C € § does not imply
that C° =Q\ C € §.

5. (a), (b), and (d) are identically true; (c) is true if and only if A C C.

1.3 Solutions. Probability

1. (i) We have (using the fact that IP is a non-decreasing set function) that

P(AN B) = P(A) + P(B) — P(AU B) > P(A) + P(B) — 1 = 1.
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[1.3.2]-[1.3.4] Solutions Events and their probabilities

Also, since ANB C Aand AN B C B,P(AN B) <min{P(A), P(B)} = 31;

These bounds are attained in the following example. Pick anumberatrandomfrom{l, 2, ..., 12}.
Taking A = {1,2,...,9} and B = {9, 10, 11, 12}, we find that A N B = {9}, and so P(A) = %,
P(B) = 4, P(AN B) = {5. To attain the upper bound for P(A N B), take A = {1,2,...,9} and
B =1{1,2,3,4}.

(ii) Likewise we have in this case P(A U B) < min{P(A) + P(B),1} = 1, and P(A U B) >
max{P(A), P(B)} = % These bounds are attained in the examples above.

2. (i) We have (using the continuity property of P) that
P(no head ever) = lim P(no head in first n tosses) = lim 27" =0,
n—>oo n—>0o0

so that P(some head turns up) = 1 — P(no head ever) = 1.

(ii) Given a fixed sequence s of heads and tails of length k, we consider the sequence of tosses arranged
in disjoint groups of consecutive outcomes, each group being of length k. There is probability 2%
that any given one of these is s, independently of the others. The event {one of the first » such groups
is s} is a subset of the event {s occurs in the first nk tosses}. Hence (using the general properties of
probability measures) we have that

P(s turns up eventually) = nl—lfgo P(s occurs in the first nk tosses)
- 1
> nl—l>néo P(s occurs as one of the first n groups)

=1- nl_l_)ncl’o P(none of the first n groups is )

=1- lim 1-27%"=1.
n—0o0

3. Lay out the saucers in order, say as RRWWSS. The cups may be arranged in 6! ways, but since
each pair of a given colour may be switched without changing the appearance, there are 6!+ @n3 =90
distinct arrangements. By assumption these are equally likely. In how many such arrangements is
no cup on a saucer of the same colour? The only acceptable arrangements in which cups of the
same colour are paired off are WWSSRR and SSRRWW; by inspection, there are a further eight
arrangements in which the first pair of cups is either SW or WS, the second pair is either RS or SR,

and the third either RW or WR. Hence the required probability is 10/90 = %.

4. We prove this by induction on r, considering first the case n = 2. Certainly B = (ANB)U(B\ A)
is a union of disjoint sets, so that P(B) = P(AN B) +P(B \ A). Similarly AUB = AU (B \ A), and
S0

P(AU B) =P(A) + P(B \ A) =P(A) + {P(B) —P(AN B)}.

Hence the result is true for n = 2. Let m > 2 and suppose that the result is true for n < m. Thenitis
true for pairs of events, so that

P(mol A,—) = ]P’(CJ Ai) +P(Ap+1) — IP{ (O A,-) n Am+1}

m
= P(U Ai) +P(Am+1) — P{U(Ai n Am+l)}-
1

1

Using the induction hypothesis, we may expand the two relevant terms on the right-hand side to obtain
the result.
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Conditional probability Solutions [1.3.5]-[1.4.1]

Let Ay, Az, and A3 be the respective events that you fail to obtain the ultimate, penultimate, and
ante-penultimate Vice-Chancellors. Then the required probability is, by symmetry,

3
- ]P(U A,-) =1-3P(A;) + 3P(4; N Ap) — P(A] N Az N A3)
1

=1-33)°+33° - 3"

5. By the continuity of P, Exercise (1.2.1), and Problem (1.8.11),

f(Q0) = amr(Q ) =t fr-#((0 ) )]

r=1
: c _ c
_l_nhm ]P’<||A>>1 llm E P(A;) =1.

r=1

n
6. We have that 1 = P(UA,) Z]P(Ar) — > "P(A; N Ag) = np — jn(n — 1)q. Hence
1

r<s

pZn_l,and%n(n—l)q=np—15n—1.

7. Since at least one of the A, occurs,

n
=P(UAr) EP(Ar)—ZIP(ArnAsH Y. P(ArNANA)
1

r<s r<s<t

== (3)a+ })

Since at least two of the events occur with probability %,

%:P(U(ArﬂAs))=Z]P(ArnAs)—% > PANANANA)+-
r<s r<s r<s

t<u
(r,8)#(t,u)

By a careful consideration of the first three terms in the latter series, we find that

o O

Hence 3 5 =np — (3)x, so that p > 3/(2n). Also, (3)q = 2np — %, whence g < 4/n.

1.4 Solutions. Conditional probability

1. By the definition of conditional probability,

_P(ANB) P(BNA)PA) _ P(A)
P(A | B) = P(B) = P(A) PB) P(B | A)]P’(B)
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[1.4.2]-[1.4.5] Solutions Events and their probabilities

if P(A)P(B) # 0. Hence
P(A|B) _P(B|A)

P(A) = P(B)

’

whence the last part is immediate.

2. Set Ag = € for notational convenience. Expand each term on the right-hand side to obtain

gP(Ar ;@Ak) =1'_‘[ P(N] Ax) —P<hAk)~

1 PO AR 1

3. Let M be the event that the first coin is double-headed, R the event that it is double-tailed, and
N the event that it is normal. Let H be the event that the lower face is a head on the ith toss, T} the
event that the upper face is a tail on the ith toss, and so on. Then, using conditional probability ad
nauseam, we find:

) PHY = 2P | M)+ e R+ 2P I Ny =2 +0+ 2.1 =3
PHINH) PM) L,
(i) PH' | )= —L -2 = =%/3=2
1 u ]P(Hul) ]P’(Hll) 3/5 3
(iii) P(H? | H) =1-P(M | HD) + PV | HY)
=P(H | H) +5(1-PH |H)) =3 +5 §=3.
@iv)
P(HZ N H! n HY) P(M) 2 4
P(H? | Hf N HY) = — L0 -0 : =521 =3
P(Hy N Hy) 1-P(M)+z-P(N) 5+ 15

(v) From (iv), the probability that he discards a double-headed coin is ‘3‘, the probability that he

discards a normal coin is % (There is of course no chance of it being double-tailed.) Hence, by
conditioning on the discard,

P(H) = $P(H3 | M) + 4P(HD IN) =3 (3 +5- D) +3(3+3 - D =%

4. The final calculation of %— refers not to a single draw of one ball from an urn containing three, but
rather to a composite experiment comprising more than one stage (in this case, two stages). While it
is true that {two black, one white} is the only fixed collection of balls for which a random choice is
black with probability %—, the composition of the urn is not determined prior to the final draw.

After all, if Carroll’s argument were correct then it would apply also in the situation when the urn
originally contains just one ball, either black or white. The final probability is now %, implying that
the original ball was one half black and one half white! Carroll was himself aware of the fallacy in
this argument.

5. (a) One cannot compute probabilities without knowing the rules governing the conditional prob-
abilities. If the first door chosen conceals a goat, then the presenter has no choice in the door to be
opened, since exactly one of the remaining doors conceals a goat. If the first door conceals the car, then
a choice is necessary, and this is governed by the protocol of the presenter. Consider two ‘extremal’
protocols for this latter situation.

(i) The presenter opens a door chosen at random from the two available.

(ii) There is some ordering of the doors (left to right, perhaps) and the presenter opens the earlier

door in this ordering which conceals a goat.

Analysis of the two situations yields p = % under (i), and p = % under (ii).
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Independence Solutions [1.4.6]-[1.5.3]

Letx € [% , %], and suppose the presenter possesses a coin which falls with heads upwards with
probability B = 6o — 3. He flips the coin before the show, and adopts strategy (i) if and only if the
coin shows heads. The probability in question is now %,B + %(1 -B=«a.

You never lose by swapping, but whether you gain depends on the presenter’s protocol.

(b) Let D denote the first door chosen, and consider the following protocols:
(iii) If D conceals a goat, open it. Otherwise open one of the other two doors at random. In this
case p = 0.
(iv) If D conceals the car, open it. Otherwise open the unique remaining door which conceals a
goat. In this case p = 1.
As in part (a), a randomized algorithm provides the protocol necessary for the last part.

6. This is immediate by the definition of conditional probability.

7. Let C; be the colour of the ith ball picked, and use the obvious notation.

(a) Since each urn contains the same number n — 1 of balls, the second ball picked is equally likely to
be any of the n(n — 1) available. One half of these balls are magenta, whence P(C, = M) = %

(b) By conditioning on the choice of urn,

n

]P’(Cl,C2=M)=Z(n—r)(n—r—l) 1_2

P(C; = M) 3

PG =M|C1=M) = nn—-O(n-2) /2 3°

r=1

1.5 Solutions. Independence
1. Clearly

P(A°NB) =P(B\{ANB}) =P(B)—P(AN B)
= P(B) — P(A)P(B) = P(A°)P(B).

For the final part, apply the first part to the pair B, A°.

2. Supposei < jandm < n. If j < m, then A;j and Ay are determined by distinct independent
rolls, and are therefore independent. For the case j = m we have that

P(A;jj N Ajp) = P(ith, jth, and nth rolls show same number)
6
= Z %]P’(jth and nth rolls both show r | ith shows r) = 3% = P(A;j)P(Ajp),

r=1

as required. However, if i # j # k,

P(Aij N Ajk N Ai) = % # 5t = P(Aij )P(Aj)P(Ak).-

3. That (a) implies (b) is trivial. Suppose then that (b) holds. Consider the outcomes numbered
i1,12,...,im, and letu; € {H, T} for1 < j < m. Let S; be the set of all sequences of length M =
max{ij : 1 < j < m} showing u; in the i;th position. Clearly |S;| = 2¥~! and IN; S| = 2M-m,

Therefore,
M-1 1 2M —m 1

2
P& =" =7 P(OS’): oM T om
J
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[1.5.4]-[1.7.2] Solutions Events and their probabilities

so that P (ﬂj Sj) = [1; P(S)-

4. Suppose |A| = a, |B| = b, |AN B| = ¢, and A and B are independent. Then P(A N B) =
P(A)P(B), which is to say that ¢/p = (a/p) - (b/p), and hence ab = pc. If ab # 0 then p | ab
(i.e., p divides ab). However, p is prime, and hence either p | a or p | b. Therefore, either A = Q or
B = Q (or both).

5. (a) Flip two coins; let A be the event that the first shows H, let B be the event that the second
shows H, and let C be the event that they show the same. Then A and B are independent, but not
conditionally independent given C.

(b) Roll two dice; let A be the event that the smaller is 3, let B be the event that the larger is 6, and let
C be the event that the smaller score is no more than 3, and the larger is 4 or more. Then A and B are
conditionally independent given C, but not independent.

(c) The definitions are equivalent if P(C) = 1.

6. (T%)7 < %

7. @PANB)=1=1.1=PAP®B),andP(BNC)=3 =13 =P(B)PC).

() P(ANC) =0 #£P(AP(C).

(c) Only in the trivial cases when children are either almost surely boys or almost surely girls.
(d) No.

8. No. P(all alike) = 5.

9. P(Istshowsr and sumis 7) = 5 = & - £ = P(lst shows r)P(sum s 7).

1.7 Solutions. Worked examples

1. Write EF for the event that there is an open road from E to F, and EF® for the complement of
this event; write E < F if there is an open route from E to F, and E <4 F if there is none. Now
{A & C} = ABN BC, so that

P(AB,A 4 C) P(AB,B4C)  (1—pH)p?

PABIAS O =53¢0 ~1-PAo0 —1-(-p27

By a similar calculation (or otherwise) in the second case, one obtains the same answer:

a-pHp’ __a-pp
(1-p22p—(1-p) 1-(1-p?H?

P(AB | A 4 C) = ——

2. Let A be the event of exactly one ace, and KK be the event of exactly two kings. Then P(A |
KK) = P(A N KK)/P(KK). Now, by counting acceptable combinations,

o (/) - 023

so the required probability is

BCHE)/ G ) -z =oe
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Problems Solutions [1.7.3]-[1.8.2]

3. First method: Suppose that the coin is being tossed by a special machine which is not switched
off when the walker is absorbed. If the machine ever produces N heads in succession, then either the
game finishes at this point or it is already over. From Exercise (1.3.2), such a sequence of N heads
must (with probability one) occur sooner or later.

Alternative method: Write down the difference equations for py, the probability the game finishes at
0 having started at &, and for Py, the corresponding probability that the game finishes at N; actually
these two difference equations are the same, but the respective boundary conditions are different.
Solve these equations and add their solutions to obtain the total 1.

4. Itis atricky question. One of the present authors is in agreement, since if P(A | C) > P(B | C)
and P(A | C®) > P(B | C®) then

P(A) = P(A | C)P(C) + P(A | C9)P(C®)
> P(B | C)P(C) + P(B | C%)P(C) = P(B).

The other author is more suspicious of the question, and points out that there is a difficulty arising
from the use of the word ‘you’. In Example (1.7.10), Simpson’s paradox, whilst drug I is preferable
to drug II for both males and females, it is drug II that wins overall.

5. Let L be the label of the kth card. Then, using symmetry,

P(Ly = m) 1 /1
P(L"=m|L">L’f°r15r<k)=11>(Lk>L,for1<r<k)=Z/Z=k/m‘

1.8 Solutions to problems

1. (a) Method I: There are 36 equally likely outcomes, and just 10 of these contain exactly one six.
The answer is therefore %7? = %
Method II: Since the throws have independent outcomes,

P(first is 6, second is not 6) = P(first is 6)P(second is not 6) = § - 2 = 3.
There is an equal probability of the event {first is not 6, second is 6}.
(b) A die shows an odd number with probability %; by independence, P(both odd) = % . % = ‘-11
(c) Write S for the sum, and {i, j} for the event that the first is i and the second j. Then P(S = 4) =
P(1,3) +P(2,2) + P3, 1) = 3.
(d) Similarly

P(S divisible by 3) = P(S = 3) + P(S = 6) + P(S = 9) + P(S = 12)
= {P(1,2) + P2, 1)}

+ {P(1,5) + P2, 4) + P(3, 3) + P4, 2) + P(5, 1)}

+ {P(3, 6) + P4, 5) + P(5,4) + P(6, 3)} + P(6, 6)

1
3

I
&l

2. (a) By independence, P(n — 1 tails, followed by a head) = 27".
(b) If n is odd, P(# heads = # tails) = 0; #A denotes the cardinality of the set A. If n is even, there
are (n'/'z) sequences of outcomes with %n heads and %n tails. Any given sequence of heads and tails

has probability 27"; therefore P(# heads = # tails) = 27" (n'/'z)
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[1.8.3]-[1.8.9] Solutions Events and their probabilities

(c) There are (g) sequences containing 2 heads and n — 2 tails. Each sequence has probability 27",
and therefore P(exactly two heads) = (3)27".
(d) Clearly

P(at least 2 heads) = 1 — P(no heads) — P(exactly one head) =1 — 27" — (’;) 27",

3. (a) Recall De Morgan’s Law (Exercise (1.2.1)): ; 4; = (U; Af)c, which lies in ¥ since it is
the complement of a countable union of complements of sets in F.
(b) # is a o-field because:
(i) @ € Fand @ € §; therefore & € H.
(ii) If Ay, Aj, ... is a sequence of sets belonging to both ¥ and §, then their union lies in both ¥ and
G, which is to say that J is closed under the operation of taking countable unions.

(iii) Likewise A® is in # if A is in both Fand §.
(c) We display an example. Let

Q={a,b,c}, F={{a){b,c}, 2,2}, $={{a b} {c} o Q)

Then # = FU § is given by # = {{a}, {c}, {a, b}, {b, ¢}, @, Q}. Note that {a} € # and {c} € H,
but the union {a, c} is not in J€, which is therefore not a o -field.

4. Ineach case ¥ may be taken to be the set of all subsets of €2, and the probability of any member
of ¥ is the sum of the probabilities of the elements therein.

(a) Q = {H, T}3, the set of all triples of heads (H) and tails (T). With the usual assumption of
independence, the probability of any given triple containing # heads and ¢ = 3 — h tails is ph 1-p),
where p is the probability of heads on each throw.

(b) In the obvious notation, 2 = {U, V}?> = {UU, VV, UV, VU}. Also P(UU) = P(VV) = % - } and
P(UV) =P(VU) = 2 . 2.

(c) Q2 is the set of finite sequences of tails followed by a head, {T"H : n > 0}, together with the infinite
sequence T of tails. Now, P(T"H) = (1 — p)" p, and P(T*°) = limy—00(l — p)* =0if p £ 0.
5. Asusual, P(A A B)=P((AUB)\P(ANB)) =P(AU B) —P(AN B).

6. Clearly, by Exercise (1.4.2),

P(AUBUC) =P((A°NB°NC°°) =1-PA°NB°NC")
=1—P(A® | BN COP(B® | COP(CE).

7. (a) If A isindependent of itself, then P(A) = P(A N A) = P(A)2, so that P(A) = O or 1.

(b) If P(A) = 0 then 0 = P(A N B) = P(A)P(B) for all B. If P(A) = 1 then P(A N B) = P(B), so
that P(A N B) = P(A)P(B).

8. QU@ = Qand QNG = &, and therefore 1 = P(QU @) = P(Q) + P(2&) = 1 + P(&), implying
that P(2@) = 0.

9. () Q@) =P(@|B)=0. Also Q(R2) =P(2 | B) =P(B)/P(B) = 1.

(ii) Let Ay, Ay, ... be disjoint members of #. Then {A; N B : i > 1} are disjoint members of F,
. implying that

> © P(UPA:NB) XP(A;NB)
Q<1 ') (1 ’ ) P(B) T P(B) IQ( )
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Problems Solutions [1.8.10]-[1.8.13]

Finally, since Q is a probability measure,

QANC) PANC|B) PMANBNC)

QIO = QC) = PC|B ~ PBBNO

=P(A|BNCOC).

The order of the conditioning (C before B, or vice versa) is thus irrelevant.
10. As usual,

o0 o0 o0
P(A) = ]P’(U(A n Bj)) =) P(ANBj) =) P(A| B))P(B;).
1 1 1

11. The first inequality is trivially true if » = 1. Let m > 1 and assume that the inequality holds for
n < m. Then

m+1 m m
u»( U Ai) = P(U A,-) +P(Apt1) — P(U(Ai n Am+1))
1 1 1

m+1

< P(U Ai) +P(Ant1) < ) P(A),
1 1

by the hypothesis. The result follows by induction. Secondly, by the first part,
n n c n n
P(ﬂ Ai) = ]P’((U A,?) ) =1- P(UA§> >1-Y P(Af).
1 1 1 1

12. We have that

() -(({)) -1 -e(0)

n

=1-) P(A) + D PATNA) -+ (_1)"1P>(ﬂ Ag) by Exercise (1.3.4)
i i<j 1
n n
=1 —n+zi:P(Ai)+ (2> —;P(Ai UAj) — <3) 4

n
+ (=" (n) - (—1)”P(U Ai) using De Morgan’s laws again
n
1
n
=1-D"+ EP(Ai) - (—1)”IP’(U A,-) by the binomial theorem.
i 1

13. Clearly,

For any such given S, we write Ag = [);cg Ai. Then

P(ﬂ AN Aj) =P(As) — Y _P(Asuiiy) + Y P(Asugjpg) —

ieS j¢S j¢s j<k
jokgS
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[1.8.14]-[1.8.16] Solutions Events and their probabilities

by Exercise (1.3.4). Hence

k
PN = ) P(As)— Y ( : )P(As)+ (- 1)""‘( )P(Am “N An)
ISI=k |S|=k+1

where a typical summation is over all subsets S of {1, 2, ..., n} having the required cardinality.
Let A; be the event that a copy of the ith bust is obtained. Then, by symmetry,

(o () -

where ; is the probability that the j most recent Vice-Chancellors are obtained. Now a3 is given in
Exercise (1.3.4), and a4 and o5 may be calculated similarly.

14. Assuming the conditional probabilities are defined,

B4, | By= FANB) _ BBIANPA) BB | A)P(A))
T TR® T RB0(UTA) | S PGB ARG

15. (a) We have that
PN =2}N{S=4})) PES=4|N=2)P(N=2)

PIN=2|8S=4= =
( ! ) P(S = 4) SUP(S=4|N=0)PN =i)
11
— 12° 3
11 i 1, 3 1,1 1°
2t atie s te 16
(b) Secondly,

PS=4|N=2)+P(S=4|N=4)%

P(S=4| N even) =

P(N even)
1 1 1
_hatgt 423841
ZII+L6+ . 4433
(c) Writing D for the number shown by the first die,
P(N=2,S=4,D=1) IR
PN=2]|§=4D=1)= P(S=4,D=1) =TT 1.1.1. 2.1 1.1
=nE= 66 3te 36 8t 16

(d) Writing M for the maximum number shown, if 1 <r <6,

[e.¢] o0 .
- i =S (IY LN
PM =r) J;P(Mfr'N 2 ;(6) 2 12(1 12) 2-r
Finally, P((M =r) =P(M <r) —P(M <r —1).

16. (a) w € Bif and only if, foralln, w € Uf-’in A;, which is to say that w belongs to infinitely many
of the Aj.

(b) w € C if and only if, for some n, w € ﬂf’in A;, which is to say that w belongs to all but a finite
number of the A,.
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Problems Solutions [1.8.17]-[1.8.20]

(c) It suffices to note that B is a countable intersection of countable unions of events, and is therefore
an event.

(d) We have that
o0 o0
Cp = ﬂAigAng UAi=Bn»
l=n I=n
and therefore P(C,) < P(A,) < P(By). By the continuity of probability measures (1.3.5), if C, — C
then P(C,) — P(C), and if B, — B then P(B,) — P(B). If B = C = A then

P(A) =P(C) = lim P(An) < P(C) = P(4).

17. If B, and C, are independent for all » then, using the fact that C, C By,
P(Bp)P(Cp) =P(B, N Cy) =P(Cy) — P(C) asn — 0o,

and also P(B,)P(C,) — P(B)P(C) as n — o0, so that P(C) = P(B)P(C), whence either P(C) = 0
or P(B) = 1 or both. In any case P(B N C) = P(B)P(C).
If Ay - Athen A = B = C so that P(A) equals O or 1.

18. Itisstandard (Lemma (1.3.5)) that P is continuous if it is countably additive. Suppose then thatPis
finitely additive and continuous. Let Ay, Az, ... be disjoint events. Then |J{° A; = limu— o0 U] Ai,
so that, by continuity and finite-additivity,

o0 n n o0
]P’(LIJA,-) =ngrréoP(Llei) =nl_i>néoz1:]P’(A,~) = ;P(Ai).

19. The network of friendship is best represented as a square with diagonals, with the corners labelled

A, B, C, and D. Draw a diagram. Each link of the network is absent with probability p. We write EF

for the event that a typical link EF is present, and EF° for its complement. We write A <> D for the

event that A is connected to D by present links.

() P(A & D | AD®) =P(A & D | AD°NBC®p +P(A <+ D | AD°NBC)(1 — p)
={1-a-1-p»*}p+1-p»U-p).

© P(A < D | BC° =P(A & D | AD°NBC%p +P(A < D | BC°NAD)(1 — p)
={1-a-a-p»}p+a-p.

(b) P(A < D | AB®) =P(A <D | AB°NAD®)p +P(A < D | AB° N AD)(1 — p)
=(1-p{1-pd—1-p*}p+U1-p).

(a) P(A & D) =P(A < D | AD%p +P(A < D | AD)(1 — p)
={1--1-p>»*}p*+ 1 -p»*p —p)+ (1 - p).

20. We condition on the result of the first toss. If this is a head, then we require an odd number of
heads in the next n — 1 tosses. Similarly, if the first toss is a tail, we require an even number of heads
in the next n — 1 tosses. Hence

pn=p(1 —pp—1)+(A = p)pp—1 =010 -2p)pp_1+p

with pp = 1. As an alternative to induction, we may seek a solution of the form p, = A + BA".
Substitute this into the above equation to obtain

A+BA"=(1—2p)A+(1—2p)BA" L 4+ p
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[1.8.21]-[1.8.23] Solutions Events and their probabilities

and A+B=1 Hence A=4%,B=4,1=1-2p.

21. Let A = {run of r heads precedes run of s tails}, B = {first toss is a head}, and C = {first s tosses
are tails}. Then

P(A| B =P(A | B°NC)P(C | B®) +P(A | B°NCYYP(C® | B) =0+ P(A | B)(1 —qs_l),

where p = 1 — g is the probability of heads on any single toss. Similarly P(A | B) = p"~! + P(A |
B9 (1 —p’_l). We solve for P(A | B) and P(A | B€), and use the fact that P(A) = P(A | B)p+P(A |
B©)q, to obtain

P —¢q%)
pr—l + qs—l _ pr—lqs—l :

P(A) =

22. (a) Since every cherry has the same chance to be this cherry, notwithstanding the fact that five
are now in the pig, the probability that the cherry in question contains a stone is 2% = ‘—1‘

(b) Think about it the other way round. First a random stone is removed, and then the pig chooses
his fruit. This does not change the relevant probabilities. Let C be the event that the removed cherry
contains a stone, and let P be the event that the pig gets at least one stone. Then P(P | C) is the
probability that out of 19 cherries, 15 of which are stoned, the pig gets a stone. Therefore

P(P | C) = 1 — P(pig chooses only stoned cherries | C) =1 — }% . }—g . }—% . %% . %

23. Label the seats 1, 2, ..., 2n clockwise. For the sake of definiteness, we dictate that seat 1 be
occupied by a woman; this determines the sex of the occupant of every other seat. For 1 < k < 2n,
let Ay be the event that seats k, k + 1 are occupied by one of the couples (we identify seat 2n 4- 1 with
seat 1). The required probability is

2n 2n
P(ﬂAf) =1 —IP’(UA,-) =1-) PA)+) PANA)—---.
1 1 i

i<j

Now, P(A4;) =n(n — 1)!2/n!2, since there are n couples who may occupy seats i and i + 1, (n — 1)!
ways of distributing the remaining n» — 1 women, and (n — 1)! ways of distributing the remaining n — 1
men. Similarly, if 1 <i < j < 2n, then

=22
]P’(A,'ﬁAj):{n(n_l)T ifli —jl#1
0 ifli—jl=1,

subject to P(A] N Aj,) = 0. In general,

nl =% -k
m—-k! a2 =

P(A; NAj N---NA) =

ifij <ip <--- <ipandijy) —i; > 2for 1 < j <k, and 2n + iy — iy > 2; otherwise this

probability is 0. Hence
2n n (n —k)!
((14) = 0t s
1 k=0 ’

where Si ,, is the number of ways of choosing k non-overlapping pairs of adjacent seats.

Finally, we calculate Si ,. Consider first the number Ny ,, of ways of picking k non-overlapping
pairs of adjacent seats from a line (rather than a circle) of m seats labelled 1, 2, ..., m. There is a one—
one correspondence between the set of such arrangements and the set of (m — k)—vectors containing
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Problems Solutions [1.8.24]-[1.8.27]

k 1’s and (m — 2k) 0’s. To see this, take such an arrangement of seats, and count O for an unchosen
seat and 1 for a chosen pair of seats; the result is such a vector. Conversely take such a vector, read its
elements in order, and construct the arrangement of seats in which each 0 corresponds to an unchosen

seat and each 1 corresponds to a chosen pair. It follows that N ,, = (m,:k).

Turning to S, ., either the pair 2n, 1 is chosen or it is not. If it is chosen, we require another
k — 1 pairs out of a line of 2n — 2 seats. If it is not chosen, we require £ pairs out of a line of 2n seats.
Therefore

2n—k—1 2n —k 2n—k\ 2n
Sk,n=Nk—1,2n—2+Nk,2n=( k—1 >+< X >=( X )m

24, Think about the experiment as laying down the b + r balls from left to right in a random order.
The number of possible orderings equals the number of ways of placing the blue balls, namely (b '};r).
The number of ways of placing the balls so that the first £ are blue, and the next red, is the number of
ways of placing the red balls so that the first is in position £ + 1 and the remainder are amongst the

r + b —k — 1 places to the right, namely (" 'Hr’:Il‘_l). The required result follows.

The probability that the last ball is red is /(r + b), the same as the chance of being red for the
ball in any other given position in the ordering.

25. We argue by induction on the total number of balls in the urn. Let p,. be the probability that the
last ball is azure, and suppose that pge = % whenever a, ¢ > 1,a + ¢ < k. Let o and o be such that
a,0 > 1,4+ 0 =k + 1. Let A; be the event that i azure balls are drawn before the first carmine
ball, and let C; be the event that j carmine balls are drawn before the first azure ball. We have, by
taking conditional probabilities and using the induction hypothesis, that

o o
Pac = PaicP(A) + D Pa,o—jP(C))
i=1 j=l1
a—1 o—1
= po,oP(Aa) + Pa,0P(Co) + 3 D P(A) + 3 Y P(C)).
i=1 j=1

Now pg s = 0and py o = 1. Also, by an easy calculation,

o a—1 1 alo!

P(A,) = . =
(Aa) a+o0 a+o-—1 o+1 (@ + 0)!

=P(Cq).

It follows from the above two equations that

Pac = %(ZIP’(A,') + ZIP(C]-)) + %(]p(ca) —P(Ag)) = %

i=1 j=1

26. (a) If she says the ace of hearts is present, then this imparts no information about the other card,
which is equally likely to be any of the three other possibilities.

(b) In the given protocol, interchange hearts and diamonds.

27. Writing A if A tells the truth, and A° otherwise, etc., the only outcomes consistent with D telling
the truth are ABCD, AB°C°D, A°BC®D, and A°B°CD, with a total probability of %—? Likewise, the
only outcomes consistent with D lying are A°BC°D¢, A°BCD®, ABCD¢, and ABC®D®, with a total
probability of 2?. Writing S for the given statement, we have that

PMDNS) s 13
P(DNS)+PDNS) B+ 28 41

PD|S) =
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[1.8.28]-[1.8.33] Solutions Events and their probabilities

Eddington himself thought the answer to be %; hence the ‘controversy’. He argued that a truthful
denial leaves things unresolved, so that if, for example, B truthfully denies that C contradicts D, then
we cannot deduce that C supports D. He deduced that the only sequences which are inconsistent with
the given statement are AB°CD and AB°C°D, and therefore

25
_ &2
PDI8) =326 = 71"
81 T8I
‘Which side are you on?
28. Let B, be the event that the rth vertex of arandomly selected cube is blue, and note that P(B,) =

Tlﬁ. By Boole’s inequality,

8 8

P(U Br) <) PBI=15<1,
r=1 r=1

so at least 20 per cent of such cubes have only red vertices.

29. (a)P(B| A) =P(AN B)/P(A) =P(A | B)P(B)/P(A) > P(B).

(b) P(A | B) = P(A N B%)/P(B®) = {P(A) — P(AN B)}/P(B®) < P(A).

(c) No. Consider the case ANC = @.

30. The number of possible combinations of birthdays of m people is 365™; the number of combina-
tions of different birthdays is 365!/(365 — m)!. Use your calculator for the final part.

o) /6)
oo /()

o()6=0/0)

32. In the obvious notation, P(wS, xH, yD, zC) = (1”3) (1x3) (1y3) ( 113) / (f%) . Now use your calcula-
tor. Turning to the ‘shape vector’ (w, x,y,z) withw >x >y > z,

4P(wS,xH, yD,zC) ifw#x=y=z,

12P(wS, xH, yD, zC) ifw=x#y#z,

on counting the disjoint ways of obtaining the shapes in question.

P(w,x,y,2) = {

T ROE0 QOO COeE
o0 00 OORE
SOEE 0

N

N
N
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Problems Solutions [1.8.34]-[1.8.36]

34. Divide each of the following by 6.

6!5! 6!5! 6!5!

312n2’ 312n3’ 21(3n?’

6. 6!5!, 6!5!,
4131217 (412

6!5!

(5H?%

35. Let S, denote the event that you receive r similar answers, and T the event that they are correct.
Denote the event that your interlocutor is a tourist by V. Then T N V¢ = @, and

PTNVNS) PTNS | VIP(V)

PTISD =36y =~ PG

Hence:
@ P(T|S)=3x%/1=1.
O PT|S)=323/{3*+D*i+3] =1
©PTIS)=0C3’ 2/{3P+B*}3+i =2
7

@ PT Sy =D* 3/{D*+ G +3] =
(e) If the last answer differs, then the speaker is surely a tounst, so the required probability is

3.
G3x i+

1
4
+ (

Al
Il
She

D3

36. LetE (respectively W) denote the event that the answer East (respectively West) is given.
(a) Using conditional probability,

P(E | East t €-%2.3
P(East correct | E) = PE| Pz:;)correc) = 3 z{ =e,
ze + (g +3)(1+e€)
21,1
e(3.7 +
P(East correct | W) = ; 5’5 Ed 5 ;5) =
€(zt+3)+5.7(1—9
(b) Likewise, one obtains for the answer EE,
€ 3(3)? _.
e-232+a-oGdh2+)) 7
and for the answer WW,
2/1 1
c3@*+3) _
e 3+1-03
(c) Similarly for EEE,
9¢
«HPD*UD@’+1-0(GE3+ 1)} = 75
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[1.8.37]-[1.8.39] Solutions Events and their probabilities

and for WWW,
dGH1+13} 11e

A3+ +a-023)3  9+2¢

Then for e = 2%, the first is 2%12; the second is %, as you would expect if you look at Problem (1.8.35).

37. Use induction. The inductive step employs Boole’s inequality and the fact that

n+1 n n
]P’(U A,) =P(Ap41) +]P’(U A,) —-]P’(U(A, nA,H_l)).
r=1 r=1

r=1

38. We propose to prove by induction that

]P’(U A,) < i]P(A,) - Y PANAY.
r=1 r=1

2<r=<n

There is nothing special about the choice of A in this inequality, which will therefore hold with any
suffix k playing the role of the suffix 1. Kounias’s inequality is then implied.

The above inequality holds trivially when n = 1. Assume that it holds for some value of n (> 1).
We have that

n+1 n n
P(U A,) =]P’(U A,) +P(Ant1) —P(Anﬂ nlY A,)
r=1

r=1 r=1

n n
<Y P(A) = Y P(ANAD +P(Agp1) — P(An+1 nU Ar)
r=1 2<r<n r=1
n+1
<) PA)- Y PANAY
r=1 2<r<n+l1

since P(Ap1 N A1) <P(Apy1 NUPZ; Ar).

39. We take n > 2. We may assume without loss of generality that the seats are labelled 1,2, ..., n,
and that the passengers are labelled by their seat assignments. Write F for the event that the last
passenger finds his assigned seat to be free. Let K (> 2) be the seat taken by passenger 1, so that
P(F) = (n—1)"1 3°7_, o where g = P(F | K = k). Note thata, = 0. Passengers2,3, ..., K—1
occupy their correct seats. Passenger K either occupies seat 1, in which case all subsequent passengers
take their correct seats, or he occupies some seat L satisfying L > K. In the latter case, passengers
K+1,K+2,...,L — 1 are correctly seated. We obtain thus that

ag (1 + g1 +Fapq2 + - +an), 2<k<n.

=n—k+l

Therefore o = % for 2 < k < n, by induction, and so P(F) = %(n —-2)/(n—1).
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2

Random variables and their distributions

2.1 Solutions. Random variables

1. ()Ifa >0,x € R, then {w : aX(w) < x} = {w : X(w) < x/a} € Fsince X is a random
variable. If a < 0,

x  1))¢
{w.aX(a))5x}={a):X(a))zx/a}={U {w.X(w)s;—;}}

n>1
which lies in F since it is the complement of a countable union of members of ¥. If a = 0,

g ifx <0,

{w:aX(w)fx}:{ Q ifx>0;

in either case, the event lies in F.
(ii) For w € Q, X(w) — X(w) = 0, so that X — X is the zero random variable (that this is a random
variable follows from part (i) with a = 0). Similarly X () + X (w) = 2X (w).

2. SetY = aX + b. We have that

P(X < (y —b)/a) = F((y - b)/a) ifa >0,

P =
Y <y { P(X > (y—b)/a) =1— limyq(y—py/q F(x) ifa <O.

Finally, ifa = 0, then ¥ = b, so that P(Y < y) equals 0if b > yand 1 if b < y.
3. Assume that any specified sequence of heads and tails with length n has probability 27". There
are exactly (;) such sequences with & heads.

If heads occurs with probability p then, assuming the independence of outcomes, the probability of
any givensequence of k heads and n—k tails is p* (1— p)*¥. The answeris therefore (}) p*(1—p)"**.

4. Write H =AF + (1 — 1)G. Then limy_, oo H(x) = 0, limy_,00 H(x) = 1, and clearly H is
non-decreasing and right-continuous. Therefore H is a distribution function.

5. The function g(F (x)) is a distribution function whenever g is continuous and non-decreasing on
[0, 1], with g(0) = 0, g(1) = 1. This is easy to check in each special case.
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[2.2.1]-[2.4.1] Solutions Random variables and their distributions

2.2 Solutions. The law of averages

1. Let p be the potentially embarrassed fraction of the population, and suppose that each sampled
individual would truthfully answer “yes” with probability p independently of all other individuals.
In the modified procedure, the chance that someone says yes is p + %(l -p)= %(1 + p). If the
proportion of yes’s is now ¢, then 2¢ — 1 is a decent estimate of p.

The advantage of the given procedure is that it allows individuals to answer “yes” without their
being identified with certainty as having the embarrassing property.

2. Clearly H, + T, = n, so that (H, — T,)/n = (2H, /n) — 1. Therefore
1 1 €

as n — 00, by the law of large numbers (2.2.1).

3. LetI,(x)betheindicator function of the event {X, < x}. By thelaw of averages, n~1 E?:l I (x)
converges in the sense of (2.2.1) and (2.2.6) to P(X,, < x) = F(x).

2.3 Solutions. Discrete and continuous variables

1. With é§ = sup,, |am — a,,—1|, we have that
[F(x) = G(x)| < |F(am) — F(am—1)| < |F(x +8) — F(x —9)|
for x € [a,,—1, am). Hence G (x) approaches F(x) for any x at which F is continuous.

2. Forylyingintherangeof g, {¥ <y}={X <g~l(»)}e &

3. Certainly Y is a random variable, using the result of the previous exercise (2). Also
P(Y <y)=P(F'(X) <y) =P(X < F()) = F(y)

as required. If F is discontinuous then F ~1(x) is not defined for all x, so that Y is not well defined.
If F is non-decreasing and continuous, but not strictly increasing, then F~1(x) is not always defined
uniquely. Such difficulties may be circumvented by defining F~1(x) = inf{y : F(y) > x}.

4. Thefunction A f+(1—A)g is non-negative and integrable over R to 1. Finally, fg is not necessarily
a density, though it may be: e.g.,if f=g=1,0<x < 1then f(x)gx)=1,0<x<1.

5. (a)Ifd > 1, then f1°° cx~4dx = ¢/(d —1). Therefore f is a density function if c = d — 1, and
Fx)=1- x~@=1) when this holds. If d < 1, then f has infinite integral and cannot therefore be a
density function. .

(b) By differentiating F(x) = * /(1 + ¢*), we see that F is the distribution function, and ¢ = 1.

2.4 Solutions. Worked examples
1. @Ify=>0,
P(X? <) =P(X = J3) —P(X < —3) = F(/3) - F(—/9)
(b) We must assume that X > 0. If y > 0,
P(WX <y)=P0O < X <y?) =FQy?).
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Random vectors Solutions [2.4.2]-[2.5.6]

©f-1<y=<l,
o0
PGinX < y) = Z P(@2n + D7 — sin”ly < X < (@n+2)7w +sin~! y)
n=—00
oo
> {F((zn +2)m +sin™" y) = F(@n + D —sin~! y) }.
n=—00

@PG LX) <y) =P(X < GO¥)) = FGH)).

@If0<y <1 thenP(FX) <y)=PX < F“l(y)) = F(F‘l(y)) = y. There is a small
difficulty if F is not strictly increasing, but this is overcome by defining F~1(y) = sup{x : F(x) = y}.
OPGHFX) <y) =PFX) <GO)) =G®).

2. Itis the case that, for x € R, Fy(x) and Fz(x) approach F(x) asa — —o0, b — oo.

2.5 Solutions. Random vectors

1. Write fry = P(X =x, W = w). Then foo = fo1 = §, fio = 5, and fxw = O for other pairs
X, w.

2. (a) We have that

p if (x,y) =(1,0),
fxy(x,y) = { 1<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>