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CEreface 

In this book, I tried to cover those topics on Elementary Number Theory, which are the 
essential ingredients for a beginner. Most of these topics are included in the syllabus of 
Mathematics (major) course for undergraduate students as well as some parts in post 
graduate level in the universities of Northeast as well as other Indian universities. I hope 
the book will find a wide appeal. 

Due to the undeniable historical importance of the subject, the Theory of Numbers 
has always occupied a unitlue position in the world of Mathematics. Because of the basic 
nature of its problems, number theory has a fascinating appeal for the leading 
mathematicians as well as for thousands of amateurs. There is no denying of the fact that 
the elementary theory of numbers should be considered as one of the best subjects for 
early Mathematical instructions. It requires no long preliminary training; the content is 
well defined and familiar and above all, other than any other part of mathematics - the 
methods of inquiry adhere very much to the scientific approach. 

This book is the outcome or to be more precise, the ramification of lecture notes on 
Number Theory that I once attended in Panjab University, Chandigarh and also the ones 
I taught to the students of Gauhati University at postgraduate level. 

The book is divided into eight chapters. The first chapter dealt with the construction 
of natural numbers and integers on the basis of Pea no's axioms, the fundamental building 
blocks of the Theory of Numbers, keeping in note that in most cases, the importance of 
fundamental hypotheses (axioms) has always been overlooked, the real taste of elementary 
number theory being lost. As such in this chapter I tried to bring into the forefront the 
passage (or the path) of formation of integers from natural numbers (similarly, though 
not included, the rational numbers from the integers), to be more precise how Peano's 
axioms help one to give almost all the properties of Natural numbers or how axiom of 
induction et allead one to the principle of Mathematical induction and the like leading 
to the equivalence of well ord~:\ng property of positive integers. 

N ext principal discussion in this' chapter is on the theory of divisibility introducing 
different relevant ideas such as greatest common divisor, least common multiple, different 
scales of nUr:1eration, and nonetheless on the most important topic, the Prime Numbers. 

The next chapter -Congruences and its Basic Properties includes elementary properties 
of congruences, residue systems, Fermat's Little theorem, applications of congruences, 
some Tests of Divisibility by primes (including latest Ramanaiah technique) and the 
Solutions of Congruences leading to Chinese Remainder Theorem. 

In the third chapter, I delved into another part of Algebraic Congruences giving the 
technique of Reduction of Congruence into parts together with other two major components 
-the Primitive Roots and the Theory of Indices. The most important and interesting topic 
of elementary number theory viz., different Arithmetic Functions such as Euler's function, 
Divisor Function, Sum, Product, Mobius Function and their properties together with 
Mobius Inversion Formula find their places in the fourth chapter. 

The fifth chapter encompasses Farey sequences, Continued Fractions and Pell's 
Equations, which provide much insight into many Mathematical problems, in the nature 
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( viii) 

of numbers. Though C.D.Olds remarks that continued fractions might have been discovered 
accidentally, yet, we should not cease to think the attitude reflected in its creative and 
artistic behaviour. The link of Irrational numbers with Rational numbers has been dealt 
with an inclination mainly towards the application ofFarey sequences. Quadratic irrationals 
have also found their proper place in the discussion of the applications of continued 
fractions. Together Pell's Equations and Fibonacci numbers have been included and thus 
the importance of continued fractions etc have been properly justified. 

The sixth chapter comprises of Quadratic Residues, Legendre's and Jacobi's Symbols 
together with the Quadratic Reciprocity Law - which can be marked as one of the 
precious jewels in the crown of 'The Queen of Mathematics' ~ The Theory of Numbers 
(As D.M.Burton has remarked). 

Homogeneous Quadratic Diophantine equations, different problems on sum of Squares 
together with two important discussions viz., on Fermat's Last Theorem and Waring's 
problem have been included in the seventh chapter. 

The last chapter is just only a collection of solved problems of elementary number 
theory related to different Mathematical Olympiads. Here I would like to express my 
deep sense of gratitude towards the authors of the books, from which the problems have 
been included. 

There are examples and exercises at the end of each chapter to authenticate the 
theory and for drill in calculations. Answers to some of these are provided at the end for 
verification. 

I extend my thanks to Mr. D Bhattacharya of Asian Books Private Ltd., for having 
taken keen interest in the preparation of the manuscript and almost compelling me to 
bring it up within a short time. 

During the preparation of the book I have benefited up to a great extent from the 
works of several authors including K.H.Rogen, J.Hunter, H.Gupta, C.D.Olds, Gundala 
Ramanaiah, different issues of College Journals of Mathematical Association of America, 
etc. A special debt of thanks goes to his student and now his colleague Dr. H.K.Saikia, 
whose generous help at every stage for its development was indispensable. Last but not 
least, I must not fail to mention the names of my two children Kunal and Maitrayee for 
their ever-ready involvement from typing to comparing the manuscript. I would 
acknowledge any suggestion for further improvement of this book and would readily 
accept the responsibility for any error or shortcomings that remains within. 

Author 
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NUMBER SYSTEM 

1.1 FROM NATURAL NUMBERS TO INTEGERS 

1.1.1 Introduction: Structure of Number System 
We start with a few undefined terms and a few axioms or postulates and deduce from 
these all the properties of the number system as a logical consequence. This is the method 
saIne as that of deductive construction successfully employed by the ancient Greeks in 
creating a theory of knowledge about geometry. It was left to G.Peano (1899), an Italian 
mathematician and logician. He propounded that all the properties of number system 
follow from only a few assumptions (peano's axioms) regarding natural numbers. 

Peano's axioms, which involve the association with a given object x, a unique object 
called the Successor of x, are stated as follows: 

Peano's Axioms 

Suppose ~ is a nonempty set such that 

l. 1 E ~ 

2. If n E ~ then n' (= n + 1) E ~ (n' is called successor ofn) 

3. There is no element in ~ whose successor is 1. 

4. If n' = In' then n = m for n, m E ~ 

5. If K is a set with elements from ~ such that 

(i) 1 E K 

(ii) k E K, gives k' E K (k' = k' + 1) 

Then K = ~ 

Definition: This set ~ called the set of natural numbers 

Remark: (4) ensures that no two natural numbers are same. 

(3) ensures that 1 is the least number of ~ 

(5) is known as the axiom of induction. 

Symbolically, if A £;: ~ such that 1 E A and n' E A whenever n E A, then A = ~. 
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Definition: Peano's axioms lead us to define '+' (Addition) in f\:I as follows: 

For n E f\:I, we define 

(i) n' = n + I 

(ii) m + n' = (m + n)' for all m, n E f\:I 

Similarly one may define another operation '.' (Multiplication) in f\:I as follows: 

For n E f\:I 

(i)n.l=n 

(ii) m. n' = mn + m for all m, n E f\:I 

These two are sufficient to deduce the associative, commutative and cancellation laws 
for addition, multiplication and also the distributive law viz. (m + n) + p = m + (n + p), 
m + n = n + m, m . n = n . 111, (m + n) . p = m . p + m . p. 

Note: Reader may note that for the cancellation laws of addition and multiplication, 
negative or reciprocal of a number is nowhere necessary. Peano's axioms are sufficient 
for these. 

n(n + 1) 
Example 1. Prove that: 1 + 2 + ... + n = 2 (using axiom of induction) 

Solution: Let P = {n 11 + 2 + 3 + ... + n = n(n
2
+ I)} 

Now 
1.(1 + I~ 
___ 0 so 1 E P 

2 ' 

Assume k E P. 

k .(k + I) 
1+2+ ... +k= 2 

Now I + 2 + ... + (k + I) = (1 + 2 + '" + k) + (k + 1) 

k + 1 E P 

k .(k + I) 
= 2 +(k+l) 

= (k + 1) (~+ 1) 
(k + I)(k + 2) 

2 

So, by axiom of induction, P = N 

n (n + 1) 
:. for all n E f\:I, 1 + 2 + ... + n = 2 . 

Definition: For m, n E f\:I we say m is greater than n, written m > n (or n < m) if for 
some p E f\:I, we have m = n + p. 
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1.1.2 Properties of addition, multiplication and order in the set of natural 
numbers 

If m, n, p are any natural numbers then, 

I. m + n, m . n are natural numbers (Closure property) 

2. 111 + (n + p) = (m + /1) + p } 
( ) 

_ () Associative property) 
111. n.p - m.n.p 

3. 

4. 

5. 

6. 

_ (Commutative property) m+n=n+m} 
1Il.n-n.m 

If m + p = n + p, then /1l = n (Law of cancellation for addition in an equation) 

(m + n) . p = m . p + m . p (Distributive law) 

(i) if m + p < n + p then /1l < n 
(ii) if lIlp < np then m < n 

[m, n, p E ~] 

} 
Low of cancellation for addition and 
multiplication in an inequation 

Example 2. If m, n, p E ~ then prove that m + (n + p) = (m + n) -r p 

Proof: First fix m, 11 

Consider the set P = {p E ~, I m + (n + p) = (m + n) + p} 
Here, m + (/1 + 1) = m + n' = (m + n)' = (m + n) + 1 

.. 1 E P 

Now for k E P, we have m + (n + k) = (m + n) + k 

and m + (n + k~ = m + (/1 + k)' = m + «n + k) + 1) = (m + n + k)' 

= «m + n) + k~ = (m + n) + k' 

So, k' E P. 

Thus by axiom of induction, P = ~ 
. . m + (n + p) = (m + n) + p, for all m, n, p E ~. 

Example 3. If m, n, p E ~ then m. (n + p) = m. n + m.p 

Solution: Consider the set P = {p E ~ 1m. (n + p) = m. n + m .p} 

Now, m . (n + 1) = m . n' = 111 • n + m = m . n + m . 1 

1 EP 

Let k E P. 
So, m . (n + k) = m . n + m . k 

Now m. [n + kj = III . (n + k)' = m (n + k) + m = (mn + mk) + m 

= mn + (mk + m) = m. n + mk' 

So, by axiom of induction k' E ~ 

.. P =~. 

1.1.3 Law of Trichotomy of Natural Numbers 
Given any two natural numbers m and n, one and only one of the following is true. 

(i) m = n, 
(ii) n> m 
(iii) m > n 

Note: Law of Trichotomy can be proved, using the Peano's axioms 
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1.1.4 Law of Cancellation 

If m, n, p E ~, such that 111 • P = n . p then m = n 

Proof: It is sufficient if we show that neither m > n nor n > m is true. 

Suppose 

Then 

Similarly, 

Hence 

111 > n. 

m = n + k for some k E ~ 

m . p = (n + k) . p = n . p + k . p 

m . p > n . p and this is not possible. 

m > n. 

n>m 

m = n. 

1.1.5 Open Statement: Solution and Inverse Operation 
Although the system of natural numbers developed affords a good model of a deductive 
structure it is incomplete in some respect. It cannot answer all the questions even with 
respect to the binary operation defined on it. This is because with respect to every 
operation we always think of an inverse or an opposite operation. If an operation is to 
be thought of as a command to do some action, the inverse operation is in the nature 
of asking a question to do the opposite effect. Thus in mathematics if we write 9 + 3 it 
means add 3 to 9 (to get 12). But the symbol 9 - 3 means, 'What is that number which 
when added to 3 gives 97' 

In the long course of its development mathematicians have developed a highly 
symbolic language, which uses only statements, which are either true or false but not 
both. Mathematical language does not need to use other forms of sentences. Questions 
have no place in the body of proof. Mathematicians have circumvented this difficulty by 
alIowing sentences which have the form of statements but which are open with respect 
to their truth or falsity. They use variables as a device. Thus the equation 9 - 3 is 
converted into an open statement 9 = 3 + x. The number, which makes this open statement 
true, is called our solution of the open statement. In the given case our solution is 6. We 
also say that '6' has been obtained by subtracting 3 from 9. We observe that if we wish 
to restrict ourselves to the set of natural numbers then an open sentence 4 = 13 + x has 
no solution. In other words subtraction, the inverse operation of addition, cannot always 
be carried out in the set of naturals. 

What can we say about multiplication? Consider the question 3 . x = 15. 

Obviously its solution is x = 5. 

But an open statement such as 9 . x = 4 has no solution in the set of natural numbers. 
Inverse operation of that of multiplication is called division. We observe that in this sense 
division cannot always be carried out in the set of naturals. 

We therefore need a set of numbers in which these inverse operations can always 
be carried out. We know that the set of integers fulfils this need with respect to 
subtraction. In this sense the set of integers is an extended set of the set of naturals. For 
this purpose we have, at this stage only some limited information about naturals viz., the 
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natural numbers, order relation in natural numbers, the properties of the two binary 
operations defined on natural numbers and use logical reasoning as the only means to 
achieve this end. 

1.1.6 Relations 

Sometimes ordered pairs of A x B (A, B are two sets) may be further classified according 
to a specified rule or according to a relation between elements a of A and elements b of 
B; only those elements (ordered pairs) being chosen for which it is true that the said 
relation between a and b is satisfied. 

For instance A '* B, each a set of positive integers. Let the relation between elements 
a and b be specified by the rule a2 = b. The some of the elements of the ordered pairs 
that must be chosen are (I, I), (2, 4), (3, 9) ................... An ordered pair of the type (4, 2) 
cannot be chosen 

Definition: A relation between any two elements is called a binary relation. A 'relation' 
may be denoted by a letter such as R. Then aRb stands for the statement 
"a is R - related to b." Any subset of A x B is called a relation from A to B. Thus we 
say that every known relation gives rise to a specific subset and every subset can be 
supposed to be formed in accordance to some relation though not specifically known. We 
then identify every subset of A x B with a specific relation. The two statements x R yam. 
(x, y) E R are then equivalent. 

Some class of relations plays a very important role in mathematics. 

Amongst these is a class of equivalence relations. 

In order that a relation R may be an equivalence relation in a given set A it has to 
fulfill the following conditions: 

(a) For every x E A, x R x holds (reflexive) 

(b) For x, YEA if x R y holds then y R x holds (symmetric). 

(c) For x, y, Z E A if x R y, Y R z hold then x R z holds. (Transitive) 

Why are equivalence relations so very important? Because of the three properties of 
the equivalence relation all the elements, which are related to each other, form a class, and 
elements, which are not related to each other, belong to distinct classes. Thus every 
equivalence relation helps further classification of a set on which it is defined. Collection 
g,f these disjoint classes is known as a partition of the set. 

If R is an equivalence relation defined on a set A then R partitions the set A. 

1.1.7 We now see that integers are equivalence classes defined in ~ x ~ 

Consider ih€ set ~ x ~ and define a relation in ~ x ~ such that (m, n) R (p, q) if and 
only if m + q =- -lJ + p. 

And it can be seen that R is an equivalence relation in ~ x ~ and hence R partitions. 

~ x ~ into mutually disjoint classes called an integer viz., [(m, n)] 



6 NUMBER THEORY 

The following are some such equivalence classes representing the integers 

(1,5), (1, 4), (1, 3), (I, 3), (1, I), (2,1), (3,1), (4,1), (5, 1) ~ 

(2,6), (2,5), (2, 4), (2, 3), (2, 2), (3, 2), (4, 2), (5, 2), (6, 2) 

(3,7), (3, 6), (3, 5), (3, 4), (3, 3), (4, 3), (5, 3), (6, 3), (7, 3) 

..!. 

1.1.8 Order in the Set of Integers 

If (p, q) E [em, n)] and n < m then q < p for, 

.: (p, q) R (m, n) we have p + n = q + m, 

.: n < m, n + t = m, for some t E f\:I. So p + n = q + (n + t) and, p = q + t . 

.. q <p 

1.1.9 

The set f\:I x f\:I can be arranged into square arrays of rows and columns such as, 

(I, I~ (2, I~ (3, I~ (4, I~ (5, I) 

(1, 2~ (2, 2~(3, 2~( 4, 2~(5, 2) 

(1,3~(2,3~(3,3~(4,3~(5,3) 

(1,4) (2,4) (3,4) (4,4~(5,4) 

The diagonal of this array is a set of ordered pairs whose components are equal. 

Every ordered pair to the right of this diagonal has the property that its first 
component is greater than the second. Every ordered pair to the left of the diagonal has 
the property that its first component is less than the second. 

If the equivalence classes [em, n)] is such that m < n then we say [em, n)] is a positive 
integer and if n < m then the corresponding class denotes a negative integer. 

The class (m, m + p) for some p E f\:I, is the integer p and the class (m + q, m) for 
some q E f\:I is the integer - q. 

To denote the diagonal integer we use the symbol O. 

We denote this set of integers by Z. 

1.1.10 In the set Z of integers we define addition and multiplication as follows: 

For any two integers a = [(m, n)] and b = [(P, q)], 

a + b = [(m + p, n + q)], and 

a. b = [(mp + nq, mq + np)] 

and that these are well defined can be seen easily. With these definitions it is easy to 
establish the Ring properties viz., 

Closure property: a + b, a . b are integers 

Associative property: a + (b + c) = (a + b) + c 

a . (b . c) = (a. b) . c 
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Property of zero: a + 0 = 0 + a = a (0 is called the additive identity for the set of integers 
and it is unique) 

Distributive property: a. (b + c) = a. b + a . c, 

(b + c) . a = b . c + b . a 

Additive inverse: For every integer a there is an integer b such that a + b = b + a = 0 
{for the integer a = [em, /1)] the integer -a = [en, m)] has this property] 

For the sake of completeness we just state the following properties of integers; 

(a) If a, b E Z thtm the 'equation a + x = b has a unique solution in the set of integers. 

(b) Sum and product of two positive integers is positive. 

(c) Product of two negative integers is positive. 

(d) Product of a positive and a negative integer is negative. 

(e) Given two integers a, b one and only one of the following holds. 

(i) a - b is positive 

(ii) a - b is negative, 

(iii) a - b = 0 

We write a > b if u - b is positive 

a < b if a - b is negative 

(f) If a + c = b + c then a = b 

(g) If a . c = b . c, c:#:O then a = b 

(h) If a + c > b + c then a > b 

(i) If a . c > b . c, c > 0 then a> b. 

G) If a. c > b . c, c < 0 then b> a. 

1.1.11 Structure of Integers 

The correspondece 

[(x, x + n)] ~ n, (n E 1\:1] 

is such that it preserves addition and multiplication, in the following sense: 

(i) [(x, x + 11,)] + [(P, p + n2)] = [(x, x + n, + n2 )] 

(ii) ([(x, x + 11,)] . [(P, p + 112)] = [(x, x + 11, .112 )] 

Because of these properties positive integers are identified with corresponding 
natural numben 

Although the set of integers is much richer in structural properties than the set of 
natural numbers an equatioll of the type a . x = b; a, b E Z does not have always a 
solution in the set. It therefore requires to be extended into a larger set (of rational). We 
shall not undertake to carry out this extension here. 



8 NUMBER THEORY 

1.1.12 Geometrical link between the set of natural numbers and that of integers: 

IOr-~-r-T-'~r-e-~~~~ 

9 

8 

7 

, 
--t--, , , , 

--r--r--, , , , , , 
--r--r---r--, , , 

O~~~~~~~~~--~'--~'--~'~ 
I I 1 I I I I 1 I 
I I I I I I I I I 

-1 --I --I -- ,-- ,--i---:---~--i--i--
I I I I I I I I I 

-2 --I --,-- ,--~--i---~--i--i--i--
I I I I I I I I I 

-3 --1--1--~--~--~---~--~--~--7--
I I I I I I I I I 

--4 --, --+--i---:---{---:---~--~--t--
I I I I r I I I I 

-5 --t--t--i--~--~---~--~--~--t--
I I I I I I I I I 

-6 - - t --f --4- -~-- ~-- -:---~-- ~--+ --
I I I I I I I I I 

-7 --~--~--4--~--~---~--~--~--~--
I I I I I I I I I 
I I I I I I I I I 

-8 --r--T--i--i--i---i--i--~--r--
I I I I I I I I 1 

-9 --r--i--j--j--j---;--r--r--j--
I I I I 1 I I I I 

-IO~--~~~--~--~~~~ 

o 2 3 4 5 6 7 8 9 10 

Consider the equivalence classes of the set of ordered pairs of natural numbers as 
described below: 

(1) {(I, 2), (2, 3), (3, 4), (I, 5), (1, 6), ...... } as lattice points on the line y = x + 1 

(2) {(I, 3), (2, 4), (3, 5), (4, 6), (5, 7), ...... } as lattice points on the line y = x + 2 

(3) {( I, 4), (2, 5), (3, 6), (4, 7), (5, 8), ...... } as lattice points on the line y = x + 3 

(i) {(I, I), (2,2), (3, 3), (4, 4), (5, 5), ...... } as lattice points on the line y = x 

(ii) {(2, I), (3, 2), (4, 3), (5, 4), (6, 5), ...... } as lattice points on the. line y = x-I 

(iii) {(3, 1), (4, 2), (5, 3), (6, 4), (7, 5), ...... } as lattice points on the line y = x - 2 

(iv) {(4, I), (5, 2), (6, 3), (7, 4), (8, 5), ...... } as lattice points on the line y = x - 3 

etc. 

It is seen that these lines meet the vertical infinite line on left at the points shown, 
representing what we have wanted; giving thereby the set of representing-points of the 
equivalence classes denoting the integers. 

Hence these points are in one-one correspondence with the set of integers. 
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In above we have seen that there is a one-one correspondence between the set of 
positive integers and the set of natural numbers which preserves addition and multipli­
cation; the terms "natural numbers 'and "positive integers 'will hereafter mean one and 
the same thing. So the axiom of induction can then be restated as: 

If a set of positive integers (i) contains I (ii) contains the positive integer n + 1 
whenever it contains the positive integer n; then this set contains all the positive 
integers." 

Definition: If a, b, c are positive integers such that a < b < c or c < b < a we say that 
b is between a and c 

Theorem 1.1. There is no integers between a and a + 1 

Proof: If possible, let m be an integer such that a < m < a + I 

.: a < Ill, there exists a positive integer p such that a + p = m 

... (1) 

If p = I, a + 1 = m. But from (l), m < a + I; so that, p "* 1. If P > I, let p = g + I 
for some positive integer g. 

Then, a + (g + I) = m 

i.e., (a + I) + g = III 
So, a + 1 < m 

This contradicts III < a + 1 

:. there is no positive integer p such that,q + p = m and a < m < a + 1 

Hence there is no integer m such that a < m < a + 1. 

The axiom of induction gives rise two methods of proof known as the first and the 
second Principle of mathematical induction. 

1.1.13 First Principle of Mathematical Induction 

Theorem 1.2. Let Pen) be a statement defined for any positive integer. 

If (i) P(l) is true, and (ii) Pen + I) is true whenever Pen) is true, then Pen) is true for 
all positive integral values of n. 

Proof: Let M be the set of positive integers for which Pen) is true. 

Then 1 E M, .: P (I) is true. 

Let n E M. It follows that Pen) is true. But then Pen + 1) is also true, so that 
n+ 1 EM. 

.. by the axiom of induction M contains all the positive integers. 

:. Pen) is true for all positive integers n. 

1.1.14 Second Principle of Mathematical Induction 

Theorem 1.3. Let Pen) be ,a statement defined for any positive integer 'l: 

If (i} P( I) is true, and Pen + I) is true whenever P(k) is true for all k:$ n, then Pen) 
is true for all positive integral, values of n. 

Proof: Let M be the set of positive integers n such that P(k) is true for all positive 
integers k :::: n. 
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Now IE M, .: P(I) is true. 

Let n E M. :. P(k) is true for all positive integers k S; n. 

But then P(n + I) is true. It follows that P(k) is true for all positive integers 
kS;n+1. 

. / 
So, n + I EM 

:. M is the set of all positive integers Hence; P(n) is true for all positive integers n. 

Definition: Least element of a set of positive integers 

An element a of a set A of positive integers is said to. be "a least element" of A if for 
every element b of A (b * a), a < b (one can show easily that this element is unique) 

1.1.15 Well Ordering Property of (WOP) of Positive Integers 

Theorem 1.4. Every non-empty subset of ~ contains a least element. 

Proof: Let S be a non-empty subset of ~. 

Suppose S does not contain a least number. Then 1 ~ S 

Let A == {m I 111 E ~, 111 < k} (every k E S) 

Observation: 

(i) I E A 

(ii) If a E A then a' E A, because a E A gives k> a 

ork~a'(=a+ 1). 

But k = a' gives that a' is the least element of S. 

So, k * a' 
And 

:. k) a' or a' < k. Thus, a' E A and by axiom of induction it follows that A = ~ and 

:. S = <I> which is not true. And hence the theorem is proved. 

The fact that every non-empty subset of positive integers has a least element is 
kilown as: 

Well Ordering Principle of (WOP) of Positive Integers 

Example 4. Assuming the 'WOP of positive integers, prove the axiom of induction. 

Solution: Suppose S * ~ 
:. there exists an s E ~, such that s ~ S. 

Let T = {m I m E ~, m ~ S} 

Observation: T * <I> and T (\ S = <1>, T ~ ~ and so by WOP, T contains a least element 
(say) t. 

By hypothesis, 

(i) 1 E S 

(ii) if k E S 

then k' E S. 

S ~ ~ such that 
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So, I E S gives I ~ T 

t "# I 

or t > I or t> t·- I > O . 

. ,' t is the least element of T, t - I ~ T. So, t - 1 E S. And 

:. by (ii) (t - 1) + I '" t E S and also, t E T which is a contradiction. Hence 
S= ~. 

Theorem 1.5. The well ordering principle and the axiom of induction are equivalent (from 
above it follows). 

Example 5. Prove that there is no natural number in between 0 and 1. 

Solution: Let S = {x I x E ~, 0 < x < I} 

We show that S = ~. Suppose S "# ~. 

:. S is a nonempty set of positive integers. So, by WOP of positive integer, S 
contains a least number a (say). 

. . 0 < a < lor, 0 < if < a < lor, 0 < if < lor, if E S and if < a 

And it contradicts the assumption that a is the least element of S. 

Hence S "# ~ is wrong. 

S'" ~. 

Property 1.6. If b is an integer> 1 then for any integer r ~ 0, br > r 

Proof: Proof is by induction. For r '" 0 this is trivially true. We therefore assume 
r~1 

Let P(r) be the statement: "bl' > r for integer r ~ I" 

P{l) is true. 

Assume that P(r) is true, so that br > r 

We show that P(r + I) is true. 

Now, br + I '" bl' . b 

b ~ 2, bl' + I ~ br . 2 

br + I ~ b''( 1 + 1) 

~ br + br 

~ bl' + 1 (I is the least positive integer) 

~r+l 

It follows that P(r) is true for all r ~ O. Otherwise we may proceed as follows: 

b - 1 > 0, we have b -I ~ 1 

MUltiplying both sides by the positive integer (1 + b + ... + br
), 

We get, (b - I) (1 + b + b2 + ... + br) ~ 1 + b + ... + br 

i.e., br + I ~ I + b + ... + br ~ r + I, 

br > I for every r. 

br > r for every r. 
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Example 6. Let b be an integer greater than I and let co' cl' c2, .•. cr be integers between 
o and b - 1 inclusive. with cl' > O. Put n = Co + c]b + c2b2 + ... + crbr. Then show that 
br s n s bl' + ] 

Solution: We have Co + c]b + c2b2 + ... + cr_]br -] ;::: 0, 

. . every number in this expression is non-negative, it follows that n ;::: crbr. 

By assumption, 

Also 

cr ;::: I. 

n ;::: bl'. 

o S c, s b - I for each, 0 sis r 

Co s b - 1 

c]b s (b - l)b 

c2b2 s (b - 1)b2 

crbl' S (b - l)br 

Co + c] + c2b2 + ... + crbr 

s (b - 1) (1 + b + b2 + ... + br) 
= br + 1 _ 1 

S br +] 

br s n s br +] 

Example 7. J2 is irrational 

Solution: Suppose that J2 is rational. Then there would exist positive integers a and 

b with J2 = !!... 
b 

Consequently the set S = {k J21 k and kJ2 are positive integers} (;t <1» ~ z+ (S"* <1>, 

because a = bJ2 E S}). 

. . by WOP S has a smallest element, say s = tJ2. 
We have sJ2 - s = sJ2 - tJ2 = (s - t) J2. 
Since sJ2 = 2t and s are both integers, 

sJ2 - .I' = (.I' - t)J2 - must also be an integer. 

Furthermore, it is positive since 
I 

sJ2 -s =s(.fi -1) 

and .fi > 1. 

It is less than s since s = t.fi. s.fi = 2t. and .fi < 2. 

This contradicts the choice of s as the smallest positive integer in S. 

It follows that .fi is irrational.' . 

1.2 DIVISIBILITY THEORY 

1.2.1 Division Algorithm 

Theorem 1.7. Given a, b E Z, b> 0, then there exi~ts q, r E Z, such that a = bq + r, 
Osr<b 
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Proof: Let S = {bx 1 x E Z, bx :0; a} 

Obviously S s;;; Z. Again, for given a, b E Z, there exists an n E Z such that 

bn ~-a 

or 

or 

or 

-bn :0; a 

b(-n) :0; a 

b(-n) E S 

:. S #- $. Thus, S is a non-empty subset of Z, which is bounded above (bx $ a). 

:. S contains a largest element, (say) bq (q E Z). So, bq :0; a. Hence, 

a = bq + r(r ~ 0). 

Now we prove: r < b. If not, suppose r ~ b (and :. r - b ~ 0) 

Then, a = bq + r = bq + b + r - b = b(q + 1) + s, [s = (r - b) ~ 0] 

or, 

or 

= bq' + s, s ~ 0 

a = bq + r = bq' + s, (s ~ 0) 

bq' :0; a 

bq' E Sand 

bq ~ bq' 

or b:o; 0 and is a contradiction with b > O. 

Hence r < b. 

:. a = bq + r where 0 :0; r < b. 

Now we prove: 

Theorem 1.8. Given a, b E Z, b #- 0, then there exists q, r E Z, 0 :0; r < 1 b 1 such that 
a = bq + r 

Proof .: 0 #- b E Z, 1 b 1 > 0, 

:. by theorem 1.7, 

Thus, 

a = 1 b 1 ql + r, for qp r E Z, 0 :0; r < I b 1 

= (±b) ql + r 

. = b(±ql) + r 
= bq + r 

a = bq + r. 0.:0; r < 1 b I, ± ql = q E Z 

Remark: q and r are unique 

If possible let a = bql + rp 0 :0; r l < b 

and a = bq2 + r2, 0 $ r2 < b 

•. 0 = b(ql -q2) + (r l - r2) 

or 1 b 1 1 q) - q2 1 = 1 rl - r21 
Again, 0 $ r l < 1 b 1 

o $ r2 < 1 b 1 

... (*) 

... (i) 
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or -I b I 5. -r2 < 0 ... (ii) 

Adding (i) and (ii), 

0-1 b I < r, - r2 < I b I 
or I r, - r2 I < I b I 
or I b II q, - q2 1 < I b I [by (*)] 

or Iql-q2 1<1 

or I q 1 - q2 I 5. 0 

And the only poss~bility is I q1 - q2 1 = o. 
.. q1 = q2 and from (*) r l = r2· 

Definition: 

(I) a = bq + r is called the principle of division identify of integer. 

(2) q is called the quotient of division 

(3) r is called the remainder of division. 

We now look the above mentioned division algorithm from another angle. 

Consider a = 17, b = 59 

Clearly a does not divide b. We understood that division is repeated subtraction. This 
way, each time the subtraction is being repeated if the remainder b - a > a. After a finite 
number of steps, at a certain stage remainder will be less than a. In this process we get 
the following multiples of a viz. a, 2a, 3a, 4a, ... qa, (q + 1) a 

And we get either b = one of these positive integers for some q, 

or, qa < b < (q + 1) a 

and this gives, 

which gives 

qa 5. b < (q + I) a 

b - aq < a. 

If b-aq=r 

then, b = aq + r 

where, 0 5. r < a 

This is what is known as division Algorithm [observe that this is not a proof.] 

We now give another proof of division algorithm 

Theorem 1.9. To an integer a ~ 0 and an integer b ~ 1 there exist two unique integers 
q and r such that a = qb + r with 0 5. r < b. 

Proof: Now, If b = 1, then a = a. 1 + 0 and the result is true. 

So we now assume: b > 1 

If a = 0, we take 

If a < b we have 

If a = b, take 

We have 

q = 0, r = 0 

q = 0, r = a 

q = I and r = 0 

a - b < a if a> b 

Consider the case, a > b. Then 0 < a - b < a. 

Suppose pea) = a = bq + r, 05. r < b,Jor all integers a> 0, b ~ 1 
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P(l) is true, for 1 = 0 . b + 1 

Assume that P(k) is true for all k ~ a. 

0< a - b < a, there are integers q1' r 

o ~ r < b, such that a - b = bq 1 + r 0 ~ r < b 

So, a=b(q1 + 1):+r=bq+r,O~r<b (q=q1 + I) 
Hence pea) is true. Thus pea) is true'll a > O. 

Uniquencess part is same as in the previous method. 

The theorem can be extended to include the case of all integers a where a is negative. 

Note 1. If r = 0 we say that b divides a (or a is a divisor of b, or b is a factor of a) and 
is written as a I b; otherwise a t b. 

Note 2. b I a gives a = bq, q E 7l. and 

b t a gives a = bq + r, r E 7l., 0 < r < b 

Example 8. 1 I a a E 7l. 

If I t a, then a = I . q + r when 0 < r < I. But there is no integer in between 0 and 
I. Thus, I I G, 'II a E 7l.. 

Example 9. (Similarly) - I I G, 'II a E 7l.. 

Example 10. If a I b then ±a I ±b; 'II a, b E 7l. 

Solution: .: a I b, we have 

b = aq, (q E 7l.) 

= (- a) (-q) = (- a)ql' (ql E 7l.) 

-a lb. 

Example 11. If a I b, b I c then a I c 

Solution: .': a I b, we have 

b = aql' (q1 E 7l.) and b I c 

. . c = bq2' (q2 E 7l.) 

or c = bq2 

where 

= (aq1)q2 

= a(q1 q2) 

= aq3 

q3 = ql(q2 E 7l.) or 

Example 12. a I b gives a I k b, k E 7l.. 

a'j c 

Example 13. If a I b, a I c: then a I kb + Ie, k, I E 7l. 

Example 14. a I b, b > 0 gives b > a 

Proof: (i) if a < 0 then (obviously) b > a 

(ii) and a> 0, a I b gives b = aq, q E Z 
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or 

or 

Now, q>l=:::>aq>a 

b = aq > a 

b > a. 

Example 15. ae I be, e "# 0 gives a I b 

Proof: If ae I be then be = (ae) q, (q E Z) 

or e( b - aq) = 0 

or b - aq = 0 (.: c "* 0) 

or b = aq 

a lb. 

Example 16. If a I b, b I a, a, b E Z, then a = ± b 

Example 17. If a I b then I a II II b I 

Some results 1.10 

1. if a I b then ± a I ±b 

2. if a I b, b I e then a I e 

3. if ae I be then a I b, if e "# 0 

4. if a I b then a I bx for every x, x E Z 

5. a I b, a I e give a I (b + e) and a I (b - e) 

6. a I b, a I e give a I (bx ± ey), x, y E Z 

1.2.2 Greatest Common divisor (ged) 

Let a, b E Z, a, b "# O. 

NUMBER THEORY 

Then, obviously I a I + I b I > O. Let S = {x I x is a common positive divisor of a and b} 

We have, I I n, V n E Z 

. . I I a, 1 I band 1 E S 

.. S"# $ 
Now if x I a then x I I a I and if x I b then x I I b I 
Then, x I I a I + I b I gives x :5: I a I + I b I 
:. S is a non empty set of positive integers which is bounded above 

:. S has a largest element, (say) g. 

Definition: This g is called the greatest common divisor (GCD) of a and b. 

Note: (i) g exists and g ~ I 

(ii) we write (a, b) = g. 

Theorem 1.11. Let a, b E Z, a, b"# 0 [or a, b E Z· (=Z - {OJ] (a, b) = g, then, 

(i) there exists xo' Yo E Z such that QXo + byo = g 

(ii) for d E Z, if d I a, d I b then dig 
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Proof: Consider S = {ax + by I x, Y E Z, ax + by> O} 

or, 

or, 

Now, I a I + I b I > 0 

±a±b>O 

a . (± 1) + b . (± I) > 0 

I a I + I b IE S. 
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. . S (;to tj» c:;;;: N and so by WOP, S contains a least element (say)m which is of the 
form ax + by (say), 

Assert, 

In = axo + byo' xo,}'o E Z 
m =g 

To prove our assertion we are to show that 

(A) m is a common divisor of a and b (m I a and m I b) 

(8) If d I a and d I b then d I 111. 

Proof: Suppose, m t a 

or 

gives 

a = mq + r, 0 ~ r < In, q, r E Z 

r = a - mq 

= a - q(axo + byo) 

= a(I - qxo) + b (-qyo) 

= ax' + by' ; x', y' E Z 

rES, 

r~m 

which is a contradiction to (i). 

Hence III I a and similarly /11 I b 

(B) Again, dl a, dl b 

give d I axo, d I byo 

or 

Note: 

i.e. If 

then 

d I axo + byo = III 

d~1I1 

m = g = axo + byo. 

Incidentally we have proved here that dim = g, 

dl a, dl b 

d I (a, b) 

And g is the least positive integer of the form ax + by 

... (i) 

... (ii) 

[The greatest common divisor can be characterized in the following two ways: 

I. it is the least positive value of ax + by where x and y range over aU integers 

2. it is the positive common divisor of a and b which is divisible by any common 
divisor. 

Corollary 1.12. If(a, b) = I then there existx,y E Z such that ax + by= 1 [Putg= 1] 

Conversely, if a, b E Z+ and for x, y E Z, ax + by = 1 then (a, b) = 1 
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Proof: Suppose (a, b) = d 

Then, for some x, y E Z we have ax + by = d. And, giv,-u that ax + by = 1. 

I is the least positive integer, but d is the least positive integer of the form 
ax + by. 

d = I. 

Definition: If (a, b) = I, then a, b are said to be relatively prime. 

Theorem 1.13. Any non-void set of integers closed under addition and subtraction 
consists of zero alone or else consists of the least positive element and all the multiples 
of this element. 

Proof: Let S be any non empty set of integers closed under addition and subtraction. 

Let an integer a E S. Then a - a E S. 

" 0 E S. Also 0 - a E S 

a, - a E S, of these two, at least one is positive. 

By WOP, the set of all positive elements of S will contains a least element, say d. 
We wish to show that every element of S is an integral multiple of d and conversely. 

It is clear that if n is any positive integer, 

nd = d + d + ... + d (n times), :. nd E S 

Thus any integral mUltiple of d is in S. Suppose now that. k E S 

If d does not divide k, then by division algorithm 

k = q . d + r, q, r E Z and 0 ~ r < d 

Now, 

. . k and qd are elements of Sand S is closed under subtraction, r = k - q . d is 
also a member of S. 

. . We must have r = O. 

Thus, every element of S is a mUltiple of d. 

Example 18. (4,9) = I :. 4 and 9 are relatively prime 

(16, 15) = I :. 16 and 15 are relatively prime 

Example 19. Ifa, b, k E Z, then (a + kb, b) = (a, b) 

Solution: Let (a, b) = d, (a + kb, b) = d l 

Now dla,dl b 

gives dl a + kb. 

And, dl a + kb, dl b 

gives d I dl (= (a + kb, b) 

Again, (a + kb, b) = dl 

gives dl I a + kb, dl I b 

or dl I (a + kb) - kb = a 

or dl I a, also d l I b 

... (i) 
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d l I (u, b) = d 

So, from (i) and (ii), we get d = dl • 

Example 20. a~ be, (a,b) = I, a, b, e E Z. Then a I'e 

Solution: 

or 

Then. 

=> 

(a, b);= I => ax + by = I for some x, y E Z. 

aex + bey = e and a I be 

a I aex + bey 

al e. 
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... (ii) 

Example 21. Show that for any positive integer m and a, b (not both zero) (ma, mb) = 

111 (a, b) 

Solution: If x, yare two integers then by above (ma, mb) = least positive value of x . ma 
+ y . mb = III (least positive value of xa + yb) = III (a, b). 

Definition: The greatest common divisor can be calculated by successive division and 
this process is known as Euclidean Algorithm. 

For suppose ao and a l are two positive integers; then by division .. Igorithm we have 
integers q 1 and a2 such that 

If 

then 

If 

ao = ql a l + a2, 0 ~ a2 < a l 

a2 = 0, 

d = a l [d = (ao' a l )] 

then divide a l by a2. There exist integers q2 and a3 such that 

a l = q2 . a2 + a3 with 0 ~ a3 < a2· 

If a3 = 0 

, then d = "2 

If a3 '# 0 then we divide a2 by a3. There are integers q3 and a4 
Such that a2 = q2a3 + a4, 0 ~ a4 < a3. 

Proceeding in this way, we observe that the remainders are getting reduced succes­
sively since a2 > a3 > a4 ... etc. After a finite number of steps say k, the remainder ak 
would be such that a k _ 1 is a mUltiple of ak' so that the remainder for the kth division is 
zero. We write this as follows: 

ao = ql . a l + a2 

a l = Q2' a2 + a3 

a2 = Q3 . a3 + a4 

ak _ 2 = qk-I . ak _ 1 + ak 

ak _ 1 = qk' ak 

Now we show that ak is the g.c.d. of ao and a l 
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From above we see that ak I ak _ I' From the equation preceding the last, we get ak 
I ak _ 2' since ak divides both the terms on the right.· From the equations that prec~des 
it, we conclude similarly that ak I ak _ 3' Continuing up the list in this way, we find that 
ak I ao and ak I a l · We now show that if b I ao and b I a l then b I ak · 

b I ao and b I aI' the first equation above shows that b I a2· 

.. b I a l and b I a2 the second equation abov~ shows that b I a3• Continuing down 
the list we see that b I ak 

. . ak = (ao' a l )· 

DefiRition: If d I aI' a2, ... , an such that d is the greatest among the common positive 
divisors of aI' a2, all then d is called the ged of a\, a2, an and is denoted 
d = (a\, a2, ... , an) 

Theorem 1.14. If d = (a\, a2, ... , an)' there are integers xI' x2' ... , xn such that 

d = (/IXI + alx l + ar2 + ... + a,;xn (Extension) 

Proof: Let S = {alx l + (/2X + ... + a,;xn I xI' x2' ... , xn E Z} 

Now here I a l I E S, I a l I = a l sgna l here, x, = sgn a\, x2 = x3 = ... = xn = O. 

[sgn stands for the word 'sign'] 

Thus S has a least positive member, do say. We show that every member is divisible 
by do' By division algorithm, if 11/ is any member of S, we have 

and 

Then 

Now 

111 = doq + r, 0 ~ r < do 

r = m - doq. 

do = alx l + ar2 + . + a,;xn 

m = alYI + a2Y2 + ... + anyn, 

for some integers xI' x2' ... xn and YI' Y2' ... Yn' 

Thus r = alCYI - qx l ) + a2CY2 - qx2) + ... + anCYn - qXn) E S 

. . by the definition of do and by 0 ~ r < do, it follows that do is a positive common 
divisor of al' a2, ... an' Hence do I d, by the definition of d. 

But d I aj (i = 1,2, ... n) and do = a,x, + ar2 +.+ a,;xn; thus d I do' 

d ~ do' Hence d = do and the result follows. 

Theorem 1.15. If d = (ai' (/2' ... an)' then an integer d, is a common divisor of aI' a2, 

... an if and only if d l I d 

Proof: If dl I d, then, 

d is a common divisor of a\, a2, ... an' it follows that d l I a j (i = 1,2, ... n). Thus 
d l is a common divisor of a p a2, an' 

Convensely, suppose that d l is a common divisor of aI' a2, ... , an' By the above 
theorem, there are integers x I' x2' ... , xn such that d = alx, + ar2 + ... + anTXnf 

Hence dl I d. 

Theorem 1.16. If a p a2, ... an are nonzero integers and if d l = a\, d2 = Cd\, a2), 

d3 = (d2, a3) .. " dn = (dn _ I' an)' then dn = (al' a2, .. " an) 
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Proof: (is left as an exercise.) 

Example 22. Express (726. 275) in the form m . 726 + n . 275 

Solution: 1 275 726 2 .. 726 = 275.2 + 176 

176 550 275 = 176.1 + 99 

1 99 176 176 = 99.1 + 77 

77 99 99 = 77.1 + 22 

2 22 77 3 77 = 22.3 + II 

22 66 22 = 11.2 

+ II Thus II is g.c.d 

II =77-22.3=77-(99-77.1)3 

= 77.4 - 99.3 = (176 - 99.1)4 - 99.3 = 176.4 - 99.7 

= 176.4-(275 -176.1).7 

= 176.1I -275.7=(726-275.2) 11-275.7 

= 726.11 - 275.29 

Thus 11 = m . 726 + n . 275, where m = II, n = -29. 

Example 23. Prove that 4 t (n2 + 2) for any integer n 

Solution: (i) Let n be an odd number. Then n2 is also odd and 

. . n2 + 2 is also an odd number. Hence 4 t (n2 + 2) 

(iv) Let n be an even number, then 4 I n2. Hence when 4 divides n2 + 2, a remainder 
2 is left. 

4 t (n2 + 2). 

Example 24. Show that g.c.d. of a + b and a - b is either I or 2 if (a, b) = I 
Solution: Case I. Let f= (a + b, a - b). Then 

f= m (a, + b) + n(a - b) 

= (m + n)a + (m - n)b = m'a + n'b. 

But (a, b) = I, 

.. f= I [Some steps are missing!] 

Case 11. If a = b, then (a, a) = I gives a = I. Then 

(a + b, a - b) = (2, 0) = 2. 

The g.c.d. is either I or 2. 

Example 25. If (a, 4) = 2 and (b, 4) = 2, prove that (a + b, 4) = 4 

Solution: From hypothesis, 

So, 

a = 2a l , where a l is an odd number 

b = 2b p where bl is an old number 

a l + b l = 2111 (say) as the sum of two odd numbers is always even. 

(a + b, 4) = 2 (a l + bi' 2) = 2(2m, 2) = 4(m, I) 

=4(as(m, 1)= 1). 



22 NUMBER THEORY 

Example 26. If x - y is even, then show that:? - ; is divisible by 4, x and y being 
positive integers. 

Solution .: x - y is even, x and y should either be both odd or both even. 

x + y is also even 

Hence, :? _ y2 = (x + y) (x - y) 

= (Multiple of2) . (Multiple of2) 

= Multiple of 4 = an expression divisible by 4. 

Example 27. Show that the difference between any number and its square is even. 

Solution: n2 - n = n (n - I) = Product of two consecutive number. Hence one of the two 

must be even. 

this number is divisible by 2. 

Example 28. If 4x - y is M(3), show that 

4x2 + txy - 2; is M(9), [M(n) denotes a mUltiple of n.] 

Solution: 4x2 + txy - 2; = (4x - y) (x + 2y) 

= (4x - y) {(4x - y) - 3(x - y)} 

= M(3){M(3) - M(3)} 

= M(9). 

Example 29. Show that the square of any integer b is of the form 4k or 8k + l. 

Solution: By division algorithm, any integer b is representable as 

2q or 2q + I. 
If b ;= 2q, then b2 = 4q2. Thus b2 is of the form 4k. 

If b = 2q + I, then b2 = 4q2 + 4q + I = 4q(q + 1) + l. 
q(q + I) is divisible by 2, we get that b2 is of the form 8k + 1. 

Example 30. Find all integers n such that n2 + 1 is divisible by n + 1 

Solution: Let n be an integer such that n + 1 I n2 + 1. 

Note that n + I I (n + 1) (n - I) i.e, n + 1 I n2 - 1. 

Hence, n + 1 I (n2 + I) - (n2 
- I) i.e., n + 1 I 1. 

n + I = ±I, ±2. So, n = -3, -2,0, 1. 

1.17 Some Properties 

I. I f (a b) = d then (E- !) = I , , d' d 

2. If a I be and (a, b) = I then, a I e 

3. If e "* 0, e I a, e I b, (~, ~) = I then e = (a, b) 
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I h fi . 21 + n . . d 'bl fi I Example 31. Prove t lat t e ractlOn IS me UCI e or every natura number n. 
14n+ 3 

Solution: It is sufficient if we show that (21 + n, 14n + 3) = 1 

Now, 21n+4 = I (l4n+3)+(7n+ I) [Dividing by 14n+3] 

14n + 3 = 2(7n + I) + I [Dividing by 7n + I] 

7n + I = I . (7n + 1) [Dividing by I] 

21 + n 
Hence by Euclidean algorithm, (21n + 4, 14n + 3) = 1. Hence, the fraction ---

14n + 3 
is irreducible for every natural numbers. 

1.2.3 Lowest Common Multiple (L.C.M) 

Consider a, bEll.. Let S = {x I x E 7l.+ and x is a common mUltiple of a and b} or, 
= {x I x E 7l.+ , a I x and b I x}) 

Now a I a gives a II a lor, a II a II b lor, a II ab I Similarly b I i ab I and I ab I E 7l.+. 
So, lob I E S. 

S* <1>. 

Thus, S is a non-empty set of positive integers. 

Hence by WOP, S has a least element(say)m. 

Definition: This m is called the lowest common multiple (LeM) of a and b, written as 
[a, b] or {a, b} 

Definition: The integers a" O2, ... , an' all different from zero, have common multiple b if 
a, I b for i = I, 2, ... , n. The least of the positive common multiples is called the least 

cOl/lmon multiple of a" a2 , ... , an and is denoted by [a" a2 , .. , all] 

Theorem 1.18. If m = [a" a2, ..• , a/1] then there exists e such that a j I e, i = 1,2, ... , n 
if and only if m I e 
Proof: Let 111 I e 

Now, 

And, 

Conversely, let 

Suppose, 

Then 

a, I 111, for i = I, 2, ... , n 

111 I e gives ai I e, (i = 1,2, ... , n.) 

a, I t' (i = I, 2, ... , n.). 

m t e. 
e = mq + r (0 < r < m) 

or, r = e - mq 

Now, a j I e, a, I m give aj I r, (i = I, 2, ... , n) 

But III is least such that a, I m, (i = 1,2, ... , n). 

Hence m Ie. 

Theorem 1.19. If m = [a, b] and a I x, b I x, then m I x (i.e., m divides every common 
multiple of a and b.) 
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Proof: Follow from Theorem 1.18 above. 

Theorem 1.20. If (a, b) == 1, then [a, b] == I ab I 

Proof: Given that 

Let 

J == (a, b) == (I a I, I b I) 

m = [a, b] == [I a I, I b I] 
m == [I a I, I b I] Now 

gives lalm,lbllm 

or m == I a I q, :. I b III a Iq 
Ibllq (':(lal,lbl)==J) 

or, I a I, I b III a Iq (==m) 

or lab 15, m 

But m is the least common multiple of a and b 

.. m == I ab I· 
Example 32. For a, bEll. *, d = axo + byo is the smallest positive integer of the form 
ax + by, (x, y, xo' Yo E 7l.). Prove that d = (a, b). 

Solution: For, ax + by and d, by Division Algorithm 

we get q, r E 7l. such that 

or 

ax + by = dq + r, (0 5, r < d) 

== q (axo + byo) + r 

r == a(xqxo) + bey - qyo) == ax' + by', x',y' E 7l. 

And d is the smallest positive integer of this type, 

.. r == O. 

Thus ax + by == dq, 

for x, YEll. and so d I ax + by. In particular, d I a, d I b (x == 0, y == 1, x = 1, y == 0) 

If dl I a, dl I b then 

dl I axo + byo == d or dl I d. 

Hence d == (a, b). 

Theorem 1.21. If b is any common multiple of ai' a2, ... , an' then [a p a2, ... , an] I b. (In 
other words, if h = [ai' a2, ... , an] then 0, ± h, ± 2h, ± 3h, ... comprise all the multiples of 

ai' a2 , ... , an' 

Proof: Let m I al' a2, ... , an and m t h 

Then by division algorithm, 

m = qh + r, for 0 5, r < h. 

We now prove that r == O. 

If r '* 0 then for each i as we have, a i I h, and also ai I m so we have ai I r. Thus 
r is a positive common multiple of ai' a2, ... , an and this is a contradiction to the fact that 
h is the least positive of all common multiples. 

Theorem 1.22. For m > 0, [lila, m b] == m[a, b] 
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Proof: Let 

Then 

So we have 
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M = [ma, m b]. 

ma I M and mb I M. 

M=mx. 

If [a, b] = xI we note that a I xI' b I xI' am I mx" bm I mx l and so mx I mx l • Thus 
X I xl' Also, am I mx, b111 I mx, a I x, b I X and so xl I X. 

Hence X =xl 

M = I11X = I11X I = mfa, b]. 

[mo, IIIb] = m[a, b]. 

Theorem 1.23. [a, b] . (a, b) = I a b I 

Proof: It is sufficient if we prove the result for positive integers only (why?) 

First we consider the case: (a, b) = I 

Suppose [a, b] = M. Then, M = ma for some m. Then b I ma and (a, b) = 1. . 

So b I m. Hence, b :s; m, ba :s; mao But ba, being a positive common multiple of band 
a, cannot be less than the least common multiple, and so b = M. 

.. ba=lI1a=[a,b] 

Now we come to the general case: 

Let (a, b) = g(> I). Then (~, ;) = J. 

So by the above result we have [~ !] = ~! , .. 
g g g g 

And this gives, [a, b] (0, b) = abo 

Example 33. If (a, b) = I then a!b! I (a + b - I)! 

Solution: Let 

and 

Then 

And so 

Thus 

(a+b-I)! 

(a - I)!b! 
=e 

(a + b - I)! 
-'-----~ = d 

a!(b - I) 

(a+h-I)! =(a- I)!b!e=a!(b-I)!d 

be = ad. .,' (a, b) = I, then a I e, that is, e = ar. 

(a + b - I)! = a!b!r, which implies that a!b! I (a + b - I)!. 

Hence the resultant follows. 

Example 34. Prove that the product of r consecutive integers is divisible by r! 

Proof Let Pn =n(n+I)(n+2) ... (n+r-I). 

Then, Pn + I = n(n + I) (n + 2) ... (n + r) 
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Pn + I - Pn = (n + 1) (n + 2) ... (n + r - 1) {en + r) -n} 

= (n + 1) (n + 2) ... (n + r - 1) r 

Pn =-r 
n 

= r times the product of (r - 1) consecutive integers. 

We now use induction as follows: Assume that the product of (r - 1) consecutive 
integers is divisible by (r - 1 )!, 

Therefore, Pn + I - Pn = r. m({r-l)!} = mer!) 

P2 - PI = mer!); But PI = r!; So, P2 = mer!) 

.. by induction P3, P4, ...• Pn are all multiples of r! 

Again the product of any two consecutive integers is divisible by 2!. Hence conclude 
that the product of any three consecutive integers is divisible by 3!, and so on. 

1.3 THEORY OF SCALES OF NUMERATION 

In the decimal system of numeration the digits 1,2,3,4,5,6,7,8,9 and 0 are used. Can 
we think of any other system using some or all of these digits? We have a few such 
systems viz., The decimal system and the binary system 

We observe the following: 

13 = 1 . 23 + I . 22 + 0 . 2 + 1 = (110 1)2 

31 = 1 .24 + 1 .23 + 1 .22 + 1 .2+ 1 = (11111)2 

387 = 1. 28 + 0 . 27 + . 26 + 1 . 25 + 1 . 24 + 0 . 23 + 1 . 22 + 1 . 2 + 1 

= (101110111)2 the binary representation of the number 387. 

On the other hand 

13 = 1.10+3;31 =3 .10+ 1;387=3 .102 +8.10+7 

We now observe the following: 
The ordinary decimal notation uses the representation of integers in the scale of 10 

in the binary system and the same is in the scale of 2 etc., 
We now discuss some general result in this regard. 

Theorem 1.24. Let S be a positive integer. If n is a positive integer such that 

bnSn + bn _ Isn - I + ... + blS + bo = 0 

where the integers b
l 

are such that 

I bi I 5, S - 1, 
then b

l 
= 0 (i= 0,1,2, ... , n) 

Proof: From bnSn + bn _ IS' - I + '" + blS + bo = 0 we have 

bo = koS for some integer ko 

Thus I bo I ;::: Sunless ko = 0 and so bo = 0 

Then we have 

bnsn + bn _ Isn - I + ... + blS = 0 

and so for some integer kl we have 

bl = klS 
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and in the same way we have 

Hence finally we have 

b l = 0 and so on. 

b I = 0 for all i. 
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Theorem 1.25. Suppose S is a positive integer (> I). Then each positive integer a can 
be expressed uniquely in the form 

a = cnS" + c" _ IS" - I + ... + cIS + co' 
where 0 :0; c j :0; S - 1 (i = 0, I, 2, ... , 11 - I) and 0 < c" :0; S - 1 

Proof: Let a be a given integer and B = {k E Z+I Sk - I > a} 

.: S> I, sk + I tend to infinity as k tends to infinity. Thus B is a non-empty subset 
of positive integers and therefore it contains a least element, say n. 

Then SI1 :0; a < sn + I ... (*) 

and n is uniquely determined. By division algorithm we have, 

where 

Also form (*) 

a = c,p + a l 
0:0; a

l 
< sn 

o < c" :0; S - I. [how?] 

Again using division algorithm we have 

a =c sn- I 
I 11-1 

where 0 :0; a
2 

< sn - I. 

Also by (**) 0 :0; c" _ I :0; S - I. 

Thus from (**) and (****) 

a=cfj1+c sn-I+a 
11 ,,- I 2' 

... (**) 

... (***) 

... (****) 

Similarly we can deduce that there are ci (i = 0, I, 2, ... , n) integers such that 

a = cnsn + c" _ Isn - I + .,. + CIS + co' 
where 0 :0; ci:o; S - 1 (i = 0, 1.2, ... , n - I) and 0 < clI:o; S - I hold (that the expression 
is unique is left as an exercise). 

The above stated expression is called the representation of a in the scale of S. The 
integer S is called the base of the scale. 

Example 35. To illustrate base b notation, note that (236)7 = 2 . 72 + 3 . 7 + 6 and 
(10010011)2=1.27+1.24+1.21+1=147 

Computers use base 8 or base 16 for display purpose. In base 16, or, hexadecimal, 
notation there are 16 digits, usually denoted by 0, I, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, 
F. The letters A, B, C, D E and F are used to represent the digits that correspond to 10, 
II, 12, 13, 14 and 15 (written in decimal notation) 

Example 36. To convert (A35BOF)16 from hexadecimal notation to decimal notation we 
write 

(A35BOF)16= 10.165 +3.164 +5.163 + 11.162 +0.16+ 15=(10705679)10 

A simple Conversion is possible between binary and hexadecimal notation. We can 
write each hex digit as a block of four binary digits according to the corresponding given 
in the following table: 
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Hex digit Binary digit Hex digit Binary digit 

0 0000 8 1000 

I 0001 9 1001 

2 0010 A 1010 

3 0011 B 1011 

4 0100 C 1100 

5 0101 D 1101 

6 0110 E 1110 

7 0111 F 1111 , 

Convert (2FB3) I 6 from hex to binary 

Here each hex digit is converted to a block of four binary digits (the initial zero in 
the initial block (0010)2 corresponding to the digit(2) 16 are omitted). And thus the 
corresponding binary representation is (10111110110011)2 

And to convert from binary to hex, if we take (1IIIOIIIIOlOOlh then we break this 
into blocks of four starting from the right. The blocks are from r!ght to left, 100 I, 1110, 
1101, and 0011. And thus we get in hex as (3DE9)16 

When performing base r addition, subtraction and multiplication by hand, we can use 
the same familiar technique as use in decimal addition . . 
Example 37. To add (1101)2 and (1001)2 we write 

1 1 

1 1 0 1 

+ I 0 0 I 

1 0 I I 0 

Where we have indicated carries by 1 's in italics written above the appropriate 
colum'n. We found the binary digits of the sum by noting that I + 1 = 1 . 2 + 0, 0 + 0 + 
1 = 0 .2+ 1, I + 0 + 0 = 0 . 2 + I, and I + 1 + 0 = 1 .2 + O. 

To subtract (101110)2 from (1lOllh we hav~ 

-1 

I I 0 1 1 

1 0 1 I 0 

I 0 1 

Where -I in italics above a column indicates a borrow. We found the binary digits 
of the difference by noting that 1 - 0 = 0 .2+ I, 1 - 1 + 0 = 0 .2 + 0, 0 - 1 + 0 = -1 .2 
+ 1 . 1 - 0 - I = O. + 0, and I - I + 0 = 0 . 2 + O. 

To multiply (110lh and (1110~2 we write 
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I I 0 I 

x 1 1 1 0 

0 0 0 0 

1 1 0 1 

1 1 0 1 

1 1 0 1 

1 0 1 I 0 1 1 0 

We first multiplied (II 0 1)2 by each of (1110)2' shifting each time by the appropriate 
number of places, and then we added the appropriate integers to find our product. 

To divide (Ill 0 1)2 by (III h, we let q = (q2q1 qO)2' We subtract 22(111)2 = (11100)2 
once from (11101)2 to obtain (I )2' and once more to obtain a negative result, so that 
q2 = 1. Now R1 = (111010)2 - (11100)2 = (1)2' We find that q1 = 0, since R1 - 2(111)2 is 
less than zero, and likewise C/o = O. Hence, the quotient of the division is (100)2 and the 
remainder is (I )2' 

1.4 PRIME NUMBERS 

If a = 1 then a has only one positive divisor viz.!. If / a/ #1, then a has at least two 
positive divisors viz, I and 1 a I. 

The numbers of positive divisors of a is 1 if a = 1 and> 1 if / a/ # 1. 

Definition: If a > 0 and a has exactly two positive divisors then a is called a prime 
number. 

Definition: If a> 0 and a has more than two positive divisors, then a is called a composite 
number. 

Remark: (i) 1 is not a prime number for, it has only 'one' positive divisor. 

(ii) If p is a prime number then, I and p are the only positive divisors of p 

Lemma 1.26. If p is a prime, then (p, a) = 1 or p / a. 

Proof: Suppose (a, p) = d 

Then, d / p, d / a and p being a prime, it therefore follows that d = 1 or d = P 

If d = 1 then we are done and if d = p then from above it follows that p / a. 

Hence either d = I or d / a i.e., (a, p) = 1 or p / a . 

. Properties 1.27. If p is a prime and p./ ab then, p / a or p / b, where a, b E Z 

Proof: Let pta, then (p, a) = 1 

3 x, Y E Zsuch that 

px+ay=1 

And this gives, pbx + aby = b ... (i) 



30 

Now pi ab 

gives ab = pk, k E 71., 

:. from (i) we get, pbx + pky = b 

or p(bx + ky) = b 

or pq = b, q E 71. 

plb 

Similarly if P t b, then pia. 

Extension 1.28. If pial' a2 ... , an then, piaI' or p I a2, or .. p I an 

(proof is repeated application of the above result.) 
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Corollary 1.29. If P I PI . P2' ... Pn (p's are primes) then, P is one of PI' P2' ... , Pn 

Proof: By Extension 1.28, p I PI P2 ... , Pn gives either P I PI or, P I P2P3 ... Pn. If 
P t PI' then again by the same result we have pi P2 or pi P3P4 ... Pn' Hence with a finite 
number of application of the same result we get that p I Pi' for some i. 

And 

· . P is a prime we must have 

p =p/. 

Converse of the theorem 1.30. Let P > 1 and P has the property that if for any a, b 

E 71. p I ab gives P I a or p I b, then is a prime. 

[Note: Both the theorems can be combined as for a, b E 71., P I ab gives P I a or P I b 
if and only if p is a prime.] 

Proof: Suppose p is not a prime. Then it is composite. 

· . q E 71.+ such that q I p and q '* 1, P i.e. 1 < q < p. 

· . p = qr, 1 < r < p 

Now pip = qr gives p I q or p I r. 
But both q and r are positive integers « p). 

p < q or r. So we meet a contradiction. 

our assumption is wrong. So, p is prime. 

Example 38. If n = ab, then at least one of a and b must be less than n [Left as exercise] 

Theorem 1.31. If a '* I, a E Z, a must have a prime factor. 

Proof: Case (i) If a is a prime then a is itself a prime factor. 

Case (ii) Let a be not prime. And S = {d I d> 1, d E ~, d I a} 

Now I a II a, I a I > I gives I a I E S. 

.. S ,*~. 
S is a non empty set of positive integers, and by W.O.P it has a least integer, 

say, p. 
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Assert: p is a prime 

For PES, P > I, P I u. So I and p are positive divisors of p. If possible let q "* p 
and q I P, q E ~. 

q <p . .. (i) 

But P I a, q I p ~ q I a and so, q E S 

q ;:::: p and this contradicts (i) 

Hence p is prime. 

Properties. 1.32. Every integer n (> I) can be expressed as a product of finite number 
of primes. 

Proof: If the integer is a prime then it itself stands as a product with a single factor. 
Otherwise by above theorem we have a prime factor p] such that 

n = PIn!, 1 < n] < n. 

If n] is not a prime then again by the same result we have another prime P2 such 
that 112 = P2n3' I < 113 < n2. Similarly for n3. This process of writing each composite number 
that arises as a product of factors gives us n > 112 > n2 > 113 > ... , a descending chain 
of positive integers and it must therefore terminate after a finite steps. 

Thus we can write 11 as a product of finite number of primes. 

Remark: Every integer can be expressed as product of primes. 

for 11 = ±[p]nd, p] is prime, 1 < p] < n 

= ±[P]·P2· 112] 1 <P2 < 11] 

= ±[p]. P2' P3' ... , Pn]; p's need not be all different. 

[n = 100 = 2 x 50 = 2 x 2 x 25 = 2 x 2 x 5 x 5] 

Note: Disregarding the order in which the primes are written, every natural number can 
be expressed as a product of primes and this is the result that we are going to prove 
below. Before giving the proof of the theorem we note the following. 

Does the fundamental theorem need a proof at all? As Prof. H R Gupta says "Has 
anyone ever come across an example where the theorem has failed? The following 
example will convince the reader about the necessity of a proof. [Selected Topics in 
Number Theory; H Gupta ABACUS PRESS, 1980] 

Take the set {I, 4, 7, 10, 13, 22, 25, 28, 31, ... } of natural numbers. It is easy to see 
that the set is closed under multiplication. Call an element of the set a 'prime' if it has 
exactly two divisors in the set. Thus, the primes of the set are 4, 7, 10, 19, 22, 25, 31,,, 

We observe that 100 belongs to the set and it can be written as a product of the 
primes of the set in two distinct ways: 

1 00 = 4.25; also 1 00 = 10.10. 

Fundamental Theorem of Arithmetic (also know as unique factorization 
theorem) 1.33. The presentation of 11(> I), as a product of primes is unique apart from 
the order of factors. 
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Proof: Suppose that n = PI P2 ... Pr = qlq2 ... qs' where PI'P2' ···,Pr, ql' q2' ... , qs are primes 
and suppose that the primes are ordered so that PI :0; P2 :0; ••• :0; P and ql :0; q2 :0; ••• :0; qs' 
We now prove that r = s and P, = qi (i = 1,2, ... r) 

The proof will be by induction. 

The result is true for n = 2. Suppose that it is true for 2, 3, ... , n - I and consider 
the number n. 

If n is a prime the result is true. Suppose n is hot a prime. Then in the expression 
n = PIP2 ... P,. = qlq2 ... qs we have r > I and s> 1. Then PI = qj and ql = Pi for some 
i and j (by corollary 1.29) .: PI :0; P, = q I :0; qj = PI' it follows that PI = q I 

Then the integer ~ is such that I < ~ < n, and we have 
PI PI 

n 
- = P2 ... Pr = q2 ... qs' 
PI 

Thus from the inductive hypothesis r = s and Pi = qi (i = 2 ", ... r) Hence r = sand 
Pi = qi (i = I, 2, ... r) 

And the result follows by induction. 

In the application of the fundamental theorem we frequently write any integer (> 1) 
in the form, sometimes called the "fundamental form" 

_ a l a 2 ak 
n - PI ,P2 ",Pk 

One may prove the above result if this form is used to write. 

P f · S - al a z a~ _ hi h2 hi , d' . roo. uppose n - PI ,P2 ",Pk - ···ql·ql ... q j , P s an q s are pnmes . ... (*) 

Assume that, PI < P2 < P3 < .. , < Pk and also ql < q2 < q3 < ... < qj 

Now I {/I {/2 ak ( b' I) PI PI ,P2 ",Pk 0 VIOUS Y . 

Hence, 

PI I qlq2 ... qj So, PI I qlhi, for some i E {I, 2, ... ,j} so, PI I qi' 

PI = qr 

. . every P is some q. 

Similarly, starting from right p's and q's are arranged in ascending order, so follows 

that PI = ql' P2 = q2' and k = j. 

Now to prove that ai = b,. 

If not, say bi > ar Dividing (*) by pr', we get 

al a2 {/,-I {/j+1 ak _ hi h2 hj-a; hk 
PI P2 ,Pi-I Pi+1 ",Pk - PI PI ····Pi ",Pk 

Hence Pi t LHS. 

But Pi I RHS and is contradiction. Thus 

OJ = bp 

Corollary 1.34. If n E Z then n = ±p~1 p;2 .... p? ' PI < P2 < ... < Pk 

Theorem 1.35. There are infinitely many primes. 
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Proof: Suppose 2, 3, 5, 7, II, ... , P be the finite set of primes up to p. Then let 

q = 2.3.5.7.11 ... p+ 1 
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Now q is not divisible by any of the primes 2, 3, 5, 7, 11, ... , p because if q is divided 
by any of these primes 1 is left as remainder. 

Hence q is either a prime number itself or is divisible by some prime between p and 
q; in either case there is a prime number greater than p. 

the number of primes is not finite. 

Theorem 1.36. No rational algebraic formula can represent prime numbers only. 

Proof: If possible let the formula 

a + bx + ex:! + dx3 + .,. + kxn ... (1) 

represents prime numbers only. 

When x = m, let its value be p. 

Then p = a + bin + em2 + dln3 + ... + kmn 

When x = m + np, (1) gives 

a + b (m + np) + e (m + np)2 + ... + k (m + npt 

i.e., a + bm + em2 + dm3 + ... + kmn + a multiple of p 

= P + a multiple of p 

= M(p), where symbol M(p) stands for multiple of p 

= an expression divisible by p 

Hence, when x = In + np, (1) does not give a prime number. 

This shows that there is no simple general formula for the nth prime Pn' i.e., a formula 
by which we can calculate the value of Pn for any given n. 

Theorem 1.37. There are arbitrarily large gaps in the series of primes. (In other wise, 
there exist k consecutive numbers composite whose length exceeds any given number k. 

(given any positive integer n, there exist n consecutive composite integers.) 

Proof: Consider the integers 

(k + I)! + 2, (k + I)! + 3 .... (k + I)! + k, (k + I)! + k + 1. 

Each of these numbers is a composite number because the number n divides 
(k + I)! + n if 2 :5: n :5: k + I and these are the k consecutive integers which are composite. 

Hence the theorem. 

Example 39. There are infinitely many primes of the form 4n + 3 

Solution: Suppose 2, 3, 5, 7, 11 ... P are the primes up to p, and let q = 22. 3.5 ... P - 1, 

Now q is of the fonn 411 + 3 and is not divisible by any of the prime 2, 3, 5 ... p. It 
cannot be a product of primes of the form 4n + 1 only, because the product of two numbers 
of this form is of the same form. It is therefore either a prime or divisible by a prime of the 
form 4n + 3, greater than p. Hence there are infinite number of primes of the form 4n + 3. 

Example 40. Prove that there are an infinite number of composite numbers among the 
numbers represented by the polynomial/ex) == aOXn + a,xn - , + ... + an' where n > 0, ao' 
GI' ... , a" are integers and Go > O. 
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Solution: Suppose m is an integer such thatf(m) > 1 andf(x) > 0 for x ~ m. 

Suppose, f(m) = M. 

Then all the numbers given by 

f(m + Mt), t = 1, 2, ... 

are composite as they are multiples of M. 

Thus the result follows. 

1 I 1 1 . 
Example 41. Prove that "2+3"+3"+"'+; = Sn IS never an integer. 

Solution: Let k = largest of k
" 

where 2ki ~ n 

And 

Now 

Thus, 

P = rIm, m odd and m ~ n 

2k - I PS
n 

= 2k- 1.3.5.7 ",Sn 

_ k-I (1 1 1 1) - 2 3.5.7 ... "2+3'+"4+"'+; 

= a sum all of whose terms are integers except the term 

2k - 1 35 1 h' h' fr . 3.5.7 ... . . . 7 ... 2"k. w IC IS a actIon -2-

2k - I PSn = a fraction. But 2k - 1 P is an integer. 

Hence Sn is not an integer. 

Example 42. Letf(x) E Z[x]. Thenf(x) can not be a prime for any x 

Solution: Letf(x) = ao + a1x + a2x2 + ... + a/, a's E Z 

f(x) = 0 for at most n values 

f(x) = 1 for at most n values 

f(x) = -1 for at most n values. 

Thus f(x) = 0, 1, -1, for at most 3n values. 

:. :I y E Z such that If(y) I > 1 

Let b = If(y) I 
Consider f(br + y) = aD + a l (br + y) + a2 (br + y)2 + ... an (br + yt 

= f(y) + b.g(r) 

But, b = If(y) I => b I f(y) and also b I b.g(r) 

b I f(br + y). 

f(br + y) is prime => f(br + y) = ± b 

f(br + y) = ±b for at most 2n values of r. 

for other values of r, it is composite. 

f(x) is not a prime for any x. 

Example 43. For what non trivial values of a and k, cI' + 1 will be prime? 

Solution: Cases 

(i) a = 1, cI' + 1 = 1 k + I = 1 + 1 = 2, a prime 
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(ii) k = 1, d' + 1 = a + 1 is a prime if a = p - I, P is a prime. 

(iii) a*"l, k "* 1 

Let a > I, k > I. 

If a is odd, d' is odd then d' + 1 is even. 

· . d' + I is not a prime, if a is odd. 

(iv) a > I, k > I, a is even and k is odd, a + 1 I d' + I => d' + I is not prime 

(v) a> I, k> I, a is even and k is even. 

Let k = 2kl k2, k2 is odd, k, ~ 1. 

· . b + I I b k2 + I gives b k2 + I is not prime 

and k2 is odd and *" I gives d' + I is not a prime. 

· . cI + I is may be prime if k2 = I 

(vi) a> I, k> I, a is even, k is even and of the form 2kl and then d' + I = 

+ 1 is prime for some k,. In particular, 22' + 1 is prime for some r. 

2/11 , 
Definition: Fill = 2 + are called Fermat number 

Fermat conjectured that Fill is prime for all m E Z. 
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Fo = 3, F, = 5, F3 = 257, F4 = 65537, that F5 = 2 25 
-f 1 = 4,294,967,297 is not a prime 

was shown by Euler in 1732. 

At the beginning Fermat conjectured that all the Fermat numbers are primes. In 1732, 
Euler pointed out that F5 is a composite. This negated the Fermat conjecture. So, there 
are some primes and others are composite in Fermat numbers. 

Up to now, we know only that the first five Fermat numbers 

Fo = 3, F, = 5, F2 = 17, F3 = 257, F4 = 65537 

are primes and other 49 numbers FIl are composite; their respective n's are: 

5,6,7,8,9,10, II, 12, 13, 14, 15, 16, 18, 

19,20,21,23,25,26,27,30,32,36,38, 

39,42,52,55,58,63,73,77,81,117, 

125,144,150,207,226,228,250,267, 

268,284,426,452,556,744,1945, 

Besides these we do not know whether or not there are infinitely many Fermat primes. 
No new Fermat prime has been discovered for the last 30 years(since 1995), so many 
people conjecture that there are no more Fermat primes. This is still one of the unsolved 
problems in the theory of numbers. 

The following elementary proof that 641 I F5 is due to G. Bennett (which does not 
explicitly involve division) 

Example 44. The Fermat number Fs is divisible by 641 
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Proof: We put a = 27 and b = 5, so that 

1 + ab = 1 + 27.5 = 641 

it is easily seen that 

1 + ab - b4 = 1 + (a - b3) b = 1 + 3b = 24 

But this implies that 

F5 = 225 + 1 = 2 32 + 1 

= 24a4 + 1 

= (1 + ab - b4)a4 + 1 

= (I + ab)a4 + (l - a4b4) 

NUMBER THEORY 

= (I + ab) [a4 + (l - ab)(l + ~b2)] which gives 641 1 F5. 

Conjecture: FIJI is prime for finite number of m: Prove or disprove 

2m 2" 
Example 45. d= (a +1,a + 1) 12 ifm *- n 

Solution: Given that m *- n. Suppose m < n 

n = III + k, say. Then, 

a 2
/11 = x say. Then, 

Now x + 1 1 x 2* - 1, k 2: I. Now 

Corollary 1.38. (Fm, F/1) = I 

Proof: (left as an exercise) 

Note: Let us consider d' - 1 

d = (a 2111 + 1, a 2m
+

k + 1) 

= (x + 1, x2k + 1) 1 x2k - 1, x2k + I. 

d 1 x 2* - 1, x2k + 1 ~ d 1 2. 

(I) a - lid' - 1 .. ak - 1 may be a prime if a = 2 

(2) a = 2, let k = 1m (i.e. We are assuming 1 < 1 < k; 1 < m < k, that k is composite 
,'. 2k - 1 = (2 1)1JI - I ~ 21 - 1 1 (2 1)m - 1 .. ,' 1 > 1, 2k - 1 is not a prime if k 
is composite. 

(3) d' --' 1 may be a prime if a =2, k > 1 and k is a prime. 

Numbers of the form Mil = 2/1 - In> 1 are called Mersenne numbers after a French 
monk Marin Mersenne who made an' incorrect but provocative assertion cpncerning their 
primality. Those Mersenne numbers which happen to be prime are said to be Mersenne 
primes. 

Definition: If p is a prime then Mp = 2P - 1 is called a Mersenne prime. 
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(4) Mersenne said that Mp is a prime for P ~ 257. Subsequently it is found that Mp 
is a prime for p = 2, 3, 5, 7, 13, 17, 19, 31, 67, 257 

(5) There are also mistakes as, p = 61 gives Mp a prime. 

Among the Mersenne numbers, there are some primes and others are composites. Up 
to now (/995) we know only the following 31 Mersenne primes for which the respective 
p's are 

2,3,5,7,13,17,19,31,61,81,107,127, 

521,601,1279,2203,2281,3217,4253, 

4423,9689,9941,11213,19937,21701, 

23209,44497,86243,110503,132049,216091 

26972593 - 1 is the 38111 known ~ersenne prime discovered on June I, 1999 by one 
of the 12000 participants in the Great Internet Mersenne Prime search. It was also the 
first megaprime found (prime with more than a million digits). Some websites predict that 
the first bevaprime (prime with more than a billion digits) will be found by 2006. The 
complete list of the record primes found since 1951, the first yetlr that an electronic 
computer found one, shows that 24 of these 26 record primes are Mersenne primes. 

Lemma 1.39. The product of the numbers of the form 4m + 1 is of the form 4m + 1 

Proof: 111 = 4k + 1, n2 = 41 + 1. 

Then, 111 . n2 = (4k + 1)(41 + I) = 4m + 1, for mEN 

Lemma 1.40. The product of the numbers of the form 4m + 3 is of the for 4m + I. 

Lemma 1.41. The product of t~~ number of the form 4m + 1 and 4m + 3 is of the form 
4111+3. 

(Proofs are left as exercises). 

Theorem 1.42. Show that there are infinite numbers of primes of the form (a) 4m + 3, 
(b)6m+5. 

Proof: (a) If P"* 2, then p == I(mod 4) or p == 3(mod 4) 

Let us assume that there are finite number of primes of the form 4m + 3, viz. 

Po = 3, PI = 7, P2 = 11, P3 ... , Pn' 

Consider k = 4PI . P2 ... PI! + 3 = 4M + 3(say) 

Case (i): If k is prime then it is a new prime of the form 4m '+ 3. Similarly we may 
get another new prime and so on. , 

. . the number of primes of the form 4111 + 3 is infinite. 

Case (ii): If k is not a prime, Then k = kl .k2.k3 ... kq, (ki is a prime). All the k;'s cannot 
be of the form 4m + I, since their product is of the form 4m + 3. 

at least one of them, say kl is of the form 4m + 3 

kl I k But, PI t k, P2 t k, .. Pn t k. So, kl "* PI' P2' ... Pn· 

.. kl is a new prime. 

Similarly, we may get another new prime and so on. 



38 NUMBER THEORY 

. . the number of primes of the form 4111 + 3 is infinite. 

[The above problem can be stated in the following way also: The arithmetic 
progression: 

3,7,11,15,19, ... and 5, 11,17,23,29, ... contain an infinitude of primes. A famous 
theorem in number theory viz., the theorem due to Dirichlet reads: the arithmetic 
progression a, a + b, a + 2b, ... contains infinitely many primes if the integers a and b 
(both positive) are relatively prime, that is if (a, b) = 1] 

Theorem 1.43. If PI! is the nth prime number, then PI! < 22/1 

Proof: Proof will be by induction. It is clear that 

PI=2<2
21 

Assume Pi < 22' , i < k + I, and let N ~ PI'" Pk + 1 [N is a prime]. Then 

N < 22k+1 . 

Example 46. FoFI ... Fn_ I = FI! - 2, where Fn = 22/1 + 1. 

Solution: We prove it by induction 

If n = I, then Fo = FI - 2. 

.. Fo = 3, FI = 5 the formula is valid when n = 1. Assuming the formula holds for 
n - I, then 

FoFI ... Fn _ I = (Fn _ 2 - 2)F/I - I 

2 
= (2 2n - 1 _1)(2 2n - 1 +1) = (2211-1) -1 

= 22/1 _ 1 = F - 2 
n 

Hence the result. 

Example 47. Show that lJk E ~ for which 1.2.3 ... (n - 2)(n - 1) + 1 = nk is true when 
n> 5 ... (*) 

Solution: Case (i): Let n be composite. Let din, d *' 1 

. . d I RHS (=nk) of (*) 

But, d t LHS, a contradiction, n cannot be composite. 

Case (ii): Let n be a prime. 

(*) gives, 

1.2.3 ... (n-2)(n-l) = nk_ 1 = (n -1) {nk - I + ... n + I} 
Dividing by (n - 1), 

1.2.3 ... (n - 2) = nk - I + nk - 2 + ... + 

When n > 5, the product on the left contains a factor 2 and Y:z(n - 1). 

LHS is divisible by 2Y:z(n - 1). But, RHS is not. {.,' when we put n = 1, then RHS 

I + 1 + + I = k *' O. 
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Example 48. If P is a prime greater than 3 then show that 2p + I and 4p + I cannot be 
primes simultaneously. 

Solution: .,' p is a prime greater than 3, p is either of the type 3k + I or 3k + 2. If p is 
of the type 3k + I then 2p + I = 2(3k + I) + 1 = 6k + 3 = 3(2k + I). Hence, 3 I 2p + I 
and 2p + I cannot be a prime. Similarly, if p is of the type 3k + 2 then 3 I 4p + I and it 
cannot be a prime. 

Example 49. If a is a composite integer, and q is its least positive divisor, then q ::;; .JQ. 
Solution: .,' q is a divisor of a, we have 

a = qal' 

So here, 

Hence 

a l ~ q. 

a ;::: q2 that is, 

q ::;; .JQ. 
Example 50. If In is a composite integer, prove that the following integer is so too: 

nl/l=~~ 
IffJo1IifIlfIl 

Proof: Let /11 = abo Then 

or 

or 

10111
- I 

911... ... 11 
~ 

/11 times 

11.. .... 11 
~ 

fII times 

= (lOo)b _ I = (lOa - 1)(lOa(b-l) + ... + lOa + I), 

= 91l... ... II(lOo(b-l) + ... + lOa + I) 
~ 

atimes 

= 11.. .... II(lOa(b-I)+ ... + lOa + I) 
~ 

atnnes 

Thus no I nm. Hence if n
lll 

is a prime integer then so is m. 

Note: (i) But the converse is not true. For n3 = III = 3.37 and n5 = 11111 = 41.271 are 
both composite. 

(ii) We know that n2, n 19' n23 , n317 are prime integers. 50 years after the discovery 
of n23 , n317 in 1978 using the computer, it was conjectured that the next such 
prime would be n l031 but the conjecture has not yet been proved. 

Example 51. If p is a prime then prove that there exist no positive integers a and b such 
that a2 = pb2 

Solution Suppose there are two positive integers -a and b such that a2 = pb2 and let 
(a, b) = d. Then a = da l, b = db l, (ai' b l) = 1. Su~stituting this in above we get 

a~ = pb~. Obviously p I a~ and then P, I a l 

Putting a l = pa2, we have 

a; p = bf. Clearly p I b~ and then p I b l · 

. . p is a common divisor of a l and bl • And this is a contradiction with the fact that 
(ai' b l ) = I Hence the result. 

Example 52. If a, b are relatively primes, and d I ab, then there exist unique dl and d2 
with d l I (I, j~ I b such that d I did" 
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Solution: Suppose 

Then b - a) a r h) b, 
a -PI ".p, ql,,·qs 

d - I) 'r k) k" 0 0 k b - PI ".p, ql ,,·qs' < Ii < ai' < i < i 

Let 

Then 

_ I) 'r d _ k) k, 
dl-PI"'P" 2- ql ,,·qs· 

d = d l d2, and clearly dl' d2 are 'unique. 

Hence the result follows. 

Example 53. If n is a positive integer and P = 4n + 3, q = 8n + 7 are two primes, then 
q 1 Mp 

Solution: (Left as an exercise) 

Note: Hence we have 

23 1 MIl' 471 M21' 1671 Msl' 263 1 MI21 

3591 M 177, 388 1 MI91' 479 1 M321' 503 1 M 251 

Example 54. If P is a prime> 5 prove that (p - I)! is divisible by (p - 1)2 

p-l 
Solution: .,' P > 5, (p - I)! has factors 2, P - 1, -2- as P - 1 is even. Hence 

(p -'I)! divisible by (p - Ii, 

1.5 INTEGRAL PART OF n: [nl 

[n] means the integral part of n or in other words [n] means the largest integer:;; n 

[5] = 5, [4] = 4, [ 4%] = 4[-5'.79] = - 6 etc. 

The function {n} = n - [n] is called the fractional part of n. 

Thus {4} = 0, [4%J = %, {5.76} = .76 

40 40 40 
Observe: - = 13.333 .. , - =4.44 .. " -,= 1.481... 

3 3 27 

[~O]+[~n+[~n = 13 + 4 + 1 = 18 

Now we prove the following theorem. 

Theorem 1.44. The power with which a given prime number P enters into the product 
n! is 
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Proof: The number of factors of the product n! which are multiples of p is [; ], such 

numbers are p, 2p, 3p, ... 

The numbers of factors of the product n! are multiples of p2 is [;2] 
The number of the factors of the product n! which are multiples of p3 is [;3] and 

so 011. 

Here each factor of the product n! which is a multiple of the maximal pm is counted 
111 times by the above process as a multiple of p, p2, p3, ... and finally pm 

Hence t~ highest power of p contained in n! = [;] + [pn2 ] + [;3] + .... 

Example 55. Find the highest power of 3 which is contained in 1000! 

Solution: The required number 

= [10
3
00] + [2-~~0 ] + [ I ~~O ] + I 1 ~~O ] + [ 1 ~~O ] + [ 1 ~~O ] 

= 333 + III + 37 + 12 + 4 + 1 = 498. 

Example 56. Find the number of multiples of 7 among the integers from 200 to 500. 

Soluti~n: Here [5~0 ] = 71 and [1 ~9 ] = 28 the required number is 71 -28 = 43. 

Example 57. If x is a positive real number and n is a positive integer, then among the 

integers from 1 to x, the number of multiples of n is [~J 

Solution: We know 

So we have 

[~J $ ~ < [~J + I 

[~Jn $ x $ {[~J + l}n 
Thus among the integers from 1 to x, the multi~les of n are only n, 2n, ... [~Jn, 

The total of which is [~J. Hence th: result. 

Now we prove the following theorems 

Theorem 1.45. 

(a) Ifm E Z, then [111 + a) = m + [a). 

(b) For a, ~ E Z, [a + ~) - 1 $ [a) + [~) $ [a + ~) $ [a) + [P) + 1 
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Proof: (a) Let 

And 

Then, 

(b) 

Again 

And 

Again, 

a = [a] + 8, 0 ::; 8 < 1 • 

m = [m] 

[/11 + a] = [[m] + [a] + 8] = [m] + [a] = m + [a].// 

[a + 13] = [[a] + 8 + [13] + $],0::; 8, $ < 1 

= [[a] + [13] + (8 + $)] , 0 ::; 8 + $ < 2 

= [a] + [13] + [8 + $], by theorem (a) 

[a+l3] ~[a]+[I3] 

[a + 13] - [8 + $] = [a] + [13] 

[a + 13] - I ::; [a] + [13], [.: (8 + $) ::; 1] 

[a + 13] - I ::; [a] + [13] ::; [a + 13] 

[a + 13] = [a] + [13] + [8 + $] ::; [a] + [13] + I 

Combining (*) and (**) we get 

[a + 13] - I ::; [a] + [13] ::; [a + 13] ::; [a] + [13] + 1.// 

... (*) 

... (**) 

Example 58. For any x, [x] + [-x] = 0 or -I according as x is an integer or a fraction. 

Solution: If x an integer then [x] = x and [-x] = -x 

Therefore, [-x] + [x] = 0 

Suppose x is not an integer then, 

x = [x] + 8, 0 ::; 8 < 1 

Then, -x = -[x] - 8 

Therefore, 

= -[x] - I + (1 - 8) = -[x] - 1 + 81' (0 ::; 8 1 < I) 

[-x] = -[x] -lor, [-x] + [x] = -I. 

Example 59. If a be a real number, c an integer> 0, prove that 

Solution: Let a = [a] + 8, 0::; e < I 

[a] = cq + r, q, r E Z 

O::;r<c 

a = cq + r + 8 

Then,[[:J] = [q+~] = q and [~] = [q+r:8] = q 

Hence the result. 

Example 60. If n is a positive integer then 

[x] + [x+~J+ ... +[x+ n:I]] = [nx] 
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Solution: Writef(x) = [x + -!; ] + ... + [x + n: I]] - [nx] 

Then f(x) = f( x +~) [Note: [X]=[x+~J] 
(Hint: Consider the range 0 ~ x < ! ) 

n 

Example 61. Suppose that a and b are irrational numbers such that! +! = 1. 
a b 

Show that every nonnegative integer can be uniquely expressed as either [ka] or [kb] 
for some integer k. 

Solution: Reduce to the case I < a < 2, and hence b > 2. 

Let n be an integer such that [ka] < n < n + I ~ [(k + I)a]. 

Since 
b 

a = -- we have 
b -I' 

k_b_ < n < n + 1 < k _b_ + _b_, from which we get 
b-I b-I b-l 

o < nb - kb - n < nb - kb - n + b - 1 < b. 

The first inequality implies n < (n - k)b. 

The last inequality implies (n - k) b - 1 < nj 

. . [en - k)b] = n. 

For uniqueness, suppose 

[ka] = [kb]. 

Then, if k > 0, then [a] = [b]. 

But since! +! = I, on~ of a and b must be greater than 2, and the other less than 2. 
a b 

EXERCISES 1.1 

t. Prove by axiom of induction that 

(i) 2n) n, for all n E f:::J 

(ii) 4 divides n(n + 1 )(n + 2)(n + 3) for all n E f:::J 

(iii) 13 23 3 _ (n(n+ 1))2 + + ... +n- 2 

2. By the principle of mathematical induction prove that: [(i) to (x)] 

(i) na + nb = n(a + -b) 

(ii) 1:S: n 

(iii) ma + na = (m + n)a 

(iv) 1.2 + 2.22 + 3.23 + ... + n.2n = (n - 1) 2n + I + 2 
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1 lin 
(V) -+-+-+ ... +--- =--

1.2 2.3 3.4 n.(n + I) n + 1 

(vi) 3.1.2 + 3.2.3 + 3.3.4 + .,. + 3.n.(n + I) = n (n + I)(n + 2) 

(vii) 12 _ 22 + 32 _ 42 + ... + (_I)/!-ln2 = (_I)n-l n(n+ I) 
2 

NUMBER THEORY 

(viii) For all integers n ~ 2, the product of n odd integers is odd 

(ix) 32n - 1 is divisible by 8 

(x) x" - JfI is divisible by x - y 

(xi) Prove by induction the permutation formula 

pen, m) = m(m - I)(m - 2) ... (m - n + I) 

(xii) Show that in the proposition pen): 2n > 2n + I, n E N, although P(k) => 
P(k + 1), yet the proposition is not true in ~. 

3. Prove the commutative law of addition and multiplication for the positive integers 

4. For m, n, p E ~, prove the following: 

(i) if m + p = n + p then m = n 

(ii) If m + p < n + p then m < n 

(iii) If m.p < n.p then m < n 

(iv) m.(n.p) = (m.n).p 

5. Prove the law of Trichotomy for natural numbers (using Peano's Axioms). 

6. Using properties of integers, prove that for any two integers a, b 

(i) a-O=a 

(ii) - (a - b) = -a + b 

(iii) (-a)(-b) = ab 

(iv) a(-b) = -{ab) 

(v) a(-b) = -{ab) 

(vi) If ab = 0 then a = 0 or b = O. 

7. Prove that -0 = O. 

8. Use the well ordering property to show that ..fj is irrational number. 

I EXERCISES 1.2 I 
1. For m E ~, prove that (ma, mb) = mea, b), a, b E ~. 

2. (
a b) 1 Prove that d I a, d I b => -,- = - (a, b). 
d d d 

3. Prove that (a, b) = d => (:' !) = 1. 

4. Prove that (a, b) = (a, b ±a) = (a, b + na) = (a + nb, b). 
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5. Find the greatest common divisor d of the numbers 963,657 and find the integers m 
and n such that d = 111.657 + n.963. 

6. Find the values of 111, 11 to satisfy 

(i) 198.m + 243.n = 9 

(ii) 71.m - 50.n = 1 

(iii) 93.m - 81,11 = 3. 

7. If x, yare integers, find the least positive value of 

(i) 963x + 99y 

(ii) I2Ix+ 891y. 

8. Prove that if (a, b) = 1 and (b, c) = 1 then (ac, b) = 1. 

9. Show that if ad-be = I then (a + b, c + d) = 1. 

10. If a + b "* 0, (a, b) = I, and p is an odd prime, then prove that 

(
a+b, ap+bP) = 1 orp. 

a+b 

11. Prove that (a + b, a - b) ;::: (a, b). 

12. Prove that, if a 1m, b I m and if (a, b) = 1 then ab I m. 

13. Determine whether the following assertions concerning integers are true of false. If 
true, prove the result, and if false, give a counter example 

(i) If b I if + 1 then b I a4 + 1 

(ii) If b I if - 1 then be I a4 
- 1 

(iii) If P is a prime and p I a, p I a2 + b2 then p I b 

(iv) If p is prime and p I a, p I a2 + 6b2 then p I b. 

14. I f a and b are integers, b being non-zero, then prove that there are unique integers 

q and r such that a = qb + r where - .!.. I b I ~ r ~.!.. I b I [In this case, r is called 
2 2 

the least absolute remainders of a with respect to b]. 

15. If (a, b) = 1 then show that (a + b, a - b) = 1 or 2. 

16. Prove : 4 f n2 + 2 for any integer n. 

17. If (a, 4) = (b, 4) = 2, then prove that (a + b, 4) = 4. 

18. If for k E z., M(k) stands for multiple of k then 

4xy - Y is M(3) => 4x2 + txy - 2; is M(9). 

19. Using the Euclidean algorithm find the greatest common divisor (gcd) of 

(i) 7468 and 2464 

(ii) 2689 and 4001 

(iii) 2947 and 3997 

(iv) 1109 and 4999. 

20. Find the greatest common divisor g of the numbers 1819 and 3587, and find integers 
x and y to satisfy I8I9x + 3587y = g. 
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21. Find the values of x and y to satisfy 

(a) 243x + 198y = 9 

(b) 71x - 50y = I 

(c) 43x + 64y = I 

(d) 93x- 81y= 3 

(e) 6x + lOy + 15z = I. 

22. Prove that the product of three consecutive integers is divisible by 6; of four 
consecutive integers by 24. 

23. Two integers are said to be of the same parity if they are both even or both odd: 
if one is even and the other is odd, they are said to be of opposite parity, or of 
different parity. 

Given any two integers, prove that their sum and their difference are of the same 
parity. 

24. Prove: 

(i) that n2 - n is divisible 2 for every integer n; 

(ii) that n3 - n is divisible by 6; 

(iii) that n5 - n is divisible by 30. 

25. Prove that if x and yare both odd, then x2 + ; is even but not divisible by 4. 

26. Prove that any integer is of the form 3k or of the form 3k + I or of the form 
3k + 2. 

27. Prove that if an integer is of the form 6k + 5 then it is necessarily of the form 
3k - I, but not conversely. 

28. Prove that the square of any integer of the form 5k + I is of the same form. 

29. Prove that the square of any integer is of the form 3k or 3k + I but not of the form 

3k + 2. 

30. Prove that no integers x and y exist satisfying x + y = 100 and (x, y) = 3. 

31. Prove that there are infinite pairs of integers x and y satisfying x + y = 100 and 
(x,y) = 5. 

ab 
32. Prove that [a, b) = --. 

(a,b) 

d b a c 
33. If D = -- and B = -- then show that -+- = 

(b,d) (b,d)' b d 

(aD + cB) 

[b, d) 

{Discuss the relationship between this equation and the addition of fractions by 
means of a 'common denominator'}. 

34. Prove that (a + b, a - b) I (a, b). 

35. Prove that if a and b are nonzero integers, then (a, b) I [a, b). 

36. Let <m> be the set of all integral multiples of the integer m. Then prove that 

<111> n <n> = <[m, n]>. 
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37. A sequence an is such that a1 = a, a2 = b and an = can _ 1 + ean _ 2 if n > 2. 

(a) Prove that, if d = (a, b), then d I an for all n ;:: 1 

(b) Prove that, ifj= (am' a
lll

_ 1) and if, e) = 1 thenjl d 
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38. Prove that if a and b are positive integers such that (a, b) = [a, b], then a = b. 

39. Evaluate (n, n + I) and [n, n + I] when n is a positive integer. 

40. Find the values of (a, b) and [a, b] if a and b are positive integers such that a I b. 

41. Prove that (a, b) = (a + b, [a, b]). 

42. The sum of two positive integers is 5264 and their least common mUltiple is 200, 340. 
Determine the two integers. 

43. Find the highest power of 2 in (2r - I)!. 

(11 1 + 112 + ... + ... nk )! 
44. Prove that the number is an integer. 

n J !.n2 !···l1k ! 

45. If r = i, prove that there are infinitely many positive integers n such that [nr] are 
3 

primes. 

EXERCISES 1.3 

1. Convert (1999)10 from decimal to base 7 notations. Convert (6105)7 from base 7 to 
decimal notation. 

2. Convert (89156)10 from decimal notation to base 8 notation. Convert (706113)8 from 
base 8 notation to decimal notation. 

3. Convert (10101111)2 from binary to decimal notation and (999)10 from decimal to 
binary notation. 

4. Convert (ABCDEF)J6' (DEFACED)J6' and (AOB)16 from hexadecimal to binary. 

5. Add (101111011)2 and (1100111011)2' 

6. Add (10000 I 000 1111 0 1)2 and (11111101011111)2 

7. Subtract (110 10 111)2 from (III 10000 II )2' 

8. Subtract (I II 10101)2 from (l 101101100}z. 

9. MUltiply (11101}z and (lIOOOlh 

10. Add (1234321)5 and (2030 I 04)5' (3314430)5 

11. Subtract (434421)5 from (443420 1)5 

12. Multiply (1234)5 and (3002)5 

13. Add(ABAB)16 and (BABA)J6 

14. Subtract (CAFE)J6 from (BAD)J6 

15. Multiply FACE16 and BAD16 
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I EXERCISES 1.4 I 
1. Show that there are infinitely many primes of the form 6n - 1. 

2. Show that there are infinitely many primes of the form 4n - 1. 

3. Find the canonical decomposition of the numbers 

(a) 82798848 

(b) 8105722663500. 

4. Show that the prod~ct of numbers of the form 6k + 1 is of the same form. 

5. Prove that any prime of the form 3k + 1 is of the form 6k + 1. 

6. Prove that any positive integer ofthe form 3k + 2 has a prime factor of the same form; 
similarly for each of the form 4k + 3 and 6k + 5. 

7. If x and yare prime to 3, prove that x2 + ;- cannot be a perfect square. 

8. If (a, b) = p, a prime, what are the possible values of (~, b)? of (aT, b)? of (~, b2). 

9. Evaluate (ab, p4) and (a + b, p4) given that (a, p2) = P and (b, p3) = p2 where p is 
a prime. 

10. Ifp is a prime and p I (~ + b2) and p I (b2 + c2) then prove that p I (~ ± c2). 

11. If a prime integer p > 3, then prove that 2p + 1 and 4p + 1 cannot be prime 
simultaneously. 

n! 
12. If a l + a2 + ... + ar = n and all a's;::: 0, then prove that is an integer. 

a l !a2 !a3 !···ar ! 

13. Prove that if a ;::: 3 and n ;::: 2, then ct - 1 is composite 

14. Show that highest power of 2 contained in (2r - I)! is 2r - r - I 

h h h h· h f who h . . d· (r 1)1· n
r 

- nr + r - 1 15. S ow t at t e Ig est power 0 n IC IS contame m n - . IS . 
n-r 

16. Show that [x] + [x + ~ ] = [2x] whenever x is any real number. 

17. Show that [2x] + [2y] ;::: [x] + [y] + [x + y] whenever x and yare real numbers. 

18. Show that if x and yare real numbers then [xy] ;::: [x] [y]. What is the situation when 
both x and yare negative? When one of x and y is negative and the other positive. 

19. Show that [x + ~] is the integer ~earest to x (when there are two integers equidistant 

from x it is the larger of the two). 
n-I 

20. Show that L [x + }In] = [nx] whenever x is a real number and n is a positive integer. 
j=O . 

DOD 



CONGRUENCES AND ITS­
BASIC PROPERTIES 

Carl Freidrich Gauss in his Disquisitions Arithmeticae, a milestone in number theory 
codified an idea related to some bizarre arithmetic, which he found it ideal for handling 
questions of divisibility. 

Consider a clock, numbered with the hours 0, 1, 2, ... 11. Such a clock has its own 
peculiar arithmetic. For example, since three hours after 5 o'clock is 8 o'clock, we could 
say that 3 + 5 = 8, as usual. But 3 hours after 10 o'clock is 1 o'clock, and 3 hours after 
10 o'clock is 2 o'clock; so by the same token, 3 + 10 = 1 and 3 + 11 = 2. Though it is 
not so standard (!) nevertheless, this 'clock arithmetic' has a great deal going for it 
including almost all of the usual laws of algebra. Following Gauss, we describe it as 
arithmetic to the modulus 12, and replace '=' by the symbol '",' as a remainder that some 
monkey-business (in IAN STEWART's words) is going on. The relation '",' is called 
congruence. In arithmetic modulo (modulus) 12, all multiples of 12 are ignored. so 
12 + I = 13", I, since 13 = 12 + 1 and we may ignore 12. 

Thus Congruence is a statement about divisibility slightly different point of view 
more than the convenient notation. It helps in easily discovering proofs and the same can 
suggest new problems leading to new and interesting topics. 

2.1 ELEMENTARY PROPERTIES OF CONGRUENCES 

Definition: Let a, b, m E Z, In > O. 

Then, a is said to be congruent to b modulo m if and only if m I a - b and is written 
as 

a '" b(mod m) 

Remark: 30", 0 (mod 5), 5 '" 5(mod) 

In general a '" a(mod m) for any m > 0 and a '" O(mod m) if m I a' 

Theorem 2.1. The relation", is an equivalence relation. 

Proof: .: for any m (> 0) E Z, m I 0 and a - a = 0, for any a E Z, 

it follows that In I a - G, a E Z. 
a '" a(mod m) . .. (i) 

• 
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or 

Next suppose for a, b E Z, a == b(mod m) 

Then m I a - b 

m I b - a 

b == a(mod '11). 

.. a == a(modm) 

gives b == a(mod m) 

then 

so, 

Finally suppose, for a, b, c E Z such that 

a == b(modm), 

b == c(modm), 

m I a - b, m I b - c and 

m I (a - b) + (b - c) = a - c 

gives 

a == c(modm) 

a == b(modm), 

b == c(modm), 

a == c(modm). 

"==" is an equivalence relation. 

NUMBER THEORY 

... (ii) 

Property 2.2. a == b(mod m) if and only if a and b have the same principal remainder on 
division by m. 

Proof: Let a == b(mod m) and a = mqj + r, 0 ~ r < m. 

We prove that 

Now, 

b = mq2 + r (same r). 

a == b(modm) 

or 

gives 

or 

b == a(modm) 

b - a = mq3 (q3 E Z) 

b = a + mq3 = mqj + r + mq3 = m(qj + q3) + r 

or 

or 

Conversely, let 

And 

Then, 

= mq2 + r. 
b = mq2 + r 
a = mqj + r 
b = mq2 + r, 0 ~ r < m 

a ~ b = m(qj -q2) = mq3' (q3 E Z) 
m I a- b 

a == b(modm). 

Some properties 2.3. a == b(mod m), c == d(mod m). Then 

(i) a + c == b + d(mod m) 

(ii) a - c == b - d(mod m) 

(iii) ac == bd(mod m) 

(iv) ax + cy == bx + dy(mod m) 

(v) a == b(mod m) and dim (d> 0), then a == b(mod d) 

(Proofs are left as exercise). 
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Extensions 2.4. If aj = bj(mod m), i = 1,2, ... n. 

then, L,sjaj == L,sjb j (mod m), (i = 1,2, .... , n). 

Oa j == Obi (mode m) 

Property 2.5. an == bn(mod m) if and only if a == b(mod~) 
(m,n) 

Proof Let 

or 

Now suppose, 

(m, n) = d, then dim, din 

m = dmp n = dn) with (m), n) = 1, ml' nl E Z. 

an == bn(mod m) then, m I an - bn 

m I (a - b) dn) 

dm) I (a - b)dn) 

m) I (a - b)n) 

51 

...(i) 

... (ii) 

or 

or 

or 

or m) I a - b [.: (ml , n l ) = 1] 

or 

or 

or 

or 

". or 

or 

Conversely, let 

Then 

a == b(modm) 

a == b(mod-
m 

). 
(m, n) 

a == b(mod-
m 

). 
(m,n) 

a == b( mod; ) [d = (m, n)] 

a == b(modm) 

m) I a- b 
m) I (a - b)n) 

dm) I (a - b)dn] 

m I (a - b)n 

.. an == bn(mod m). 

Observe: an == bn(mod m) does not give a == b(mod m) in general. [how?] 

Corollary 2.6. an == bn(mod m), (m, n) = I gives a == b(mod m) 

(Restricted cancellation) 

Example 1. 8 x 7 == 2 x 7(mod 6), (7, 6) = I, then, 8 == 2(mod 6) 

Example 2. Find the remainder when 273 + 143 is divided by 11 

Solution: 

or 

or 

2 == 2(mod II) 

22 == 4(mod II) 

24 == 42 == 16 == 5(mod II) 
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or 

or 

or 

or 

or 

28 = 52 = 25 = 3(mod 11) 

210 = 3 x 22= 12 = l(mod 11) 

270 = l(mod 11) 

270 x 23 = 8(mod 11) 

273 = 8(mod 11), 

Again, 143 = (11 + 3)3 = 33(mod 11) 

=2:7 

= 5(mod 11) 

From (i) and (ii), we get, 

273 + 143 = 8 + 5 = 13 = 2(mod 11) 

Remainder is 2. 

Example 3. Prove that 2P + 3P is not a perfect power 

(i.e., a perfect square, perfect cube etc.), if p is a prime number. 

Solution: Case I: p = 2 

Then 22 + 32 = 13 is not perfect power 

Case II: p is odd 

then, 

then, 

So, if p :;:. 5, then 

p-l 
2P + 3P = (2 + 3) L (,_I)k2 P - 1- k3k 

k=O 

p-I 
=- L (_I)k2 P - 1- k (_2)k 

k=O 

= P . ~ - 1 (mod 5) 

2P + 3P = 5n, 

where n 'if. O(mod 5), so that 2P + 3P is not a perfect power. 

Again, 25 + 35 = 275 is not a perfect power. 

NUMBER THEORY 

... (i) 

... (ii) 

[.; 3 = -2(mod 5)] 

Example 4. Find the smallest value of 136m - 5n I, where m and n are natural numbers. 

Solution: The unit digits of 36m is 6 for all m and of 5n is 5 for all n respectively. 

:. the unit digit of 136m - 5n I is 1 or 9 

:. the least possible value of 136m - 5n I may be 1. 

And then, 

Suppose 

But, 

Again, 

Hence 

36m - 5n = ±1 

36m ± 1 = 5n. 

36m + 1 = 5n 

36 = I (mod S) gives 

36m = I (mod 5) 

36m + 1 = 1 + 1 = 2(mod 5) 

5n = O(mod 5). 

2 = O(mod 5), a contradiction. 
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and 

Suppose, 

And 

36111 
- I = 5n 

36111 -1 ==0-1==-I(mod4) 

5n == l(mod4) 

1 == -1(mod 4), a contradi~tion. 

So the least possible value cannot be I ; it may be 9. 

36111 
- 5n = ±9 and this gives, 

36111 ± 9 = Sn 

which is not possible, for 36 = O(mod 3) 

give 

but 

. . 36111 = O(mod 3) and 9 == O(mod 3) 

36111 ± 9 == O(mod 3) 

5n ;\! O(mod 3). 

The least possible value cannot be 9. 

Hence the next least possible value is 11 

Now we see that really, 

36 - 25 = 11 (for m = 1 n = 2) 

Hence II is the least possible value of 1 36111 
- 5n I. 

Example 5. Show that JOII + 3An + 2 + 5 is divisible by 9 

Solution: Suppose, fen) = IOn + 3 x 4n + 2 + 5 

Then, fen + I) = JOn + I + 3 x 4n + 3 + 5 

= lOx JOn + 3 x 4 x 4n + 2 + 5 
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= 10 x JOn + JO x 3 x 4n + 2 - 6 x 3 x 4n + 2 + 5 

= 10 x fen) - 6 x 3 x 4n + 2 - 45 

or 

Now, 

fen + I) - fen) = 9 x fen) - 18 x 4n + 2 - 45 

= 9 (f(n) - 2 x 4n + 2 - 5) 

== O(mod 9) 

f(n+ I)-f(n) == 0(mod9) 

f(l) = JO + 192 + 5 = 207 =- O(mod 9) 

From above we see that 

fen) == O(mod 9) 

if and only if fen + 1) == O(mod 9) 

Hence by induction 

We get fen) == O(mod 9), for all n. 

Thus, 

JOn + 3 x 4n + 2 + 5 is divisible by 9. 

Example 6. Show that 34n + 2 + 52n + I == O(mod 14) 

Solution: Suppose fen) = 34n + 2 + 52n + I 
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Then, 

NUMBER THEORY 

fen + I) = 34n + 6 + 52n + 3 

= 34 x 34n + 2 + 52 x 52n "" I 

= 81 x 34n + 2 + 81 x 52n + I _ 56 x 52n + I 

= 8If(n) - 56 x 52n + I. 

Thus, f(n+ I)-8If(n) =-56 x 2n + 1 

= O(mod 14) 

i.e., fen + I) - 81 fen) = O(mod 14) 

Now if fen) = O(mod 14) 

then by above 

Again, 

by induction, 

fen + 1) = O(mod 14). 
f(l) = 36 + 53 

= 729 + 125 

=854 

= O(mod 14). 

fen) = O(mod 14), for all n. 

2.2 COMPLETE RESIDUE SYSTEM, REDUCE RESIDUE SYSTEM 

We now discuss the following division for some purpose. 

Consider the integer 6. And, 

Z = { ...... , -5, -4, -3, -2, -1, 0, + 1, + 2, + 3, +4, +5 ...... } 

We note that any integer divided by 6 will give us the remainder 

0,I,2,3,40r5 

Thus the set of integers when divided by 6 

give the remainder 0 is [0] = { ...... -24, -18, -12, -6,0,6, 12, 18,24, ...... } 

give the remainder 1 [1] = { ...... -23, -17, -II, -5,1,7,13,19,25, ...... } 

give the remainder 2 

give the remainder 3 

give the remainder 4 

give the remainder 5 

[2] = { ...... , -22, -16, - 10, -4, 2,8, 14,20,26, ...... } 

[3] = { ...... ,-2I,-I5,-9,-3,3,9, I5,2I,27, ...... } 

[4] = { ...... , -20, -14, -8, -2,4, 10, 16,22,28, ...... } 

[5] = { ...... , -19, -13, -7, -1,5, II, 17,23,29, ...... } 

Observe: [0] u [1] u [2] u [3] u [4] u [5] = Z 

and for any (O~)r, s(~5), r ::I; s, [r] n [s] = 0. 

So it is observed that for any m E Z+, there are m classes, Co' CI ••. Cm _ I in the 
equivalence relation congruence modulo m. In fact Cr, (for each r = 0, 1, ... , m - 1) consists 
of all the integers of the type km + r, r = 0, 1, ... 

Definition: The sets Co' CI' ... , Cm _ 1 are congruence classes (mod m). 

Definition: If xi E Ci, (i = 0, I, ... , m - 1) then m integers xo' xI' x2' ... , xm _ I are said 
to form a complete set of residues mod m(c.s.r. mod m). 
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Example 7. If for m = 6, a c.s.r(mod 6) is {I2, - 23, 8, -9, 4, II} 

Another c.s.r(mod 6) is {-24, 19, 14, -3, -8, I7} 

Remark: A csr(mod m) has the properties: 

(i) It contains m elements 

(ii) Every pair of elements is incongruent mod m 

i.e., X, ~ ximod m) if i "# j, 

or xi == xlmod m) if and only if xi = x
J 

Note: The csr mod m, {a, I, 2, ... , m - I} is called simplest csr(mod m) 

Addition and multiplication of residue classes mod m are as follows: 

Cq + Cr = Cq + r' if q + r < m 
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= Ct, if q + r ~ m and It is the remainder when q + r is divided by m 

Cq,Cr = Cqr, if qr < m 

= Ct , if q.r ~ m and t is the remainder when q.r is divided by m 

Example 8. If m = 6, then 

Theorem 2.7. 

C I + C3 = C4, 

C5 + C4 = C9 = C3, 

C2,C4 = Cs = C2 etc. 

(a) If S = {xo' xi' ... , xm _ I} is a csr (mod m) and if b E Z then 

A = {axo + b, ax l + b, ... , axm _ 1 + b} is also a csr(mod m) 

(b) If (m.n) = 1 and SI = {xO'x l , ... , XIII _ I} is a csr(mod m) 

and S2 = {YO'YI' ···,yn -,} is a csr(mod n) 

then the set S = {nx, + my) I i=O, I, ... , m-I,j=O, 1, ... , n-I} isa 
csr(mod mn) 

Proof: (a) 

(i) Obviously there are m elements 

(ii) We now prove ax i + b ~ ax) + b(mod m) if i "# j. 

Suppose ax, + b == ax) + b(mod m). 

Then Xi == ximod m) (": (a, m) = I), and it is not possible. 

[for S is a csr (mod m)] 

Hence A is a csr(mod m). 

(b) (i) Obviously there are IIln elements. 

(ii) We provenxi + my) ~ nXk + mYlmod mn) 

Given, SI is a csr (mod Ill). 

And so, 

Hence 

x, ~ximod m), which gives m f Xi - Xk 

X, - Xk = mq, + r l , r, "# ° 
n(x, - XI) = mnq, + r,n, r,n "# 0 ... (i) 
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Similarly, m(Yj - YJ) = mnq2 + r2m, r2m * 0 ... (ii). 

Adding (i) and (ii), 

n(x; - xk) + m(Yj - Yk) = mnq + (r\n + r2m) 

And this gives mn t n(x; - x,J + m(Yj - Y\) [why?] 

And hence, nx; + my) ~ nxk + my\(mod mn). 

Hence, S is a csr (mod m). 

Observation: Consider m E == Z+, and for a, b E Z, a == b(mod m) .. 

Then, Ca + Cb = Ca + band Ca·Cb = Cab 

or a+b=a+banda.b=a.b, 

where a = b if and only if a == b(mod m) [write x for Cx] 

Suppose Z = {Co' Cp ... , Cm _ \} 

= (5, T, 2, ... m_J) 

= x,y,z, ... ,} (XE 0, yE 1, zE2, ... ). Then 

Theorem 2.8. In Z m if the addition and multiplication are defined above, then Z m is a 
commutative ring with unity. (left as an exercise). 

Note: This ring will be a field if m is a prime p i.e., Z p is a field. 

Lemm~ 2.9. a == b(mod m) gives (a, m) = (b, m) 

Proof: a == b(modm) 

or b - a = mk 

or a = b - mk. 

Now if (a, m) = d\ and (b, m) = d2, 

Then, d] I a, d\ I m and d2 I b, d2 I m 

or a = d1k\, m = d\k', b = d2'0., m = d2k". 

Then a = b - mk = d lr - d k"k = d k where k = lr - kk" 2"2 2 2 3' 3 "2 

i.e., a = d2k3 

or d2 I a 

Again d2 I a and d2 I m 

gives d2 I (a, m) = dJ 

Similarly, d J I d2 gives d
J 

= d2· 

Note: The following example justifies that the converse of this lemma is not true. 

(1,4) = 1 = (3, 4), but 1 c\ 3(mod 4). 

Definition: A set of integers r j , where (r j , m) = 1, ri ~ ,}(mode m) i * j and such that every 
a with (a, m) = 1 is congruent modulo m to some member r, of the set, is said to be a 
reduced set of residues mod m. 
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Reduced set of modulo m can be obtained by deleting from a complete set of residues 
modulo m those members that are not relatively prime to m. 

A reduced set of residues therefore consists of the numbers of a complete system, 
which are relatively prime to the modulus. 

Example 10. {I, 2, 3, ............ 40, 41, 42} is the complete set of residue mod 42 

{I, 5, I I, 13, 17, 19,23,25, 29, 31,41} 

is the reduced system of residue modulo 42. 

Example 10. Exhibit the complete residue system modulo 17 composed entirely of 
multiples of 3. 

Also find the reduced residue set modulo 17. 

Solution: The complete set of residue modulo 17 is 

{O, 1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16} 

Now these numbers are to be changed in the mUltiples of 3 

so that they may represent the same number modulo 17; 

And thus the required set is 

{O, 18,36,3,21,39,6,24,42,9,27,45, 12,30,48, I5,33} 

And the reduced residue set is same as the complete set of residue modulo 17 for 17 
is a prime number (and so each number in the set of the complete residue is prime to 17). 

Theorem 2.10. If m is prime, then show that (a + b)1II == d'l + bill (mod m) 

Proof: 

and it is seen that (Example 32, eh 1) 

the product of r consecutive integers is always divisible by r! 

So the coefficient of each term of the above expansion is an integer. 

. . m is a prime, no factor of r! is a divisor of it, 

Moreover III t r, so III t any factor of r! 

Hence, 

r! I (m - 1) (m - 2) ... (m - r + 1) 

III _ (m - r + 1) 
Cr - {m.(/I1- 1).(11/- 2) ... ---­

r! 

is divisible by /11 for all r :'0: 111 - 1 

(a + b)1II == d" + b''' (mod m). 

Theorem 2.11. If /11 is a prime, then prove that 

(a + b + c + ... + ... )''' == alii + b''' + elll + ... (mod m) 

Proof: (Hint: Take b + c + d + ... = p, use the above theorem and repeat the same. 

Theorem 2.12: If 11/ == 1 (mod 17"), then II1P ;: 1 (mod p" + I). where n > ° and p is a prime. 

Proof: .,' 111 ;: I (mod p"), we write 11/ = I + Apn, for some integer A 
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Again np ;:: n + 1. . 

Now, nf = (1 + 'Apnt = ... = ... = 1 + a p" + , 

[students are asked to calculate in details and fill up the missing steps] 

nf == l(mod pn + I). 

Theorem 2.13. If a == b(mod m), a == b(mod n), (m, n) = 1 then a == b(mod mn) 

Proof a == b(mod m), a == b(mod n) give, m I a - band n I a - b 

Thus, a - b = mk = nf (for some k, f). 

(m, n) = 1 and mk = nf gives n I mk 

:. we have n I k. 

So, k = nt(for some t). 

a - b = mnt 

and this gives, 

mn I a- b, 

in other words a == b(mod mn). 

2.3 SOME APPLICATIONS OF CONGRUENCES· (FERMAT'S LITTLE 
THEOREM, EULER'S THEOREM, WILSON'S THEOREM, CONVERSES 
AND THEIR APPLICATIONS) 

Note: Before discussing arithmetic functions or Euler's function in particular we want to 
discuss Fermat's little theorem (though the same may be proved with the help of Euler's 
theorem!) 

Theorem 2.14. Fermat's theorem (This is known as Fermat's Little Theorem to distin­
guish it from the famous conjecture known as Fermat's Last Theorem.) 

If p is a prime and (a, p) = 1 (Le., pta), then cI' - , == 1 (mod p) 

Proof: From theorem 2.1 0, 'We have 

(a, + 0.2 + ... aat == af +af + ... +a:(modp) 

Consider 0.1 = 0.2 = ... = aa = 1, then we have 

cI' == a(modp) 

or cI' - 1 == l(modp). 

Note: If P is a prime then for any integer a and b we have 

ab == O(modp) 

a == O(modp) gives 

or b == O(modp) [P lab givesp I a or pi b] 
p-I 

Corollary 2.15. For any prime p and any integer a, prove that a 2 = 'Ap ± 1, for some 

positive integer A. 
Proof: By Fermat's theorem we have (except for p = 2) 
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or 

or 

Now·: 

cf - I == I(modp) 

ell-I - 1 == O(modp) 

p-I p-I 

(a 2 -I)(a 2 + I)==O(modp) 

p-I p-I 

(a 2 -I)or(a 2 + I)==O(modp), 

p-I p-I 

(a 2 - 1) or (a 2 + 1) is a multiple ofp i.e., 'Ap. 

p-I 

a 2 ='Ap± I. 

Application of Fermat's theorem 

Example 11. If P is a prime to a then, prove that 

aP"-I(p-l) == I(modpn) 

Proof: By Fermat theorem we have, ell - I = I(mod p) 

and by the theorem 2.12, 

m == 1 (mod pn) gives 

n-f == I(modpn+ I) 

Combining (*) and (**) we have 

eIl(p - I) == l(modp2) 

a P2 (p-l) == I(mod p3) 

apn-I(p-I) == I (modpn). 

Example 12. Show that n7 - 11 is divisible by 42 

Solution: n7 - n = n(n6 - 1) 
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... (*) 

... (**) 

= n(n7 - I - 1) and .: 7 is prime, we therefore have 

by Fermat theorem. n7 - n = n(n7 - I - 1) == O(mod 7) 

or n7 - n = M(7) 

and also, "= n(n6 - 1) 

= n(n + 1) (n - 1) (n4 + n2 + 1) 

Moreover, (n - 1) n (11 + I) being the product of three consecutive integers is divisible 
by 3! = 6 and (7, 6) = I 

Hence n7 - n is divisible by 7 x 6 = 42. 

Example 13. SiD - 3 10 is divisible by II 

Solution 3, 5, 11 are primes 

Therefore 510 = 5 11 - 1 == I(mod 11) 
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and 310 = 3 11 - 1 == l(mod 11) (Fermat's theorem) 

S10-3 10 ==O(modll) 

and we get, S 10 _ 3 10 = MOl). 

Example 14. Prove that every square number is of the form Sk - 1, Sk, Sk + 1 where n 
is SOme positive integer. 

Solution: Suppose N is any number 

Case I: (S, N) = 1 

So, 

Hence, 

~ - 1 = N5 
- I - 1 (== 0 mod 5) = M(S) (Fermat's theorem) 

(N2 - 1) (N2 + I) = M(S) which gives, N2 - 1 or N2 + 1 is M(S). 

Case II: 

N2 = Sk ± J. 

(S, N) -:/= 1, 

(S, N) = S 

Then, 

Hence the result. 

Example '15. 

Solutidn 

Find the last unit digit of 3400 

34 == 1(mod S), and 34 == 1 (mod 2) (Fermat) 

34 == 1(mod 10) [theorem 2.2.7] 

or 34n == 1 (mod 10) 

3 400 = 3 4 100 == l(mod 10) 

:. the last digit is 1. 

Note: The converse of Fermat's theorem is not true. 

In other words, if am-I == 1(mod m), m need not be prime. 

Example 16. 2340 == 1 (mod 341), 341 is not prime 

341 = 11.31. 

To discuss one partial converse of it we first note the following 

Definition: If (a, m) = 1, and A is the smallest positive integer such that 

at... == l(mod m), 

i.e., at... == l(modm), 

cf !f I(mod m), for 0 < k < A, 

then A is called the order of a modulo m. 

Theorem 2.16. d' == 1 (mod 1/1) and d is the order of a modulo m, then din. 

Proof: By Division algorithm, n = qd + r, 0 ~ r < d, q, r e Z 
Now an = cfId + /' = (ad)q.d, 

Gives d' == 1 (mod m). 

Hence r = 0, that is, n = qd. 

Thus the statement holds. 
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Theorem 2.17. If q is a prime factor of the Mersenne number 

Mp = 21' - I then q > p. 

Proof: If p = 2 then the result is true. 

Suppose p is odd. 
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Now q I (21' - I) gives 2P == I (mod q) .: p is prime, by Theorem 2.16 

we know that the order of 2 modulo q is p. By Fermat's theorem 

2q - I == I(mod q). Thus pi (q - I), that is, 

q > p. 

[student will try the proof without using Theorem 2.16]. 

[Also the above result reveals that there are infinitely many primes.] 

Theorem 2.18. The prime factor of Mersenne number Mp (p > 2) has the form 2pt + 1 

Proof: If q is a prime factor of Mp then by Theorem 2.16, p I q - I. 

.. q is odd, 2 I q - I. Hence 2p I (q - 1), that is 

q = 2pt + I, and so the theorem is proved. 

Theorem 2.19. The odd prime factor of a 2
/1 + 1 (a> 1) is of the form 2n + I.t + 1 

Proof: Proof will be by induction. 

For n = 0 the result is trivial. 

Assume that the result is true n - I, 

So, 
2/1-1 

a +J 

Let 

== O(mod ql)' ql = 211t, + 1 

2,,-1 
== O(mod q), or (a 2 ) + 1 == O(mod q) 

By induction hypothesis we have 

Now 

or 

or 

or 

q = 211t + 1. 

a 2
/1 + 1 == O(mod q) 

a 2
/1 t == (-I)'(mod q), 

a"-' ==(-I)'(modq) 

(-I)' == I(mod q) [Fermat theorem] 

Now t = 2t2 [.,' t is even for q > 2] 

Hence, q = 2n + '/2 + I. 

Thus the theorem is proved. 

[Note: for n = I, the prime factor a2 + 1 is of the form 41 + 1] 

Theorem 2.20. Every prime factor of the Fermat number Fn en > 2) is of the form 
2" + 2t + I. 

Proof: Suppose q is a prime actor of Fn' 

Now (Fn_,(,+1 = (2211-1 + 1)2n+1 
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or 
2/+ 1 

(Fn .... I ) + I == O(modFn) 

, 2/+1 

Then q is a prime factor of ( Fn _ 1 ) + 1 also. 

2n+1 

If q is an odd prime factor of (Fn -I) + 1 then q = 2n + 2t + 1 [above theorem]. 

Thus it follows that every prime factor of Fn is of the form 2n + 2t + 1. 

Note: It is to be noted that a reduced residue set modulo m is obtained by: deleting from 
a complete residue set modulo m those members that are not relatively prime to m and 
all such sets contain the same number of members, and this number is denoted by <I>(m). 
Thus, this leads us to a function called the Euler's phi-function and is denoted by <1>. 

In other words when m is a positive integer, <I>(m) denotes the number of positive 
integers not exceeding m and which are relatively prime to m[<I>(m) = number of a's, 
(a ~ m), such that (a, m) = 1] 

So, <1>(1) = I (the only number n such that, (n, 1) = I is 1 itself) 

<1>(2) = 1 (the only number n such that, (n, 2) = 1 is : 1 

<1>(3) = 2 (the only number n such that, (n, 3) = 1 are 1, 2) 

<1>(4) = 2 (the only number n such that, (n, 4) = 1 are 1,3) 

<1>(5) = 4 (the only number n such that, (n, 5) = 1 are 1, 2, 3, 4) 

<1>(6) = 2 (the only number n such that, (n, 6) = 1 are 1,5) 

<1>(7) = 6 (the only number n such that, (n, 7) = 1 are 1,2,3,4, 5,6) 

<1>(8) = 4 (the only number n such that, (n, 8) = 1 are 1, 3, 5, 7) 

If p is a prime then 

<I>(P) = p-l (the only number n such that, (n,p) = 1 are 1,2,3,4, ... , (P-l» 

Note: Here I is considered as prime to all the numbers.) 

Theorem 2.21. Euler's theorem 

(a, m) = 1 gives ac'P(m) == l(mod m) 

Proof: We use the following 

Lemma: If {rl' r2, ... r c'P(m)} is a r.r.s. (mod m) and if (a, m) = I then 

{ar l , ar2, ... , arc'P(m)} is also r.r.s. (mod m) 
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Now 

and 

Then mUltiplying we get 

rj ~ rimod m), (l :s; i,j:S; <I>(m), i"* j) 

rj == arimod m), for some i and). 

r l .r2, ... r<l>(III) == arl ·ar2 .. · ar<!>(lII) (mod m) 

and by restricted cancellation law 

r 2 ... r<jl(lII) == r 2 ... r<t>(III) a<t>(III) (mod m) (.,' (rl' m) = 1). 
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Similarly, .,' (r2' m)= I, (r3' m)= 1, ... (rq>(m)' m)= I, we getcanceIIingr2, r 3, ... ,rcp(m) 

I == a([J(III)(m). 

a'p(lII) == I(m). 

Corollary 2.22. Fermat's theorem: cf1 == a(mod p) 'II a E Z 

Proof: Euler's theorem states that a'p(lII) == I(mod m) if(~, m) = 1. 

When m is prime p, we then get, 

a'P(P) == I (mod p) and p being a prime, <pcp) = p - 1. 

Thus, dPIp) == I(modp), 

if (a, p) = I Le., a ~ O(mod p) and obviously, a == a(mod p). 

Multiplying, (if a ~ O(mod p)), cf1 == a(mod p) and if a == O(mod p), then this result 
is obviously satisfied. 

Note: For p = 7, 

aP == a(modp) 'II a E Z. 

17 == I(mod 7), 

27 == 2(mod 7), 

37 == 3(mod 7) .. etc 

77 == 7 (mod 7), 

147 -= 14(mod 7) 

If a ~ O(mod p) i.e. if (a, p) = I, then 

aP - 1 == I (mod p) e.g. 

16 == I(mod 7), 

26 == l(mod 7), 

36 == (mod 7). 

r ~ I(mod 7). 

Remark: Direct converse of Fermat's theorem is not true. 

Theorem (Partial converse of Fermat theorem) 2.23. If d" - I == I(mod m) and d' " 
I(mod m) for any proper divisor of m - I, then m is a prime. 

Proof: Theorem 2.16 asserts that m - 1 is the order of a modulo m. 
Euler's theorem states that 

a'p(m) == I(mod m). 

Hence <p(m) ~ m - 1. 

But for any integer m > I, we must have 
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q>(m) :::; m - 1. 

q>(m) = m - 1, that is m is prime. 

Note: Positive factor of 47 - 1 = 46 are 1, 2, 23, 46 

And 4523 = (47 - 2i3 == (-2i3 == -1 (mod 47) 

or (4523i = 4546 == (-Ii == 1 (mod 47) also 

452 ~ l(mod 47), thus 47 is prime. 

The converse of above is not true (The converse states that: When m is prime and 
n I (m - 1) then d' ~ l(mod m). 

For example, when m = 5, a = 4, we have 

42 == 1 (mod 5). 

Theorem 2.24. Wilson's theorem: 

If p is prime, then 

(p-l)! + 1 ==O(modp) 

[or (p - 1) ! == -l(modp)] 

Proof: Zp = (0,1,2, ........ ,p-l} is acsr(modp). 

and S = {T, 2, 3, ........ , p - I} is r.r.s. (mod p). 

We know that Zp is a field. 

non-zero element has its inverse. i.e., if a E S, 

then, b.a = 1 E S. 

[ b is called the inverse of a in S(denoted a-I) and a is called the inverse of bin S(denoted 
a = b- I .)] 

Now 

or 

1.1 = 1 therefore, inverse of 1 is 1. Thus, I-I = 1 
P -1 = =-1, P -1.p - 1 = -1.-1 = 1 

inverse of p - 1 is p - 1 itself. 

Case (i): p = 2 gives (2 - I)! + 1 == 0 (mod 2). Verified. 

Case (ii): p = 3 gives (3 - I)! + 1 == 0 (mod 3). Verified. 

Case (iii): p ~ 5 
----

Consider Zp = (0,1,2, ... , p - 2, p -l} is a csr (mod p). 

Now S = {1,2, ... ,p-l} isr.r.s(modp) 

We know that Zp form a field. 

:. every nonzero element of Zp has a unique inverse. 

Let SI = {2,3,S, ... ,p-2} [Le,SI =S\{1,p-l} 

If a = a e SI' 2 S aSp - 2, then inverse of a is not a. Because, if it is so, then, 

a.a- l = a.a, or 1 = a-2 or, c? is 1 (mod p) 
or pic? - 1 
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or 

or 

pl(a+I)(a-l) 

p I a + lor, p I a-I 

and this is impossible as 2 ::; aSp - 2. 

or, 

or 

. . a E SI gives a-I E SI such that 

a *- a-I 

. . the elements in SI can be paired as 

Hence 

(ap ai-I), (a2, a 2-
1), ... 

I I -----
al.al- .ap2- .... = 2·3·5 .... ·p-2 in some order. Thus we get 

2" . 3" ·5· ... · p - 2 = 1 1 1 1 = 1 
- - - - ---- --- -- -
12·3·5· ... ·p-2p-1 = 111 .... p-1 =-1 

1· 2·3· ... · p - 1 = - 1 so, p - I! = -1 
(p - I)! == -l(modp). 

Theorem 2.25. Converse: If n > 1, (n - I)! + 1 == O(mod n) then, n is a prime. 

Proof: If n is not a prime, then n is composite 

or, 

or 

Let, n = mk, 1 < m,k < n, i.e. 2 S m, k S n-1 

Then (n - I)! + 1 == O(mod mk) 

mk I (/1 - I)! + I 

m I (n - I)! + I. 
But III J (n - I)!. .: 111 E {2, 3, ... , n - I} gives m I 1 impossible .: m *- 1. 

Similarly for k. Therefore, n cannot be composite. 

Hence n is a prime. 
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Example 17. Show that (m - I)! == (l1l - 1) mod (1 + 2 + 3 + ... + (m - 1» if and only 
of m is a prime. 

Solution: First we assume that 

(111- 1)! == (m - 1) mod (1 + 2 + 3 + ... + (m - 1). 

Then (111- 1)! == (m _ 1) mOd( m (~-1)) 
Case I: Let m be odd. 

or 

or 

Now 

m-l 
m - 1 is even and so, -2- is an integer. 

m-l 
-2-.m I (m-1)! -(m-1) 

111 I (111 - I)! - (m - 1) or m I (m - I)! + 1 

(111- I)! + 1 == O(mod m) 

111 is a prime, by converse of Wilson's theorem. 
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Case II: Let m be even. Then ; is an integer 

Now 

or 

or 

or 

m 
(Ill-I)! == (m -I) mod «m -1)-) 

2 
m 

(m - I) "2 I (m - I)! - (m - I) 

m "2 I (m - I)! - m + I 

m 
-II 
2 

NUMBER THEORY 

III m [.: "2 I (Ill - I)! and "2 I m (obviously)] gives m 12 or m = 2, which is a prime, Hence. 

Conversely, let m be a prime 

Case I: Let m = 2: Then, 

(2 - J)! == (2 - I) (mod 1), which is true. 

Case II: Let m = p ~ 3, Then 

or 

or 

p-l p-l 
I + 2 + ... + (p - I) = -2-P = P-2-. 

Now, .: 

By Wilson's theorem, 

p-I p-I 
-2-1 (P-I)! and, -2- lp -1. 

p-J p-I 
-2- I (P - I)!, -2- I (P - 1) 

p-I 
-2- I (P - I)! - (P - 1) 

p-l 
(P - 1)! == (P - l)(mod -2-) 

(P - I)! == -1(P) or (P - I)! == (P - 1) (modp), 

p-l 
(P - I)! == (p - 1) mod (--.p) 

2 
(p - I)! == (p - 1) mod (1 + 2 + 3 + ... + (p - 1». 

Example 18. If P is an odd prime and k + 1 = P - 1 then show that 

k! 1! + (_I)k == 0 (modp). [Left as exercise] 

Example 19. If p is a prime, then show that 2 {(p - 3)!} + 1 ;0; 0 (mod p) 

Solution: 2 {(p - 3)!} + 1 = 2{(p - 3)!} + 1 

= 2{(p - I)!} + 1 
(p -1)(p -2) 

2{(p -I)!} + (p -1)(p -2) 

(p -1)(p -2) 
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and 

By Wilson's theorem, 

2{(p -I)'} +2 + p2 -3p 

(p -I)(p -2) 

2{(p -1)' + 1] + p2 -3p 

(p -I)(p -2) 

(p - I)! + I = O(modp) 

p2 _ 3p = O(mod p) and, p t (p - 1), p t (p - 2), 

2{(P - 3)!} + 1 = O(modp). 
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Example 20. Show that any integer n is congruent modulo 9 to the sum of its digits. 

Solution: Suppose n contains In + 1 digits a, b, c, d, j beginning from the left. 

Then 

Now, 

n = a x 10m + b x lOm-] + eX IOm - 2 + ... + i x 10 + j 
(called the extended notation of n) 

10 = 9 + 1 = 1 (mod 9), 

102 = 9 x 11 + 1= I(mod 9) 

loJ = 9 x III + 1 = 1 (mod 9), 

lif' = 9 x III ........... In times + 1 = I(mod 9) 

n = a + b + c + ... + i + j(mod 9) 

= sum of the digits (mod 9). 

Example 21. The necessary and sufficient condition that a positive integer n can be 
divided by 3 is that the sum of its digits is divisible by 3. 

Solutton: Suppose the number in the extended notation is 

n =ao+a] 10+a2102+ ... +ak_lIOk-l,0:sai< 10 

Now 10 = I(mod 3) 

or ao + a I 10 + a2 102 + ... + a k _ I 1 Ok - 1 

= ao + a l + a2 + ... + ak _ I (mod 3) 

Thus n = O(mod 3) if and only if ao + a] + a2 + .,. + ak _] = O(mod 3). 

k-l 
Example 22. Show that a positive integer n is divisible by 7 if and only if L (_I)i ai 

i=O 
= O(mod 7), where ak, ... a2, ai' ao are the digits of n from the left, 0 :5: ai < 1000. 

Solution: Let n = ao + a] 1000 + a2 10002 + ... + aklOOOk - ], 0 :5: a j < 1000, 
k-] 

Now, (ao + a2 + ... ) - (a l + a3 + ... ) = .L (-I)i ai = O(mod 7) 
1=0 

[Note: 1000=-1 (mod 7)]. 

Example 23. Show that 637693 is divisible by 7 

Solution: n = 637693 = 693 + 637 x 1000; ao = 693, a1 = 637 
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Therefore, ao - a l = 693 - 637 = 56 == O(mod 7) 

Thus, the number is divisible by 7. 

Example 24. If n = am x 1011/ + alii_I x 10m_ I + am_ 2 x 10111 - 2 + ... + a 1 x 10 + ao be the 

decimal expansion of n, 0 S am' am _ I' am _ 2' ... aI' ao s 9, and T = ao - a l + a2 - '" + 
(-It'. Then III n ifand only if II I T. 

11/ k 
Solution: We write P(x) = 'L a k x 

Now 

But 

So 

Thus 

1=0 

10 == -I(mod II) gives P(IO) == P(-I) (mod II). 

PO) = Nand P(-I) = ao - a l + a2 - ... +(_1)111 = T. 

N == T(mod II) 

II divides n if and only if II divides T. 

We are much pleased to include the following test of divisibility with due permission 
from the author Prof. Gundala Ramanaiah (and the same has been named after his name). 

Ramanaiah Technique of Tests of Divisibility by Primes. 
The divisibility criterion for any prime depends on the 'period' of the prime and when 

the period/semi periods are small. 

Definition: Period of a prime: 

The period of a prime p is defined as the least positive integer r such that 

10' == I(modp) ... (1) 

Example 25. Find the periods of the primes 37 and 41. 

102 == 26(mod 37), 103 == I (mod 37). 

37 has period 3. 

102 == I 8(mod 41), 103==16(mod41), 104==-4(mod4l), 105==I(mod41) 

41 has period 5. 

If the period of the primes p is even, say r = 2s, then, 

1021' == I(modp) which implies that 

lOS == -I(modp) ... (2) 

The other alternative, lOS == -I (mod p) contradicts the hypothesis that 2s is the period. 

Definition: We call s as the semi-period of p. It is the least positive integer satisfying (2) 

d' d" f p-I an IS a IVlsor 0 -2-' 

Example 26. Find the semi-period s of the primes 137 and 9091 

102 == -37(mod 137) 

103 == -96(mod 137) 

104 == -I(mod 137) 

s = 4 for 137. 

104 == 909(mod 9091) 

lOS == -1 (mod 9091) 

s = 5 for 9091. 
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Table I and 2 give the odd periods r and semi periods s for all primes less than500 
while table 3 gives all primes less than 100,000 with rand s not more than 10. There is 
no regular pattern of occurrences of rand s. It is interesting to note that there are only 
19 primes less than 1000,000 whose rand s are not more than 10. 

Table I Primes less than 500 odd periods r. 

P 3 31 37 41 43 53 67 71 79 83 107 151 163 

r I 15 3 5 21 I3 33 35 13 41 53 75 81 

p 173 191 199 227 239 271 277 283 307 311 317 

r 43 95 99 113 7 5 69 141 153 155 79 

I' 347 359 397 431 439 443 467 479 

r 173 179 99 215 219 221 233 239 

Table 2 Primes less than 500 with even periods 2s. 

P 7 II 13 17 19 23 29 47 59 61 73 89 97 101 103 

s 3 I 3 8 9 II 14 23 29 30 4 22 48 2 17 

P 109 113 127 131 137 139 149 157 167 179 181 193 

s 54 56 21 65 4 23 74 39 83 89 90 96 

p 197 211 223 229 233 241 251 257 263 269 281 293 

s 49 15 III 114 116 15 25 128 131 134 14 73 

P 313 331 349 337 353 367 373 379 383 389 401 409 

s 156 55 168 58 16 183 93 189 191 194 100 102 

p 419 421 433 449 457 461 463 487 491 499 

s 209 70 216 16 76 230 77 243 245 249 

Table 3 Primes less than 1000,000 with r or s not more than 10 

P 3 37 41 239 271 4649 

s I 3 5 7 5 7 

P 7 II 13 17 19 73 101 137 3541 9091 9901 27961 52579 

s 3 I 3 8 9 4 2 4 10 5 6 10 9 , 

DIVISIBILITY CRITERIA 

Let p be a prime with period r. Consider a number N comprising n digits where n > r, 
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r -I 2r-1 
N = dn _ I'" d2d1dO = L d j W j + L d j 10 j + ... 

j=O j=r 

Since l(f == l(mod p), we find 

N = (dr _ I'" d2d1do) + (d2r _ I'" dr) + ... (mod p) ... (3) 

'Hence we obtain the divisibility criterion. 

Rule 1. 

(i) If r is the period of p; divide the digits of N into blocks of r digits starting from 
the right. (The last block may contain fewer digits.). 

(ii) Find the sum No of the numbers in the blocks. 

(iii) Then No and N leave the same remainder wh!)n they are divided by P. 

If No contains more than r digits apply the rule to No' 

If s is the semi-period of prime p, then using the relation 

l(t == -1 (mod p), we find, in this case, that 

N = (ds _ I '" d2d1do) + (d2s _ I ... dr ) + ... == (modp) ... (4) 

Hence we obtain the divisibility criterion. 

Rule 2. 

(i) If s is the semi-period of p, divide the dig:ts into blocks of s digits from the right 
(The last bloc may contain fewer digits). 

(ii) Find the alternate sum (4), say No' 

(iii) Then N and No leave the same remainder when they are divided by p. 

Note: 

(i) It may be noted that Rule 1 can be applied for all primes (other than 2 and 5) 
irrespective of whether the period is even or odd. 

Oi) However in case of even periods it is better to use Rule 2 with s as the semi­
period. 

Since s = 1 for p = 11, Rule 2 gives that N is divisible by 11 if and only if the alternate 
sum do - d l + d2- ... is divisible by 11. 

R = 3 for p = 37, therefore N is divisible by 37 if and only if d2d1do + d5d4d3 + ... 
is divisible by 73. 

Example 27. 

Test N = 2356710825 is divisible by 37. 

From Table 1 we find r = 3, if p = 32. Here N = 2356710825 

Therefore 825 + 710 + 356 + 2 = 1893 = 1893 

893 = 1 = 894 = NO 

By actual division of 894 by 37 we find that the remainder is 6. 

Hence N also leaves 6 as remainder when divided by 37. 

Note the advantage of the rule: 

(i) We have divided a three-digit number instead of original lO-digit number. 

(ii) . The advantage is much more if one is testing a number with, say, 100 digits. 
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Example 28. 

Test if N = 2779104276 is divisible by the prime 9091. 

S = 5 for p = 9091 

Therefore N= 2779104276 = 04276 - 27791 =-23515 = -9091 x3 + 3758 

Therefore N leaves the remainder 3758. 
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Note: The advantage of criteria for divisibility by primes in the Rule 1 which is to be used 
for primes with odd period r and Rule 2 for primes with even period 2s lies in the fat: 

One has to carry out division of a number with at most r or s digits instead of the 
original number with n digits. 

These rules can be used to reduce computation time while finding the prime factors 
of large numbers. 

2.4 SOLUTIONS OF CONGRUENCES 

The ancient Greek mathematician Diophantine (C 250 C.E.) wrote extensively on 
equation which has two or more than two unknowns. Such an equation is called an 
indeterminate equation. A system of equations is said to be indeterminate if the number 
of equations is less than that of the unknowns. In this type of equations we usually look 
for the solutions in a restricted class of numbers such as positive integers, negative 
integers, or integers. 

2.4.1 Linear Indeterminate Equations 

Theorem 2.26. (i): a, b E Z, a*"O then ax + b = 0 has a unique solution in integers 
if and only if a I b. 

Proof: Let there exist Xo E Z such that axo = - b. Then, Xo = -!!.. E Z gives a I b 
a 

Next suppose a I b. Then b = ak, (k *" 0) E Z. Therefore - k is a solution. 

Theorem 2.7. (ii): ax + by = c ... (1) a, b E Z; a*"O *" b 

The necessary and sufficient condition that the equation (1) will have a solution in 
integers is (a, b) I c. 

Necessary part: Let (I) have solution. 

Then :3 xo' Yo E Z such that 

Let 

axo + byo = c 

(a, b) = d 

d I a, d I b gives 

d I axo + byo = c 

d = (a, b) I c. 

Sufficient part: Let d = (a, b) I c. To prove that (1) has solution 

As d I c we have 

And 

c = dCI 

(a, b) = d gives :3 xy' E Z such that 

... (2) 
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d = ax' + by'. 

Multiplying by c l we get 

a(clx' + b(c l y) = dCI' 

or ax I + by I = C 

therefore, (xI' YI) is a solution of (1). 

Remark: (1) will have a solution if and only if d = (a, b) I c. Therefore, we have 

d I a or a = da p (say) 

d I b or b = dc p (say) 

d I c or c = dCI' (say) 

Putting in (1) we get 

or 

when 

dalx + db l y = dc p 

alx + bly = c l 

(aI' bl ) = 1. 

... (3) 

.. Every consistent equation of the general type (1) can be converted to the type 
(3) in which (coefficient of x, coefficient ofy) = 1. So instead of considering (1) we need 
consider the solution of (3). 

2.4.2 To Find the Solution of EquCJtion of the Type 

ax + by = c 

a '* 0 '* b; a, b, c E Z 

... (1) 

Suppose one solution of (1) is known, (in the upper line) say (xo' Yo); 

To find the other solutions: 

(x, y) and (xo' Yo) will be solutions of (1) if 

ax + by = c 

axo + byo = c 
The set (2) is equivalent to 

} ... (2) 

axo + byo = c } 
... (3) 

a(x - xo) + bey - Yo) = 0 

but 1 sl of (3) is satisfied, .: (xo' Yo) is a solution by assumption. 

To have a solution of (1) we get 

a(x - xo) + bey - Yo) = 0 

or a I b (y - Yo) 

or a I Yo - Y 

or 

or 

or 

Yo - Y = at, 

y = Yo - at (t E Z) 

Putting this value in (3) we get, 

a(x - xo) + b( - at) = 0 

x = Xo + bt. 

(0: (a, b) = 1) 
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Theorem 2.28. Therefore, where (xo,Yo) is a particular solution of(1) the general solution 
is 

x = Xo + ht 

y = Yo - at, t E Z. 

Example 29. Solve: IIx - 33y = 22 

Solution: As (11,33) = II, dividing by II we get 

x - 3y = 2 

[Note: Here (1,3) = I] and x = 5,y = I is a solution (Euclidean algorithm may be used). 

. . x = Xo + ht = 5 + (-3)t = 3 - 3t, 

Y = Yo - at = 1 - It = 1 - t. 
the general solution is 

(5 - 3/, I - t), t E Z i.e., (5, I), (2, 0), (S, 2), .... 

Example 30. Solve 525x + 23 Iy = 42 

Solution: As (525,231) = 21, dividing by 21, we get 

25x + Ily = 2 

Now (25, II) = I, and so by Euclidean Algorithm we get, 

25 x (4) + 11 x (-9) = I 

Hence, x = 2 x 4 = S, 

y=2x(-9)=-IS 

is a solution of the given equation. Therefore, the required solution is 

x = S + lIt, } 
y=_IS_25t tEZ. 

There are various ways of obtaining a particular solution. When the coefficients of 
the given equation are not large, it can be found by inspection. However the process of 
successively diminishing the co~tJicients is sometimes very convenient. 

Here the m-ethod is due to Euler, which is best illustrated by the following example: 

Example 31. Solve: 73Sx+62Iy=45 ... (1) 

-73Sx + 45 
Solution: From (1) y = , (solving for y) 

621 

-117x+45 . . 
= -x + , (.,' y has the smallest coefficient III absolute) 

621 

= -x + t, say, t 

-117x + 45 
621 (E Z) 

Therefore, 621 t + Il7x = 45 ... (2) 
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Therefore, 
-6211 + 45 

x=----
117 

(.: coefficient of x is least) 

Therefore, 

-36t + 45 
=-5t+ ----

117 
-36t + 45 

= -5t + U, say, U = (E Z) 
117 

117u + 36t = 45 ... (3) 

Therefore, 
-117 U + 45 -9u + 9-

t = = -3u + 1 + = -3u + 1 + v, say, 
36 36 

where 

or· 

Therefore, 

-9u+9 
v = i.e., 36v = -9u + 9, say, v E Z 

36 

4v + U = 1 ... (4) 

u = I - 4v 

To obtain one solution, we pick up a convenient value of v, say, v = 0 and work back 
through the chain of equations 

V=o 
u = -4v + 1 

t = - 3u + 1 + v = -2 

x = - 51 + u = 11 

x = 11, y = -13 is a solution. 

We are now asked to find all solutions of ax + by = c ... (1) 

Such that x ~ 0, y ~ 0 

Solving as above we get r = Xo + bl} 
IE Z 

S = Yo - al 

Now r will be positive if Xo + bl > 0, i.e., I > - ~ 
b 

·11 b "'f 0 . Yo S WI e positive 1 Yo - at > l.e., t < -
a 

fi . . I' Xo Yo . . or posItive so utlOn - - < I < -
b a 

The smallest allowable value for I is [ - x; ] + 1 = [ _ x; + 1] 

and the greatest is - [ - y: + 1] 

... (i) 

Therefore, [- x; + 1] ~ t ~ -[ - y: + 1] for which (1) will give positive solution 

{-4, -3, -2, -1,0, 1,2,3, ... } n (6,5,4,2, 10, -1, -2, -3,.} _ 
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2.4.2 Number of Solutions 

N = ( -[ - Y; + 1]) ~ ([ _ x; + 1]) 

= - [ - Y; ] -1 - [ - i] -1 + 1 

= _ ( _[ Y; ] + [ _ x; ] + 1) 

Now, [_ Y; _ x; ] ~ [ _ Y; ] + [ _ x; ] + 1 

~ ([ _ Y: _ x; ] + 1 ) 
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[.: [a + 13] ~ [a] + [13] + 1 ~ [a + 13] + 1 

gives _ [ _ Y; _ x; ] ~ _([ _ Y; ] + [ _ x; ] + 1) ~ _ ([ _ Y; _ X; ] + 1) 

or _ ([ - Y; _ x; ] + 1) ~ N ~ _ [ _ Y; _ X; ] 

or -([ axo 
:bb

YO 
] + 1) ~ N ~ _ ([ _ axo 

:bb
YO 

]) 

or -([ - :b 1 + 1) ~ N ~ - [- :b J 
Example 32. Find the positive integer solution of the indeterminate equation; 

7x + 19y = 213 

Solution: Divide the equation by the smaller coefficient 7. Then we get 

213-19y 2 3-5y 
x = = 30 - y+--

7 7 
x is an integer, Y is also an integer. Thus 

3 -5y 
--=u 

7 
is also an integer. The above now becomes 

5y + 7u = 3, 

Dividing by 5 we get 

3-7u 3-2u 
y = -5- =-u + -5-' 

or 2u,+ 5v = 3. 
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Now we see that, u = -I, v = 1 is a solution. Hence, x = 25, Y = 2. Thus, the general 
solution is 

x = 25 + 19/, y = 2 - 71 

For positive solution we have 

25 + 191> 0, 2 - 71> 0, 

We required 
25 2 

--<1<-
10 7 

Hence 1 = 0 or 1 = -1. 

Therefore, the required positive integer' solutions are 

X=25} X=6} 
y=2 y=9 

Number of solutions: -([- 213 ] + 1) ~ N ~ -[-~] gives 
7x9 7xl3 

- (- 2 + 1) ~ N ~ - (- 2) which gives 1 ~ N ~ 2 i.e. Number of solutions is 2. 

Example 33. Solve 50x + 45y + 36z = 10. 

Solution: (This is a Diophantine equation in three unknowns.) 

We decompose the given equation into two equations as follows: 

50x + 45y = 5t, 

5t + 36z = 10 

We see that (t, - t) and (-70, 10) are the solutions respectively of the above two. 

So the general solutions are 

x = t + 9k l and 

y = -( - lOkI 

Eliminating t we obtain the required solutions 

x = -70 + 9k) + 36k2 
y = 70 - 10k) - 36k2 

z = 10 - 5k2 

or x = 2 + 9k) 

y = -2 -10k) -36k2 

z = -5~. 

t =-70+36~ 

z = 10 -5k2 

(Student may try the same problem using Euler's method also). 

Example 34. If (a, b, c) = I, prove that any solution of the Diophantine equation 

ax + by + cz = k can be expressed as 

x = Xo + bIt) - u1C12, 

Y = Yo - all) - U2C/2• 
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z = Zo -t- dt2, 

where (x()' Yo' zo) is a solution of the given equation, d = (a, b), a = dal' b = db 1, up u2 
are positive integers satisfying alul + blu2 = 1, tl' t2 are any integers. 

Solution: Given that (xo' Yo' zo) is a solution of the given equation. 

Therefore, we have 

ax + by + cz = k 

axo + byo + cZo = k 

or d{al(x - xo) + blCY - Yo)} = - c(z - zo)· 

.,' (d, c) = 1, :3 an integer t2 such that z = Zo + dt2. 

Thus we have 

al(x - xo) + blCY - Yo) = -cI2· 

alu l + blu2 = 1, 
Then a l(-u lct2) + b l(-u2ct2) = - ct . 

. , :3 an integer II stich that 

Thus we have 

x = Xo + bltl - ulct2, 

y = Yo - a l 11 -u2c/2· 

x = Xo + bill - U ICI2, 

Y = Yo - alII - U2C(2' 

z = Zo + d12· 

2.5 ALGEBRAIC CONGRUENCES 

Suppose lex) E Z[x],f(x) = 2~ - x + 1 (say) 

[Theorem: 2.28] 

e.g., 
1 

3x2-2x+ l,x3 +x+ 1 E Z[x]x3 +-- ~ Z[x],2x2, 1,0 E Z[x]. 
2x -2 

lex) = ao + alx + ar2 + ... arr" + ... 
lex) is of degree n, if a" "# 0 and an + 1 = an + 2 = ... = 0 

e.g., x2 'r- x + 1 is of degree 2 

x + 2 is of degree 1 

2 is of degree 0: 

Remark: 0 is a also a polynomial which has no degree. 

Deftnition: Suppose lex) = ao + a IX + af + ... + arr" + an + 1xn + I + .. , m E Z. 

or, 

e.g. 

Then lex) == O(mod m) ... (1) 

m Il(x) 

lex) is said to be of degree n mod m if m t an i.e., 

an == O(mod m) and m I an + I' an + 2' ... etc. 

2 - 3x + 4~ + 6~ + 8x4 is of degree 3(mod 4), 

is of degree 4(mod 5), 

is of degree 1 (mod 2). 
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Definition: a is said to be a solution off(x) == O(mod m) 

if f(a) == Oem) (i.e., m If(a)) 

e.g., f(x) = x2 - 1 is the polynomial and m = 8 

etc., 

e.g., 

Then, f(l) = 1-1 = 0 or 8If(1), 

f(2) = 22 - 1 = 3 or 8 t f(2) 

f(3) = 32 - I = 8 or 8 I f(3) 

f(4) = 42 
- 1 = 15 or 8 t f(4) 

f(5) = 52 - I = 24 or 8 If(5) 

f(x) = x2 
- 3 is the polynomial, m = 5; 

f(l) = 12 - 3 = -2 or 5 t f(1) 

f(2) = 22 - 3 = 1 or t f(2) 

f(3) = 6 or 5 t f(3) 

f(4) = 13 or 5 t f(4) 

NUMBER THEORY 

:. I is a solution 

:. 2 is not a solution 

:. 3 is a solution 

:. 4 is not a solution 

:. 5 is a solution 

:. 1 is not a solution 

:. 2 is not a solution 

:. 3 is not a solution 

:. 4 is not a solution 

In an ordinary equation there must have solution but in congruence there may not 
have solution at all. 

Theorem 2.29. If a is a solution off(x) == O(mod m) ... (1) 

and b == a(m) 

then b is also a solution of (1) 

Proof: b == a(m) or b = a + "A m, or a = b + Jlm (-"A = Jl) 
We have f(a) = O(mod m) i.e., m If(a) 

And feb) = f(a + "A m) 

= ao + a l + (a + "A m) + a2(a + "A mi + ... + all(a + "A m)1l 

= (ao + ala + a2a2 + ... + all~) + m<I>("A), say. 

Therefore, f(b) , = f(a) + m<I>("A) 

Now m I f(a), m I m<I>("A) gives m I feb). 

b is a solution. 
" 

Remark: If one solution of (I) can be found then infinitely many others can be obtained, 
but related to each other's mod m. 

Therefore we speak in terms to be a solution of 

f(x) == O(mod m) if and only iff (a) == O(mod m) 

If a l and a2 are solutions of (I), then these will be considered as distinct if and only 

if a l :i= a2(mod m). 

So instead of considering the number of solutions of (1) the proper consideration will 
be the number of residue classes. 

Hence, by the number of solutions of a congruence mod m we shall mean the 
maximum number of solutions incongruent in pairs. 

According to this definition there cannot be more than m solutions for any given 
congruence mod m, since there are m different residue classes to be considered. 
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Definition: The congruence of the type 

ax + b :; O(modm) 

is called a linear congruence in one unknown 

Theorem 2.30. If (a, m) = I, then (*) has a unique solution 
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.... (*) 

[One solution means one residue class.] 

Proof: Euler Theorem states that (a, m) = 1 
gives a'J>(m) :; I(mod m) 

Multiplying (*) by aC!>(m}-l we get 
aC!>(III) - I ax :; -b aC!>(m}-l(mod m) 

or a'I>(III)X :; -b aC!>(m}-l(mod m) 

or x :; _ba<J>(m}-l(m) 

,. the solution is -ba C!>(III}-1 and this is unique. 

Theorem 2.31. If (a, m) = d (> I), then (*) has a solution 

if and only if d I b [i.e., ~ = d3 E Z] 
d . 

. ,m a 
Proof: d I 111, d I a, we have m =, d~1 an.d a = dd2 [I.e., ,J = dp d = d2] 

or 

Suppose 

Then 

ax + b' :; O(mod 111) 

ddr + b :; O(modddl ) 

ddr + b :; O(mod d) 

b :; O(mod d) 

d lb. 
Conversely, assume that, d I b, then b 00= dd3 

is solvable. 

is ~olvable and this gives, 

Now dr + d
3 

:; O(mod d
l
) has a unique solution say, y (.: (dp d2) = I) 

So, d2y + d3 :; O(mod d l ) 

or dd2y + dd3 :; O(mod dd l ) 

or ay + b :; 0(111) 

.. (*) has a solution, say, y. 

Theorem 2.32. If in (*) d I b, then (*) has d solutions (m = ddp a = dd2, b = ddJ) 

These are given by 

m m m 
xI' xI + -, xI + 2-, .'" xI + (d - 1) -

d d d 

where xI is the solution, unique modulo m, of the linear congruence 
d 

a b m -x+- :; O(mod-) 
d d d 

Proof: dr + d3 = O(mod d l ) has a unique solution 
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So d2x 1 + d3 == O(mod d l ) gives, '::x1 +! == O(mod m) 
d d d 

Now the solutions of ax + b == O(mod m) are the integers u 

such that u == xl(mod dl ) that is 

m 
u = x + td (= x +-t) 

I I I d 

If t E {a, 1,2, ... , d - I} then u takes d values, no two of which are congruent 
modulom. 

If t is given any other values, the corresponding u will be congruent modulo m to 
one of these d values. 

[Thus we have: The linear congruence in one unknown (*), where (a, m) = 1, has 
exactly one solution x == _ba<P{mH (mod m) 

When (a, m) = d> 1, (*) has solution if and only if d 1 b, in which case (*) has d 
solutions 

m 
XI == a + "dt(mod m), t E {a, 1,2, ... , d - I} 

Example 35. Solve: 39x == 65(mod 52) 

Solution: Here a = 39, m = 52, 

d = (a, m) = (39, 52) = 13 

13165. 

The equation has solutions. And it has 13 solutions. 

The reduced congruence is 3x == 5(mod 4) which has unique solution, .: (3,4) = 1 
viz., x == 3(mod 4). 

we can take Xo as 3 

general solution of given congruence are given by 

m 52 
x = x + - t = 3 + - t = 3 + 4t 

o d 13 
where x E {a, 1,2,3, ... , 51} 

Solutions are 3, 7,11,15,19,23,27,31,35,39,43,47,51 (mod 52) 

i.e., the solutions are {a, 1, 2, 3, ... , 51) n {x 1 x = 3 + 4t}. 

Example 36. Solve: 3x + 2 == O(mod 7) 

Solution: .,' (3, 7) = 1, the congruence has only one incongruent solution 

1 = 7 - 3 x 2 or -2 = -14 + 3.4 

Comparing (1) and (2) we get, 

3x == - 14 - 3 x 4 == 3 x 4(mod 7). 

x == 4(mod 7) is the solution. 

Example 37. Find the least positive solution of 13x ;;;; 9(mod 25) 

Solution: .,' (13, 25) = i, the congruence has a single solution (Observe: 

... (1) 

... (2) 
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I 1 12 
13)35 -13 = I2}13 - 2 = 1)12 -12 = 0 

35=13xI+I2 

13 = 12 x 1 + 1 

12 = 12 x 1 

I = 13 - 12 x 1 = 13 - (25 - 13 xl) 

= 13 x 2 - 25 x 1 

Then 

which gives, 

9 = 13 x 2 x 9 - 25 x I x 9, 

9 = 13 x 18 - 25 x 9 == I3x(mod 25) 

x == 18(mod 25). 

Example 38. Solve: 207x == 6(mod 18) 

Solution: From the given equation we have, (18 x 11 + 9) x == 6(mod 18) 

or 9x == 6(mod 18) 

or 3x == 2(mod 6) 

(3,6) = 3 and 3 t 2, the equation has no solution. 

Example 39. Solve 259x == 5(mod II) 

Solution: 259 = II x 25 + 6., 

259 == 6(mod II), or 

:. we get, 

So, 
6x == 259x == 5(mod II) 

6x == 5(mod II). 

Now the above has only one solution. 

We observe that among 0, I, 2, ... , 10, x = 10 satisfies the above. 

Hence x == 10(mod 11) is the only solution. 

Example 40. Solve 7x == 5(mod,256) ... (1) 

Solution: .: (256,7) = I, the equation has only one solution 

or 

or 

or 

36 I I 3 
We note 7)256 -252=4)7 -4=3)4 -3=1)3 -3 = 0 

256 = 7 x 26 + 4, 7 = 4 x 1 + 3, 4 = 3 x I + 1,3 = 3 x I 

1 = 4 - 3 x I = 4 - (7 - 4) x I 

= 4 x 2 - 7 x I = (256 - 7 x 36) x 2 - 7 x I 

= 256 x 2 - 73 x 7 

5 = 5 x I = 5 x (256 x 2 - 73 x 7) 

= 256 x 10-73 x 35 

5 == -73 x 35(mod 256) 

(I) and (2) give, 

7x == -73 x 35(mod 256) 

81 

... (2) 



82 

or 

or 

x ;: -73 x 5 ;: -365;: 147(mod 256) 

147(mod 256) is the solution. 

NUMBER THEORY 

Example 41. Solve 222x = 12(mod 18) 

Solution: 222 ;: 6(mod 18), 

now 

6x ;: 12(mod 18) 

(6, 18) = 6 and 6 I 12, there are exactly 6 incongruent solutions, 

6x ;: 12(mod 18) gives x;: 2(mod 3) 

x = 2, 5, 8, 11, 14, 17 are solutions (mod 18). 

Example 42. Solve lllx = 75(mod 321) 

Solution: Here (111,321) = 3 and 3 I 75. 

or 

or 

or 

or 

or 

:. the congruence has three solutions. 

Now from the given congruence we have, 

37x ;: 25(mod 107) 

We note 

Now, 

2 1 8 4 
37)107 -74 = 33}37 -33=4}33 -32=1)4 -4=0 

107 = 37 x 2 + 33 

37 = 33 x I + 4 

33=4x8+1 

4 = 4 x 1 

I = 33 - 4 x 8 

= 33 - (37 - 33 x 1) x 8 

= 33 x 9 - 37 x 8 

= (107 - 37 x 2) x 9 - 37 x 8 

= 107 x 9 - 37 x 26 

I = 107 x 9 - 37 x 26 

25 = 25 x 107 x 9 - 25 x 37 x 26 

;: -25.37 x 26(mod 107) 

25 ;: -25 x 37 x 26(mod 107) 

Now the above congruence is 

37x = 25(mod 107). 

And 25 ;: -25.37.26 

So, we get ;: 37x(mod 107) 

-25 x 26 Ii x(mod 107) 

x .. -25 x 26 • 99(mod 107) 

. . the required solutions are 

x = 99,99+ 107,99+2 x 107(mod321) 

or x = 99,206,313(mod 321). 
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Note: Suppose our congruence is ax + b = 0 (mod m) 

Then we have, my = b(mod a) 

If Yo is a solution, then 
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myo -b 
x = is the solution of the given congruence. o a 

When a < m, to solve this congruence is easier than to solve the given one.] 

Example 43. Solve: 863x= 880(mod 2151) 

Solution The given congruence takes the form 

2I51y = -880(mod 863) 

And this takes the form 

425y = -880(mod 863) 

or 85y = -176(mod863) 

Again in the same style, 

863z = 176(mod85) 

[863 x 2 + 425 = 2151] 

[.: (425,880) = 5] 

Then, 

also; 

I3z = 6(mod 85) 

85w = -6(mod 13) 

7w = -6(mod 13) 

Wo = 1 

[863 =85 x 10+ 13, I7li=85 x2+6] 

or 

Hence, 

85+6 
'? =--=7 
-0 13 

} ... (*) 

= 863.7 -176 = 69 
Yo 85 ' 

x = 2151.69 + 880 = 173 
o 863 

Thus the required solution is x == I73(mod 2151) 
congruence has only one solution. 

(863, 2151) = 1 the given 

2.6 SOLUTIONS OF THE PROBLEMS OF THE TYPE: ax + by + c = 0 

Example 44. Solve 5x + I Iy = 92 

Solution: The problem is equivalent to 92 = Ily + 5x 

or 92 = 1 Iy(mod 5) 

and .: 92 = 2(mod 5), 

11 = I(mod 5) 

2 = )(mod 5), 

y = 2(mod 5) 

Hence all values of y must be of the form 

or 

y = 2 + 5n. 
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So, 5x = 92 - 22 - 55n = 70 - 55n 

x = 14 - lIn 

NUMBER THEORY 

x = 14 - lIn} 
2 5 

for all integral values ofn. 
y = + n 

Hence, 

And the same may be put in the form 

x == 14(mod 11) } 

Y == 2(mod5). 

Example 45. Find all solutions in positive integers of 

5x + 3y = 52 

Solution: The given equation is equivalent to 

and 

i.e., 

or 

or 

or 

or 

5x == 52(mod 3), 

5 == 2(mod3) 

52 == I(mod3), 

We have, 2x == 5x == 52 == I(mod 3), 

2x == l(mod3) 

2x == 4(mod3) 

.. x == 2(mod3) 

x = 2 + 3k 

Now from the given equation we get 

3y = 52 - 5x = 52 - 5 (2 + 3k) 

=42-15k. 

3y = 42 - 15k 

Y = 14 - 5k 

:. the solutions are (2 + 3k, 14 - 5k), for all integral values of k. 

Example 46. Solve 2x + 7y == 5(mod 12) 

Solution: The given congruence is equivalent to 

2x + 7y = 5 + 12z 

or 7y + 2(x - 6z) = 5 

i.e., equivalent to 7y == 5(mod 2) 

and the congruence has a solution (.,' (7, 2) = 1) 

7 == I(mod2), 

We get 

And 

7y ==y(mod2) 

5 == 1 (mod 2) gives 

y == 1 (mod 2) is a solution. 

The value ofy are 1,3,5,7,9, 1 1 (mod 12). 

Again the (*) gives 2x + 7y == 5(mod 12) 

or 2x == 5 -7y(mod 12) 

or x == (5 - 7y). (mod 6) 

... (*) 

[Note: Here (2, 12) = 2] 
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Now the corresponding solutions for x are 5, 4, 3, 2, 1, 0 mod 6) 

. . Solutions (mod 12) are 

(5. I); (11. I); (4, 3); (10, 3); (3, 5); (9, 5); 

(2, 7); (8, 7); (1,9); (7, 9); (0, 11); (6, 11). 

Example 47. Solve: x + 2y + 32 = 1 

Solution: The given equation is ,equivalent to 

x+2y = 1-32= l(mod3) 

i.e., x + 2y = I(mod 3) 

85 

Now we consider, 

Put x = 1 -t- u then 

x = I(mod 2) 

2y + 32 = I - X 

=I-(I+u) 

2y + 32 =-u 

[as in above example] 

or 

or 

or 

or 

or 

Hence, 

So, the solutions are 

2y = -u (mod 3) 

= -u - 3u 

= --4u (mod 3) 

y = -211 (mod 3) 

y = -211+ 3v 

32 = -u - 2y 

= -ll - 2(-2u + 3v) 

= 311 - 6v 

2 = U - 2v 

x = I + u, 

y = -2u + 3v, 

2 = II - 2v, where u, v are integers. 

(J + u, -2u + 3v, U - 2v) where U and v are' integers. 

Example 48. Solve x + 2y + 3= = 10 

" Solution: The given equation is equivalent to 

or 

or 

or 

or 

x + 2y = lO(mod 3) 

We now consider the congruence, 

Let 

x = 10(mod2) 

x = 10 + u, 

2y + 32 = 10 - x = 10 - 10 - u 

2y + 3= =-u 

2y = -u(mod 3), 

2y = --4u(mod 3), 

y = -2u(mod 3) 
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or 

or 

Then, 

y = -2u + 3v, 

3z = -u - 2y 

= -u - 2(-2u + 3v) 

= 3u - 6v 

z = u - 2v 

x = 10 + u, 

y = -2u + 3v, 

z = u - 2v. 

Hence the solution is (10 + u, -2u + 3v, U - 2v). 

Note: It is sometimes convenient that we solve the congruence by using indeterminate 
equation 

Example 49. Solve: lllx == 75(mod 321) 

Solution: .,' (111,321) = 3 and 3175 it follows that the given congruence has 3 solutions. 

Now the given congruence reduces to 

37x == 25(mod 107) 

Now we solve the indeterminate equation 

37u + 107v = 25, 

Solving this equation we get u = -8, v = 3. Hence 

x == -8 == 99(mod 107) is a solution of (*) 

.. the required 3 solutions are 

x == 99, 99 + 107 = 206,99 + 214 = 315(mod 321) 

2.7 SIMULTANEOUS CONGRUENCES 
Theorem 2.33. The systems of congruences 

x == a(modm) 

x == b(mod n) 

has a solution if and only if 

a == b(mod (m, n» 

... (*) 

If this condition is satisfied, then (*) has only one unique solution modulo [m, n]. 

Proof: Suppose x == c be a solution of a given system, then 

c == a(modm), 

c == b(mod n) 

Thus a == b(mod (m, n», 

(Observe: m 1 c - a, nib - a gives, (m, n) 1 c - a, (m, n) 1 c - b or (m, n) 1 a - b] 

And hence the necessary condition holds. 

Conversely suppose 

a == b(mod (m, n» 
then by Theorem 2. 31. we know that the congruence 
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my == b - a(mod n) 

has solution y == d(mod n). 

Hence we obtain a + md == a(mod m), 

a + md == b(mod n) 

Thus x == a + md is a solution of the given system. 

Hence the sufficient condition holds 

Now suppose Xo and Yo are the solution of the system. 

.. Xo == yo(mod m) 

Xo == yo(mod n) 

give m, n I Xo - Yo 

or [m, n] I Xo - Yo 

or Xo == Yo (mod [m, n]) 

87 

And this means that the given congruence has only one solution. modulo [m, n] 

Note: From above we see that the congruences 

x == al(mod ml) 

x == u2(mod m2) 

x == an(mod nln) 

has a solution if and only if ai = a/mod (mi' m), i,j = 1,2, .... , n 

and has only one solution modulo [ml' nl2' ... , mn]. 

Remark: If (ml' m2) = I then the above congruence has always a common solution. 

Example 50. Determine the common solution of 

x == 5(mod 8) 

and x == 4(mod9). 

Solution: From the first one we get 

x = 5 + 8t.and putting this values in the second one we get 

5 + St == 4(mod 9) 

or St==-I(mod9). 

MUltiplying this by 8 and 

8 x 8 == I (mod 9) 

or t == -S == I(mod 9) 

and 

and 

We get, t = I + 9r 

x = 5 + St = 5 + 8(1 + 9r) = 13 + 721'. 

Now to determine the common solution of 

x == 5(mod S) 

x == 4(mod 9) 

it can be seen that it is possible to have common solutions. 
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Now we find the condition under which such type of a set of congruences may have 
common solutions 

We note that if 

Then 

hold. 

Thus, the system 

n l n2 n, 
m = PI ,P2 . "'Pr . 

A == B(mod m) if and only if all the congruences 

"I 
A == B(mod PI ) 

"2 
A == B(mod P2 ) 

IIr 
A == B(mod Pr ) 

ax == b(mod m) has the same solutions as the system of simultaneous congruences 

Observe 

III 
ax == b(mod PI ) 

II, 

ax == b(mod P2 -) 

"r ax == b(mod Pr ) 

Example 51. The congruence 

and 

3x == II (mod 2275) 

This is equivalent to the following: 

3x == I 1 (mod 25) 

3x == II(mod 7) 

3x == 1 1 (mod 13) (.: 2275 = 52 x 7 x 13) 

This type of explanation leads one to give the problem for searching for the common 
solution of a system of congruences. 

Theorem 2.34. Chinese remainder theorem named after Sun - Tsu, believed to be the 
first mathematician who studied special cases of this theorem. 

Let m I' 1112, ... , 11111 be integers each greater than 1 and co prime to each other. Then the 
following congruences 

x == a l (mod111 1) 

x == a2(mod m2) 
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has a solution Xo and for any general solution x, 

x == xo(mod m l·m2 •.. , mn) 

Proof: Let 

m m m 
Then, each of -, -, ... , - is an integer and that 

m l m2 mn 

m m m 
(-, 1Il 1) = 1,(-, m2) = 1, ... , (-, mn) = 1. 

m l m2 mn 

Now applying the result: if (a, m) = 1, then ax == b(mod m) has a solution, we see 
that there are integers b I' b2 • ... , b n such that 

or 

111 
-bl == l(mod 111 1), 
11/1 

111 
-b2 == 1 (mod m2), 
1112 

111 
-bn == I(modmn), 
I11n 

Now it is easy to follow that 

1::
1 

b I == O(mod m2), or (mod m3),··· 
I 

111 
-b" == O(mod m l ), or (mod m3), ••• 
II1n 

m m m 
Now we define Xo = -blal + -b2a2 + .... + -bna" then we have 

ml m2 mIl 

== al(modm,) 

== al(modm,) 

m 
Xo == -b2a2 (mod m2) 

m2 

== a2 (mod m2) 

Thus, Xo is a common solution of the original congruences. 
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If Xo and xl are both common solutions of 

X == al(modml ), 

x == aimod m2), 

.......... , 
x == a/mod mr) then 

Xo == xl(modml)' 

Xo == x1(modm2), 

x == ar(mod mr) hence 

Xo ==x1(modm). 

NUMBER THEORY 

Example 52. Find the least natural number which when divided by'7, 10 and 11 leaves 
in order the remainders 1, 6 and 2. 

Solution: Here we have to find a common solution of the congruences 

x == I(mod 7) 

x == 6(mod 10) 

x == 2(mod 11) 

We can let x = 7xl + 1. 

Then we must have 7xl == 5(mod 10) 

Multiplying both sides of this congruence by 3 (the associate of 7 modulo 10), we 

Get Xl == 15 == 5(mod 10). 

[Observe: txl == 5(mod 10) 

or 21xl == 15(mod 10) (Note 10 = 7 + 3) 

or 20xl + Xl == 10 + 5(mod 10) 

or Xl == 5(mod 10)] 

Let Xl = lOx2 + 5, 

so that X = 70x2 + 36 

This will satisfy the third congruence of the set, if and only if 

7Ox2 ;$ -34(mod 11); 

i.e., 4x2 == -I (mod 11) 

Again mUltiplying the sides of the congruence by 3, the associate of 4 modulo 11, 
23 get 

X2 == -3xl == 8(mod 11). 

This means that for some integer x3' we have 

x2 = IIx3 + 8 

Hence x = 770x3 + 596 == 596(mod 770) 

" . the required number is 596. 

Using the Chinese remainder theorem, we will have 
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m m m 
Xo = -blal +-b2a2+····+-bnan 

m l m2 mn 

m = 770 

~ = 110 
1111 

~ =77 
m2 

~ =70 
mil 

These give b l = 3, b2 = 3, b3 = 3 

(It is a mere chance that the b's have turned out to be equal) 

Hence 

Xo = I x 110 x 3 + 6 x 77 x 3 + 2 x 70 x 3 + 2136 == 596(mod 770) 

or Xo = 596(mod 770) 

Example 53. Solve x == 2(mod 3) 

x == 3(mod 5) 

x == 2(mod 7) 

Solution: 3 x 5 x 7 = 3 x 35 = 5 x 21 = 7 x 15 

And 35.2 = l(mod 3), 21.1 = (mod 5),15.1 = I(mod 7) 

Th en 35 x 2 x 2 + 21 x 1 x 3 + 15 x 1 x 2 = 140 + 63 + 30 = 233 

Hence the required solution is 233 == 23 (mod 105). 

Example 54. Find all integers that satisfy simultaneously 

x == 2(mod3) 

x == 3(mod5), 

x == 5(mod2) 

Solution: Here,3 x 5 x 2 = 3 x 10 = 5 x 6 = 2 x 15 

And 1 x 10 == l(mod3), 1 x6(mod3), I x 15(mod2) 

Example 55. Solve: 

x = I x 10 x 2 + I x 6 x 3 + 1 x 15 x 5 

=20+18+75 

== 1 13(mod 30) 

== 23 (mod 30). 

x == 6(mod 17) 

x == 17(mod 24) 

x == 13(mod 33) 

Solution: Here 24 and 33 are not co-prime. 

If x == l7(mod 24) then, x - 17 is diviSIble by 24, then so is 3 and 8. 

Similarly if x == 13(mod 33) then x - 13 is divisible by 3 and 11. 
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Hence the given congruence can be written as 

x == 6(mod 17) 

x == 17(mod3) 

x == 17(mod8) 

x == 13(mod3) 

x == 13(mod 11) 

If (2) and (4) hold, then 

17 == 13(mod 3), but this impossible. 

So the given simultaneous congruence has no solution. 

Example 56. Solve x == 5(mod 18) 

x == -I(mod 24) 

x == 17(mod 33) 

Solution The given congruences are equivalent to 

x == l(mod2) 

x == 5(mod9) 

x == -I (mod 3) 

x == -I(mod 8) 

x == 2(mod3) 

x == 6(mod 11) 

... (1) 

... (2) 

... (3) 

... (4) 

... (5) 

... (1) 

... (2) 

... (3) 

... (4) 

... (5) 

... (6) 

If x == 5(mod 9), then x == -I (mod 3) and x == 2(mod 3) so, we discard (3) and (4) and 
we consider x == 5(mod 9), x == -1(mod 8), x == 6(mod 11) 

x == l(mod2) ... (i) 

x == 5(mod 9) 

x == -I (mod 8) 

x == 6(mod 11) 

By using Chinese remainder theorem, we get the solution as 

x = 743 + 792k 

or x == 743 mod (792). 

Example 57. Solve x == -2(mod 12) 

x == 6(mod 10) 

x == 1 (mod 15) 

Solution: We express the given system as the product of primes and we get, 

x == -2(mod 22) 

x == -2(mod 3) 

x == 6(mod2) 

x == 6(mod 5) 

x == I(mod 3) 

x == I (mod 5) 

... (ii) 

... (iii) 

... (iv) 
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From 

we have 

x == -2(mod 22) 

x == 6(mod2) 

x == -2(mod 3) 

x == I(mod 3) 

x == 6(mod 5) 

x == I(mod 5) 

x == -2(mod 22), x == 1 (mod 3), x == 1 (mod 5) respectively. 

Thus the given system is equivalent to 

x == -2(mod 22) 

x == l(mod 3) 

x == l(mod 5) 

And the required solution is x == 46(mod 60. 

I EXERCISES 2.1 I 
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1. Show that if 2n + 1 and 3n + 1 are both perfect square then n is divisible by 40. 

2. Show that x == y (mod m,) for i = 1,2, ... r if and only if x == y (mod [mp m2, ... , mrD 

3. Let n be an integer. Show that if 2 + 2~28n2 + 1 is an integer, then it must be a 

perfect square. 

4. Prove that Ii - 1 and 1112 - I both are divisible by 7 if (n, 7) = 1 

5. Prove that xl2 - yl2 is divisible by 13 if x and yare prime to 13. 

6. Prove that ..!.n5 + ..!.n 3 + 2n is an integer for all integral values of n. 
5 3 15 

7. Show that the number 2 1093 
- 2 is divisible by 2186, 10932 

8. Prove that 12th power of any number is of the form 13n or 13n + 1 

9. Prove that 8th power of any number is of the form 17n or 17n ± 1 

10. Show that n36 
- 1 is divisible by 33744 if n is prime to 2,3, 19,37. 

11. Prove that if n4 + 4 is composite when n > 1. 

12. Prove that if p is a prime then (p - 2r)!(2r - I)! - 1 is divisible by p 

I EXERCISES 2.2 I 
1. Exhibit a reduced residue system for the modulus 15. 

2. Exhibit u reduced residue system for the modulus 12. 

3. Exhibit a reduced residue system for the modulus 30. 

4. Find out a reduced residue system modulo 7 composed of entirely powers of 3. 

5. If(a, m) = I and the quantities a, 2a, 3a, 4a, ... , (m - 1) a are divided by m, then prove 
that the remainders are all different. 
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6. Deduce from above that if a is prime to m. and c is any number. then m terms of the 
Arithmetic Progression c, c + a. c + 2a • ...• c + (m - l)a when divided by m will leave 
the same remainder as the terms of the series 

c, c + 1. c + 2 ..... c + (m - I) 

though not necessarily in this order and therefore the remainders will be 

0.1.2 ..... (m-l) 

7. Show that 2. 4. 6 ..... 2m is a complete reside system modulo m if m is odd. 

I EXERCISES 2.3 '1 

1. Prove that Mil is composite. 

2. Prove that Fs is composite. 

(Hint: Prime integers not greater than 224 and of the form 23 + 2t + 1 = 123t + 1 are 
only 257.641. 

Here Fs = 641 x 6700417.) 

3. Show that. if a is any integer. then a2 + a + 1 == 1 (mod 3) or a + a + 1 == O(mod 3) 

4. Prove that the necessary and sufficient condition that a number is a multiple of 11 
is that the difference between the sum of odd digits and the sum of even digits is 
a multiple of 11. 

5. Find the necessary and sufficient condition that a positive integer n can be divided 
by 13. Use your answer to decide whether 13 is a factor of 637639. 

6. If P and q are two different primes. prove that pq - I + qP - I == l(mod pq) 

7. If a> O. b> 0 and (a, b) = 1. show that there exist m > O. n> 0 such that 

d" + bn == l(mod ab) 

8. If P is prime a t p then prove that 

(i) if a is odd then ff - '+ (p - It == l(mod p) 

(ii) if a is even then ff - , - (p - l)a == l(mod p) 

9. Show that the product of two consecutive even numbers is a multiple of 8. 

Using Fermat theorem. hence deduce that for prime pC> 5). p4 == l(mod 240). 

I EXERCISES 2.4 1 

1. Solve the following equations: 

(i) 2072x + 1813y = 2849 

(ii) 8x - 18y + lOz = 16 

(iii) 4x + lOy + 14z + 6t "= 20 

2. Solve the system of linear equations: 

x + 2y + 3z = 10 

x - 2y + 5z = 4 
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3. Find the sum of all positive integers each of which has 2 digits and has remainder 
4 when divided by 4. 

4. A cock is worth Rupees 50, a hen Rupees 30, and three chickens together are worth 
Rupees 10, how many cocks, hens and chicks, totalling 100, can be bought for 
Rupees 1000? 

5. What positive integer becomes a square when it is increased by 100 and when it is 
increased by 168? 

6. Find the positive integers x and y such that x(x + y) = 6. 

7. A person purchased 19 of item A and 20 of item B with rupees 1909. What are the 
possible numbers of the item A he may purchase. 

8. When the quotient-obtained by dividing the sum of a number and three times the 
another number by the number obtained on increasing the first by 2-is added to I 
the second number is obtained. What are the possible values of the first number? 

I EXERCISES 2.5 I 
A. How many solutions of the following congruences do have? 

I. 12x:; 4(mod 3) 

2. 30x:; 40(mod 15) 

3. 15x:; 25(mod 35) 

4. 25x:; O(mod 45) 

5. 353x:; 254(mod 400) 

B. Solve the following congruences's 

I. 256x:; I 79(mod 337) 

2. 1215x:; 560(mod 2755) 

3. 3x:; I (mod 125) 

Solve in integers 

I. 7x + 5y = 5 

2. 3x + 5y = I 

3. lOx - 7y = 17 

EXERCISES 2.6 

4. Prove that ax + by = a + c is solvable if and only if ax + by = c is solvable 

5. If (a, b, c) = I, show that ax + by = c is solvable if and only if (a, b) = 1 

6. Prove that ax + by = c is solvable if nd only if (a, b) = (a, b, c) 

7. Given that ax + by = c has two solutions (xo' Yo) and (x" YI) with xI = 1 + Xo and 
given that (a, b) = 1, prove that b = ± I. 
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EXERCISES 2.7 

1. Find all the integers that give the remainders 1, 2, 3 when divided by 3, 4, 5 
respectively 

2. Find the least two positive integers having the remainders 2, 3,2 when divide by 3, 
5, 7 respectively. 

I EXERCISES 2.8 I 
Solve the following congruences simultaneously 
1. x == I (mod 3), x == l(mod 5), x == l(mod 7) 
2. x == I (mod 4), x == O(mod 3), x == 5(mod 7) 
3. x == 3(mod 4), x == 2(mod 5), x == 6(mod 7) 
4. x == 3(mod 8), x == II(mod 20), x == I(mod 15), x == 91(mod 120) 

I EXERCISES 2.9 I 
Solve the following congruences 

1. 158x == -22(mod 194) 
2. 194 == -22(mod 158) 
3. 100 Ix == 433(mod 4845) 
4. 9x == 6(mod 24) 

I EXERCISES 2.10 I 
Solve the simultaneous congruences: 

1. x == 3 mod 7, x == -2 mod 11, 

2. x == -2 mod 11, x == 8 mod 22 

3. x == 3 mod 7, x = 7 mod 12, x == 8 mod 13 

4. x == 2 mod 7, x == -2 mod 11, x == 8 mod 13, x == -3 mod 17 

5. x == -2 mod 11, x == 8 mod 13, x == 9 mod 14, x == 1 mod 15, x == -39 mod 17 

6. x==3mod7,x==-2mod II,x==8mod 13,x==-3mod 17,x==5mod 18 

7. x == 7 mod 12, x == 9 mod 14 

8. x == 7 mod 12, x == I mod 15 

9. x == 7 mod 12, x == 5 mod 18 

10. x == 9 mod 14, x == 5 mod 18 

I EXERCISES 2.11 I 
Solve the following simultaneous congruences 

1. 3x = 5(mod 22), l1x = 3(mod 28), 5x = 89(mod 99) 

2. 9x = 6(mod 24), 12x = 14(mod 26) 
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CONGRUENCES AND ITS BASIC PROPERTIES 

3. x == I(mod 2) 

x == 2(mod 3) 

x == 3(mod 5) 

4. x == I(mod 3) 

x == 3(mod 5) 

x == 5(mod 7) 

5. 3x == \(mod 5) 

4x == 6(mod 14) 

5x == II(mod 3) 
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ALGEBRAIC CONGRUENCES 
AND PRIMITIVE ROOTS 

3.1 ALGEBRAIC CONGRUENCES 

Definition: f(x) = ael" + air' - I + = ... + an == O(mod p) ... (1) 

[(ao' p) = 1 i.e., p 1" ao)] 

is called the general form of a congruence with prime modulo p. Substituting all the 
integers of a complete system of residue modulo p for x in (1) we may have all its 
solutions. 

When n or p is large enough we note the following. 

(i) If some a j (i :::;; n) > p, we reduce them to less than p. 

(ii) If the degree off(x) is not less than p, we divide f(x) by x! - x and obtain r(x) 
and q(x) as follows (Division algorithm in Z[x]) 

f(x) = (x! - x) q(x) + rex) 

where deg (r(x)) less than p. Thus we get . 

f(x) == rex) (mod p) 

[using x! == x(mod p) corollary to Fermat theorem] 

It is seen that the incongruent solutions of f(x) and rex) are identical. 

(iii) Hence the problem of solution of (1) becomes that of solving 

rex) == O(modp) 

and the calculation becc.mes simpler, as deg r(x) < deg f(x) 

(iv) If f(x) ==Jj(x)fi(x) (modp) 

then to solve (I) is to solve 

f(x) ==Jj(x)(modp) 

and f(x) ==fi(x)(modp) 

(v) The difficulty of calculation is now greatly reduced, as degJj(x), degfi(x) < deg 
f(x) 

(vi) If x == a(mod p) is a solution of (I) then as (i) above 

f(x) = (x - a) q(x) + r, 
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r == O(modp) and we have 

Thus, 
modulop) 

f(x) == (x - a) q(x)(mod p) [i.e., x - a is a factor of f(x) 

(vii) The problem of solving ,l} becomes that of solving 

q(x) == O(mod p) and thus the calculation is diminished. 

It is to be noted that the only method of solving the congruence of the type (1) is 
by substitution. 

Though the above reductions have efficacy for some special cases, they are of no 
use in general. 

Example 1. Solve:f(x) = x7 - 2x6 - 7x5 + x + 2 == O(mod 5) 

Solution: x7 == ~(mod 5) 

2x6 == aZ(mod 5) 

7~ == 7x(mod 5) 

or x7 - 2x6 - 7x5 + x + 2 = x3 - aZ - 7x + x + 2 == r - x + 2(mod 5) 

or x2 
- x + 2 == O(mod 5) 

Substituting the complete residue systems -2, -1,0, 1,2 (mod 5), for x, we obtain 
the 3 required solutions, 

i.e., x == -I, i, 2(mod 5). 

Example 2. Solve: X2 - 1 == O(mod p), [p is a prime] 

Solution: Suppose Xo is solution of the given congruence. Then 

x5 - 1 == O(modp) 

or pi x5 - 1 

or p I Xo - I or Xo + I 

or Xo - 1 == O(modp) or Xo + 1 == O(modp) 

or Xo ==' I or -I(modp) 

or Xo == I or p - I(mod p)[taking Xo for the least positive residue.] 

Thus 1 and p - 1 are the solutions of the given congruence. 

Exa'mple 3. Solve: xP - I - 1 == O(mod p) 

Solution: By Fermat theorem we have that 

xP - I - 1 == O(modp) 

is true for every number x relatively prime to p, Hence we have p - 1 different solutions 

x == 1,2,3, ... ,p-I(modp). 

Theorem 3.1. The number of solutions of congruences 

is at most n 

f(x) = aoX" + alx" - I + = ... + an == O(mod p) 

[(ao' p) = 1 i.e., p tao)] 

Remark: Maximum number of solutions is n(mod p) 

... (1) 
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Proof: The statement is correct if (1) has no solution 

Suppose it has a solution XI (mod p) 

Then 

aoXl n + alx l
n -I + = ... + an == O(mod p) ... (2) 

Now (1) - (2) gives, 

ao(~ - xln) + al(xn -I - x l
n -I) + . + an _ I(x - XI) == O(mod p) ... (3) 

Which any X satisfying (1) must also satisfy (3) can be written as 

(x -XI) [ao(~ - I - .) + al(~ - 2 + ... ) + ... ] == O(p) 

or (X - XI) [a~ - I + bl~ - 2 + ... + .. bn _ I.] == O(P) ... (4) 

or 

(b's are functions of a's and x's) 

.. p I then L.H.S. of (4), it must divide at least one of them. 

any X satisfying (1) must satisfy either. 

X - XI == O(P) 

a~-I + bl~-2 + ... + ... bn _ I .] == O(P) 

The first alternative yields again xI' 

The second mayor may not yield a solution. 

(i.e., X == xl(mod p» 
... (5) 

If 2nd has not given a~y solution, the number of solution of (1) is I[Le., XI (mod p) 
and the theorem is proved. 

If (5) has solution, say, x2(mod p) then (5) can be written as 

(x - x2) (aoXn - 2 + cI~ - 3 + ... + ... cn.] == O(P) ... (6) 

where ximod p) is a solution of (5) and therefore of (1) 

If a~ - 2 + ... + ... == O(mod p) has no solution, then the number of solution is 2 
and the theorem is proved, and so on. 

Ultimately we may get a congruence aoX + g == O(mod p), 

which it has a unique solution, .: (p, ao) = 1 

. . the number of solution is now n. 

Hence the number of solution is at most n. 

The following result gives the condition that a congruence of nth degree has exactly 
11 distinct solutions. 

Theorem 3.2. The necessary and sufficient condition that a congruence of nth degree. , 
I(x) == O(mod p) has n different solutions is that 

I(x) is a factor of xP - X mod p, where p ~ 11. 

Proof: Suppose xP - X == q(x) I(x) + rex), where r = 0 or deg rex) < n. 

If I (x) == 0 (mod p) has 11 solutions then these are solutions of xP - X == O(mod p ) 
also, and 

. . they are solutions of rex) == O(mod p) also. 

Now deg rex) < n, it therefore follows that 
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The coefficient of rex) are multiples of P, that is, rex) = O. 

Hence xf - x = q(x)f(x)(modp). 

Conversely, 

Suppose xf - x = q(x)f(x)(modp). And 

(i) The number of solutions of f(x) = O(mod p) < n, 

.,' the number of solutions of q(x) = O(mod p) ~ p - n, 

The number of solutions of q(x) f(x) = O(mod p» is less than p. And this is not the 
case. 

f(x) = O(mod p) has n solutions. 

Hence the theorem follows. 

3.2 REDUCTION OF 

f{x) = O(mod m) 

to the solutions 

f{x) = O{modpa): 

Th 3 3 If > 0 - a l a2 all' . eorem .. m , m-PI P2 .... Pn ,psarepnmes 

1 < PI < P2 < P3 < P4 ... < Pn' 
then the solutions of (1) depend upon the solutions of 

f(x) = O(p~i ), 
Proof: Obviously, f(x) = O(m) 

gives f(x) = O(p~i ), 

•.• (1) 

(i = 1,2, .. , n) ... (2) 

(i= 1,2, ... , n) 

So, every solution of (1) is a solution of various congruences (2) 

Conversely, suppose that all solution of (2) can be found. Let us suppose that ai' 
a2, ... an E Z have been found so that 

f(a l ) = O(p~ I), 

f(a;> = O(p;2 ), 

f(an) =O(p:n) 

[Thatf(a) = O(p~i)' (i = 1,2, ... n)], 

i.e., x = a l (p~ I) is a solution of first congruence of (2) i.e. f(x) = O(p~ I ) 

_ (a2)' 2nd X = a2 P2 IS .......... 

_ (an) . th x = an p n IS a ....... n .............................. . 
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a a· 
Then, .: (p; I , P j J) = 1, (i *- ), by Chinese remainder theorem there exists a E Z 

such that 

_ (a1 ) 
a = a l PI ' 

a = a l(p;2) 

a = atCp;") with 

f(a) = O(mod p~l) 

then' . f(a) = f(a) = O(p;i ), i = 1, 2, ... , k with a = a, (mod p~l ) 

f(a) = O(p~l), i.e., 

f(a) = O(p;2) 

f(a) = O(p:") 

f(a) = O(mod p~l p;2 .... P:") 

= O(modm) 

a is a solutionf(x) = O(m) 

and if 

then 

a = b(m), 

feb) = Oem), i.e., b is a solution 

x = a(mod m) is a solution of (1) 

Hence each distinct set of the system of several congruences (2) leads to a distinct 
solution of the given congruences (1). 

Note: 

(i) Thus if there are N; incongruent solutions ai of f(x) = O(mod p;i ), then there 

will be N = N,.N2 ... Nk incongruent solutions a off(x) = O(mod p~i). 

(ii) If N; = 0 for some i, the congruence (1) has no solution. 

If the positive integer m (> 1) has the prime decomposition 

_ al a2 an 
m - P, P2 ····Pn 

And if f(x) is any polynomial in x with integral coefficients then 

(iii) The algebraic congruence 

f(x) = O(mod m) is soluble if and only if each of the congruences. 

f(x) = O(mod p~' )(i = 1, 2,.n) 

is soluble. 
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(iv) If Nand N; (i = 1, 2, ., n) denote the numbers of roots of I(x) == O(mod m) and 

I(x) == O(mod p~1 ) respectively, 

then 

Working Principle of solution of congruence of higher degree:: 

(I) m = p~l . p;2 ""p;" And/(x) == O(mod m), m > 0 

(2) I(x) == O(mod m) is equivalent to the set of congruences 

I(x) == O(mod p~i) (i = 1, 2,.n) ... (*) 

(3) If some one congruence of (*) has no solution then the given congruence also 
has no solution. 

(4) Suppose each one of (*) has solution. 

(5) An integer u is a root of the given congruence if any only if for each i we have 
an ai such that 

a· 
U == a(mod Pi 1 ) 

(6) Use now the Chinese remainder theorem. 

Example 4. Solve: ~ + x + 7 == O(mod 15) 

Solution: Here, 15 = 3 x 5 

Now the congruence, 

x2 + x + 7 == O(mod 15) 

has solution if and only if each of the congruences 

~ + x + 7 == O(mod 5) 

and x2 + x + 7 == O(mod 3) has solution. 

But trying the values 0, ± I, ±2, we see that the congruence ~ + x + 7 == O(mod 15) 
has no solution. 

Hence the given congruence has no solution. 

Example 5. Solve: ~ + x + 7 == (mod 189) 

Solution: Here 189 = 33 x 7 

Now (*) has solution if and only if 

~ + x + 7 == O(mod 33) 

and x2 + x + 7 == O(mod 7) have solutions. 

Now we see that x == 4, 13, - 5(mod 27) are the solution of 

~ + x + 7 == O(mod 33) 

and that x == 0, -1(mod 7) are the solution of 

x2 + x + 7 == O(mod 7) 

... (*) 

.. we get in total 6 pairs of values and using Chinese remainder theorem we get 
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u == -77, -14, -140, -50, 13, -113 (mod 189) 

as solutions of the given congruence. 

Theorem 3.4. If a > 1, then the solution of 

I(x) == O(modpU) 

depends upon the solutions of 

I(x) == O(mod pU- I), (a ~ 2) 

Proof: We begin by observing: . 

Each solution x of (I) is obviously a solution of (2). 

Consequently, 

Al1 solutions of (1) must be included among the solutions of (2). 

In other words, 

If x is a solution of (I), it must be possible for us to find a solution X of (2) 

So that x == X(pu - I) 

i.e., x must have the form 

x = X + 1 pU - I, for a suitably chosen integer I. 

We wil1 suppose then that 

Al1 solutions X of (2) have been found 

... (1) 

... (2) 

And we shal1 check each of these in turn to see if one or more integers t can be found 

So that x = X + t pU- I will be a solution of (1), ,( 

for we are certain from above discussion that this is the only way that solutions of the 
later congruence can arise. 

In the attempt to find suitable values of t we may use the result 

F'(a) F(n) (a) 

F(a + h) = F(a) + hF' (a) + h2 21 + ... + hn nl 

for this equation al10ws us to write 

1(X) =/(X + t pU- I) 

reX) 
= I(x) + t pU- I f (X) + (I pU-I)2 21 

where n is the degree of the polynomial f 
we are seeking solution x of (1) and 

. . for a > 1 it is clear that 

f(n)(X) 

+ ... + (t pu-I )n nl 

(pu - 1)2 == O(pU), we are left with the following restriction, 

or I(x) + t pU- If (X) == O(pU). 

However, by hypothesis, 

I(x) == O( pU) 

So there exists an integer M such that 

I(x) = M pU - I. 
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:. the congruence restriction on t may be replaced by 

M + tf'(X) == O(P) 

To (*) we may apply, theorem Theroem 2.32: 

There is one solution t if 
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... (*) 

P(X) ~ O(modp) [i.e., p t f (X) i.e., (p,f (x» = 1] 

There is no solution t 

if 

and 

f(X) == O{modp) 

M ~ O{mod p) 

... p ... iff (x) == O(modp) 

M == O(modp) 

[i.e., p t M] 

and 

Using the results we have at hand a definite method (when a > 1) of discovering 
every possible solution of f{x) == o(pU), if we have previously found every solution of 

f{x) == o(pu - I). 

Hence the theorem. 

We summarize the above result in the following 

Note: If X is a root of the algebraic congruence 

f{x) == o(pu - I) (a 22) ... (*) 

Satisfying 0 ::; X::; pU -I, and iff (x) is the formal derivative of f{x), then 

(i) iff (X) ~ O(mod p), there is a unique root of f(x) == O(pU) corresponding to X. 

(ii) iff (X) == O(P), there are p roots of (*) corresponding to X when 

f(x) == O(pU) 

and no such root when f{X) ~ O{mod pU) 

Remark: By repeated application of this theorem the problem reduces to solving 

f{x) == O(P). 

Example 6. If M = 1 x 3 x 5 ... x (p - 2) where p is an odd prime, show that 

Jvf == I(mod 16) 

Jvf == J(modp) 

Solution: We shall show that 

To prove (1) 

Jvf == I{mod 16) 

Jvf == J(modp) 

(M, 16) = J, cD{ 16) = 8. Hence by Euler's theorem 

Jvf == ±J(l6) 

... (1) 

... (2) 

But, Jvf ~ -J{mod 16) because if Jvf == -1(mod 16) then M2 == ~ (mod 16) which 
is impossible. 
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To prove (2) 

We get 

AI' == I(mod 16). 

M = (p - 2) x (p - 4) x ... x 5 x 3 x 1 

M == (_1)(p-1)/2 2 x 4 x 6 ... x (p - 3) x (p -l)(modp) 

lvP == 1 x 2 x 3 x 4 x 5 ... x (p - 1) x (-I)(P - 1)/2 

== (P-I)! (-I)(P-I)/2(modp). 

Now we know that (p - I)! == - l(mod p) (Wilson) 
.. M2 == (-1) (-I)(P - 1)/2 == ± l(mod p) 

.. AI' == I(modp). 

Example 7. If (X + 1) (X + 2) ... (X + P - I) =)(p - 1 + Al )(P - 2 + ... + Ap _ I 

And p is an odd prime, prove that 

Ar == O(P), for r = 1, 2, ... , P - 2 and Ap _ I == - 1(P), [Left as exercise] 

Example 8. Solve: f(x) = x3 + x - 19 == O(mod 72) 

Solution: Let us first consider the congruence 

x3 + x - 19 == O(mod 7) ... (**) 

We observe 0, ± I, ±2, ±3} is the complete set of residues (mod 7) and checking these 
integers, it can be seen that 

x == -I, -3(mod 7) are the two roots of (**) 

Now f'(-I) = 4 == O(mod 7) 

f(-I) = 7(-3) 

and 4t - 3 == O(mod 7) 

has the unique solution t == -I (mod 7). 

Then by above theorem 

x == -S(mod 72) 

is the root of (*) corresponding to the 

root x == -I(mod 7) of(**) 

Again f (-3) == O(mod 7) 

and f(-3) == O(mod 72). 

Hence there are seven roots of (*) corresponding to the roots 

x == -3(mod 7) of (**) given by 

x == -3 + 7t(mod 72
) with t = I, 2, ... , 7; and they are 

x == 4, 11, IS, 25, 32, 29, 46(mod 72) 

Thus (*) has eight incongruent roots (mod 72). 

Example 9. Solve: x3 
- 2x + 6 == O(mod 125) 

Solution: f(x) = x3 
- 2x + 6 == x3 

- 2x + 1 == O(mod 5) has two solutions 

x == 1,2. 
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Consider 

Then 

x = I 

f(l) = 5 == O(mod 5) 

1'(1) = I ~ O(mod 5) 

:. there is a unique roo for x == I [Theorem 3.4 Note] 

or I + t\ == O(mod 5) 

Now we get 1\ = -I; hence 
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x2 = I + 5/\ == -4(mod 25) is a solution off(x) == O(mod 25) 

or 

Again, 

f(-4) = 46 and the solution of 

-2 + 46/2 == O(mod 5) 

-2 + 12 == O(mod 5) is t2 == 2(mod 5), 

So that required solution is 

x == -4 + 25.2 == 46(mod 125). 

Next we consider 

XI =2 

Then f(2) = 0 ~ O(mod 5) 

f(2) = 10 ~ (mod 52) 

The congruence 

2 + lOtI == O(mod 5) has no solution 

Hence the given congruence in this case also has no solution 

Thus the given congruence has only one solution 

x == 46(mod 125). 

Example 10. Solve: x3 + 3x + I == O(mod 75) 

Solution: Let f(x) == x3 + '3x + I == O(mod 75) 

Here we solve the following two congruences 

x3 + 3x + 1 == 0(mod3) 

x' + 3x + 1 == O(mod52) 

It can be easily seen that (ii) has only one root viz., x == 2(mod 3) 

Now to solve (iii) we give attention to 

x3 + 3x + I == 0(mod5) 

This congruence has two roots, viz x == 1, 2(mod 5) 

... (i) 

... (ii) 

... (iii) 

... (iv) 

Now f (l) = 6 ~ O(mod 5),f(1) = 5.1 and 6t + 1 == O(mod 5) has the unique solution 

I == -I (mod 5). If follows that 

x == -4(mod 52) is the root of (iii) 

Again! (2) = O(mod 50 andf(2) ~ O(mod 52) 

So there is no root of (iii) corresponding to the root x == 2(mod 5) 

Now we solve the simultaneous congruences 
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x == 2(mod3) 
x == --4(mod 52) 

So by Chinese remainder theorem 

We get the only root x == --4(mod 75). 

NUMBER THEORY 

3.3 PRIMITIVE ROOTS 
We have already discussed 

(i) Euler's Theorem: a'l>(p) == 1(P), a'1>(m) == l(mod m), (a, m) = 1 

(ii) Fermat's Theorem: cf' == a(mod p) V a 

Definition: If (a, m) = I, then the least positive integer r such that a == I (mod m) is called 
the order of a(mod m) 

or, we say that a belongs to the exponent r(mod m)' if r is the smallest positive 
integer such that a == l(mod 111) 

Euler's theorem states that such an r exists, where r ~ <1>(m) 

e.g., m = 7 

I = order of I mod 7, .: 11 == I (7), I = smallest such that 1 r == I (mod 7) 

3 = order of2 mod 7, .: 23 == 1(7),3 = smallest such that 2r == 1(7) 

6 = order of 3 mod 7 .: 36 == 1(7),6 = smallest such that Y == l(mod 7) 

3 = order of 4(mod 7) .: 43 == 1(7),3 = smallest such that 4r == l(mod 7) 

6 = order of 5(mod 7) .: 56 == 1(7),6 = smallest such that 5r == l(mod 7) 

2 = order of 6(mod 7) .: 62 == 1(7),2 = smallest such that 6r == l(mod 7) 

Remark: If (a, m) = d> I 

then there is no such integer r, for a == I (m) :. a = 1 + t..m, t.. !: Z or, a - t..m = 1 

Now (a, m) = d 

:. d I a; m gives d I dO - t.. m or, d I 1 and is impossible 

Hence there is no such integer. 

Definition: If order of a(mod 111) is equal to <1>(m), then a is said to be a primitive root 
of 111, e.g., 3, 5 are the primitive roots of 7 

Theorem 3.5. If (a, m) = 1 and if r is the order of a(mod m), then 

(i) I, a, if, a3, ... a-I are incongruent mod m 

(ii) If n !: IN and n > r, then there exists a unique integer s in 0 ~ s < r for which 
cJ1 == «(mod m) 

(iii) cJ1 == l(mod m) if and only if r I n 

(iv) If b == a(mod m), then the order of b(mod m) is equal to the order of a(mod m) 

Proof: 

(i) If not, suppose a" == aV(mod m) with 0 :$; U < v :$; r - 1 

Then 0 < v - u < n, and 
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We get 

Hence. 

all == al' 
== all + (v - 1/) 

== d'.av -- II (mod m), 

(a, m) = I 

(d', m) = I 

aV 
- II == I(mod m), which is impossible 

v - II < r = order ofa (mod m), 

(ii) :3 unique q and s such that n = rq + s, 0 ~ s < r 
Then dI = d-q + s = (df.d 

== Iqd 

== d(modm). 

or dI == d(mod m). 

(iii) By (ii) above an == 1° iff s = 0, i.e., n = rq iff r I n 

(iv) If b == a(mod m) then, br == d(mod m) for every r E 1\:1 

Thus, br == I iff d == I. 

Corollary 3.6. If r is the order of a(mod m), then r I <1>(m) 

Proof: By Euler's theorem 0'1)(1/1) == I (mod m) 

By (iii) an == I(mod m) iffr In, 
.. comparing we get 

r I <1>(m). 
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Remark: For any given integer a prime to m Le., (a, m) = I there is an unique order 

r(mod m) which is a divisor of <1>(m) 

The question arises whether each positive divisor of <1>(m) and in particular <1>(m) 
itself must be the order (mod m) of some integer a. 

The answer is in negative. 

Definition: Iforder ofa (mod m) = <1>(m), then a is said to be a primitive root ofm. 

e.g., order of 5 mod 7 is 6(= 7 -I) = <1>(7». 

5 is a primitive root of 7(Le., 56 == I(mod 7» 

order of2(mod 7) is 3 (23
5; l(mod 7» 

. . 2 is not primitive root of 7 

If a is a primitive of m, then the integers I, a, a2, ... , a¢(m) are incongruent mod m 
by the theorem (i) above. 

Consequently, these integers form a reduced set of residues (mod m). 

In other words the congruence classes consisting of integers prime to m are the 
classes 
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It follows that, 

If a is a primitive root of m then Gill = 1, a, a 2, a 3, ... , a<f>(m)-I} 

the multiplicative group of congruence classes prime to m is cyclic. 

Conversely, if this group of order <I>(m) is cyclic and is generated by an integer a then 
it has order <I>(m) (mod m). 

Remark: A positive integer m has a primitive root if and only if the multiplicative group 
G /II is cyclic, 

Note: 

(1) The every positive integer m has not a primitive root. 

(2) m = I is a trivial case. 

(3) m = 2 gives, 

m = 4 gives, 

<1>(2) = 1, (1) and II = 1<f>(2) == I (mod 2) 

m = 2 has a primitive root I 

<1>(4) = 2, (1, 3,) 11 == 1 (mod 4), 21 ~ 1 (mod 4), 22 ~ 1(mod4) 

1 and 2 are not primitive roots mod 4 

3<f>(4) = 32 == l(mod 4), 31 ~ 1 (mod 4) 

· . 3 is a primitive root of 4 

m = 6 gives, <1>(6) = 2, (1, 5,) 51 ~ l(mod 6), 5<f>(6) == 52 == l(mod 6). 

· . 5 is a primitive root 

m = 8 gives, <1>(8) = 4, (1, 2, 3, 5, 7), 31 ~ l(mod 8),32 == 1 (mod 8) 

· . order of 3(mod 8) is 2 *" 4 

3 is not a primitive root of 8, 

51 ~ l(mod8) 

52 == l(mod 8) 

order of 5(mod 8) is 2 *" 4. 

So 5 is not a primitive root of 8. 

7 ~ l(mod 8), 72 == l(mod 8) 

order of 7 mod 8 is 2 *" 4 and 

So 7 is not a primitive root of 8 

Thus 8 has no primitive root. 

Exercise 11. For m = 9 students are asked to verify., 

Theorem 3.7. 

(i) If a belongs to exponent h modulo m, then h I <I>(m) 

(ii) aJ ;;; cf(mod m) iff h I (j - k) 

(iii) cf belongs to the exponent _h_(mod 11l) 
(h,k) 
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Proof: 

(i) Done 

(ii) j > k, say, (a, m) = I 
Then, d == d'(modm) 

if and only if d - k == I(mod m)(£f== I(modm) 

where h is the order of a (mod m» 
if and only if h 1 (j - k) 

(iii) (d'y == I(mod m) 

if and only if d'j == 1 (mod m) 

if and only if h I kj 

'f d I 'f h I kj k. ,an ony' ----=--} 
(h,k) (h,k) (h,k) 

i.e., (h\) Ii 

. h 
. . the least value of} = -­

(h,k) 
and 

:. the order of d' is _h_. 
(h,k) 

III 

Theorem 3.8. If the order of a and b modulo m are A and ~ respectively and (A, ~) = I, 
then the order of ab modulo m is Afl. 

Proof: Suppose the order of ab modulo m is k. 

or, 

or, 

or, 

Hence 

Now 

Then, as 

Hence 

c1 == 1, b~ == I(mod m), 

(ab)'A.~ = (aA)~(b~)'A. == I(mod m). 

kl Afl 
(ab)k'A. = (a"ibk'A. = bk'A. 

I == bk'A. (mod m) 

bk'A. == 1 (mod m) 

fll kA 
(A, fl) = I, fll k. Similarly AI k 

Afl I k 

k = Afl. 

Example 12. If k (> I) and n are positive integers then show that Cl>(Jr!I- I) is a multiple 
of n 

Now 

Because if 

Jr!I - I = O(mod (fC1 - I» fC1 ;;; l(mod m) (where m = Jr!I- 1) .... (1) 

kr ~ I (mod m) if r < n 

k r ;;; I(mod m), for r < n 
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Then f{ -I == O(mod IC' - I) IC' - 1 If{ - 1, r < n 

which is impossible. 

. . n is the least positive integer satisfying (1). 

In other words n is the order of k mod m . 

. , n I <D(m) (by the former theorem) 

i.e., n I <D(IC' - I), i.e., <D(IC' - I) = nq. 

Example 13. If P and q = 4p + I are both odd primes, then 2 is a primitive root of q. 

Proof: .: <p(q) = 4p, the order of 2 modulo q is only one of the following numbers 

1,2,4, p, 2p and 4p 

As p is prime, p == I(mod 2) and q == 5(mod 8). 

(2) ~ . 
p = (-I) 8 we see that 2 is a quadratic no residue of q; thus 

22p == -I(mod q) [Ref: chapter vi] 

Hence the order of 2 modulo q is not 2p. Evidently it is not the factor 2 or p or 2p, 
nor I or 4. Therefore the order of 2 modulo q is 4pie., 2 is the primitive root of q. 

Lemma 3.9. If P is an odd prime and dip - 1 (d> 0) then 

(i) The algebraic congruence xd - I == O(mod p) has exactly d incongruence roots, 
and 

(ii) <D(d) of these roots have order d(mod p) 

Proof: Consider 

Now 

or, 

where 

or 

xd 
- 1 == O(P) 

dip - I 

xP- 1 - 1= (xd -l)f(x), 

f(x) = xP - I - d + xP - I - 2d + ... + xd + 1 

xP - I - 1 == O(P) 

and (2) has p - 1 incongruence roots mod p.[by Fermat's theorem] 

If a is one of them, 

then cfl- I - I = (ad - l)f(a) == O(P), 

Consequently 

p I ~ - 1 or ,f(a) 

i.e. Either ~ - 1 == O(modp) 

or f(a) == O(mod p) .: p is prime. 

... (1) 

... (2) 

Thus each of p - I incongruent roots of (2) is either a root of (1) or a root of the 
algebraic congruencef(x) == O(P) ... (3) 

But (I) has not more than d incongruent roots (former theorem) 

(I) Has not more than p - I - d incongruent roots 
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And all together they have p - 1 roots 

But d + (p - 1 - d) = p - 1 

it follows that 

(1) Has exactly d incongruent roots. 

Suppose now that one of these roots, b, say, has order d(mod p), 

Then I, b, b2, .. , bd - 1 are all roots of (1) and incongruent (mod p). 

Thus they form a complete set of roots (mod p) of (1) 

If bU is one of them and has order i(mod p), 

Then «Wll = bodl ;: I(mod p) 

But d is the order of b i.e., bd ;: I (mod p). 

.. d I ad1 

Thus, d l is the smallest positive integer such that d I ad1• 

It follows that 

d l = d iff (d, a) = I. 

.: there are <P(d) values of x such that (x, d) = 1, 

:. if the algebraic congruence (1) has one root of order d(mod p), then it has 

<p(d) incongruent roots of order d (mod p). 
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Theorem 3.10, The necessary and sufficient condition that a is a primitive root of m is 
that 

a, if, ... , act>(m) 

form the reduced system of m. 

Proof: Suppose that a is a primitive root of modulo m. Then (a, m) = I 

And any two integers among 

a, a 2, .. , act>(m) .... (*) 

are incongruent modulo m. [For a' ;: d(mod m) (i *- j) or, ai 
- j ;: I(mod m), i - j < <P(m) 

and this is not true as a is a primitive root modulo m,] 

Hence the set (*) is a reduced residue system of m. 

Conversely, 

If (*) is a reduced residue system of m, then any two integers of the system are 
incongruent modulo m. 

Thus cI' ;: l(mod m), 0 < k < <p(m) 

Hence the order of a modulo m is <p(m) 

Thus a is a primitive root of m. 

Note: If a is a primitive root of m, then the reduced residue system of m can be expressed 
as a geometric progression of the form a, if, ... , act>(m) 

And this is useful in many cases. 

Th 3 11 If - 0.1 0.2 Uk h . 't' t th t b f th ti eorem , . m - PI ,P2 ... Pk as a pflmllve roo en m mus eo e orm 

2k,l,2pk 
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Proof: Suppose a is a primitive rot of m. 

Then (a, m) = 1 

Hence, 

by Euler's theorem, 

a$(p,a,) == l(modp~i) 

Suppose M = [~(p~i), ... , ~(p?)] [L. C. M] Then 

cf1 == l(mod p~i), 

Hence at == l(mod m) 

.: a is a primitive root of m, so <1>(m) I M 

.: <1>(m) = ~(p~i ) ... ~(p:( ) is the mUltiple of M, M I <1>(m) and hence M = <1>(m). 

Thus ~(p~' ), ... , ~(p? ) are relatively prime. 

Again <1>(2') = 2r - 1, <1>(pr) = pr - 1 (p - 1), P is an odd prime. 

Hence 

(i) The number of odd prime factors of m cannot be greater than 1. 

(ii) If odd prime factors and even prime factors exist simultaneously, then the power 
of an even prime factor also cannot be of greater than 1. 

(iii) Hence if m has primitive roots then m must be in one of the following forms 

2k,l,2pk 

The following result shows that 2k, pk, 2pk are the only integers with primitive roots 

Theorem 3.12. An integer m has a primitive roots if and only if m = 2, 4, pk or 2pk 

where p is an odd prime and k is a positive integer. 

Proof: (A) m = 2k 

if 

(i) If k = 1, then m = 2, <1>(m) = l. and clearly 1 is a primitive root. 

(ii) If k = 2, then m = 4, <1>(m) = 2, and 3 is the primitive root. 

(iii) If k ~ 3, then <1>(m) = 2k - 1 

Now reduced residue system of m is made up of odd integers 

.. m = 2k has no primitive roots 

2k-2 k 
a == l(mod2) 

We n'ow prove this by induction. 

... (111) 
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It is clear that 

a2 == 1 (mod 23
) 

(*) is true for k = 3 

Assume that the result is true for k. 

Now 

(*) is true for k + 1. 

Thus the result is true by induction. 
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:. 2k, for k = 1,2 has primitive roots; but for k ;::: 3 there are no primitive roots. 

<,(8) pn, 2pn, where p is an odd prime and n is a positive integer, have primitive roots. 

Proof Consider pn, where p is an odd prime. 

Case I n = 1, i.e., for p 

Take d = p - 1 in the lemma 3.9 

there are cJ>(p - 1) incongruent roots of xf - 1 == 1 (P) of order p - 1 (mod p). Thus 
the prime p has cJ>(p - 1) i.e., cJ>(cJ> (P) incongruent primitive roots. 

Case II pn, n ;::: 2 

Let g be a primitive root of p 

i.e., g<t>(p) == 1 (mod p) 

and cJ>(p) is the least positive integer to satisfy this equation. 

And this gives 

t'-I - 1 == O(modp) and (g, p) = 1. 

We show that g can be so chosen that 

t' - 1 - 1 ~ O(modp2) 

Now, g + P == g(mod p) or, g + p is also a primitive root of p. 

And 

(g + p'f - 1 - t' - 1 = «g + p) - g) «g + p'f - 2 + (g + p'f - 3g + ... + t' - 2) 

= p(i' - 2 + pNl + i' - 2 + pN2 + ... + t' - 2) 

= p«P - 1) i' - 2 + p(NI + N2 + ... » 
= p(-i' - 2 + Np), n e ~ 

or [(g + p'f - 1 - 1] - (It - 1 - 1) = (g + p'f - 1 - i' - 1 

== -Pi' - 2(mod p2) 

~ O(modp2) 

[.,' (g, p) = 1 gives p does not divide g and, so - t' - 2] 

or (g + p'f -I - 1 ~(i'-I - 1) (modp2) 

Hence the primitive roots 

g and g + P of p 

cannot both be the roots of the algebraic congruence 
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xP - 1 - 1 == O(modp2) 

Thus we may suppose that g can be so chosen that 
g! - 1 _ I ;¥ O(modp2) 

We now deduce by induction that 

for all n ~ 2, 

1. This result is true for n = 2 

] I. Assume that (2) is true for n 

Then, on noting tha! 

gp ll - 2.(p_l) = g4l(pn-l) 

== I(mod pn - I) 

And gpn-2 (p-I) = 1+ k,.pn-I, where Kn is a constant and (p, Kn) = 1 

II-Ie I) 11-2 ( I) We get, gP P- = (gP . P- f 
= (1 + K,.pn-If 

= I + Kn + Ipn 

where K = K + PC K 2pn - 2 + + K Pp(P - I)n - P 
n+1 n 2 n ... n 

== Kn(modp) 

and so p t Kn + 1 

(p, Kn + I) = I Le., 

Consequently, gPn
-

1 (p-I) _ I ;¥ O(mod pn + I) 

Suppose now that 

g has order d(mod pn). 

. . d I cI>(pn) = pn - l(p - 1) 

.,' d is order of g(mod pn), 

.. t' == I(Modpn), 

we also have 

t' == I(modp) 

But g is a primitive root of p 
and :., g<'P(p)(=p-l) == I(modp) 

and (p - 1) is the least such positive integer, 

.. p - 1 I d 

(i) and (ii) give d is of the form 
(p _ l)po, (p _ I)pl, (p _ 1)p2, ... (p _ l)pn - 1 

It follows that 

d = pr(p - 1) with 0 :::; r :::; n - 1 _ 

If d "* pn - l(p - 1), 

... (i) 

... (li) 
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then 

and so, 

d I pn - 2(p - 1) 

gpn-I (p-I) == I(modpn) 

And it contradicts (2) 
.. d=pn-I(p-I) 

and 

g is a primitive root of ~ 

Hence, 

pn has primitive root, n ~ 2. 

Case III 2pn (n !: ~). 

Let gl be a primitive root of pn, 

then gl + pn is also a primitive root 

Let g be the odd integer of the pair gl and gl + pn 

and 

Suppose now that g has order d(mod 2pn), 

.. d I (2~). 
Then, gJ == I (mod 2pn) 

so that gJ == I (modpn). 

Also g$(p'I) == I(modpn) 

and <l>(pn) is the least such integer 

and this gives 

<l>(pn) I d 

d I <l>(2pn) = <l>(2) <l>(pn) = <l>(pn) 

:. (i) and (ii) give 

Consequently 

d = <l>(pn) = <l>(2pn). 

g is a primitive root of 2pn 

Thus 2pn has primitive root. 
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... (i) 

... (ii) 

Theorem 3.13. If g is a primitive root of p, then when Ef - I ~ (mod p2), g is a primitive 
root of /; when Ef - I == I (mod p2), g + p is a primitive root of pk 

Proof: Given that 

g is a primitive root of p 

.. Ef - I == l(modp). 

Then, Ef - I ~ I (mod p2), or Ef - I == l(mod p2) 

Now Ef- I ~ I(modp2) or Ef- 1 = I + ph, P + h. 
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Suppose the order of g modulo l be A, then A I cIJ(l) i.e. A I pk- l(p - I). Write, 
pk - l(p _ I) = As 

Now i' == I(mod l) or, i' == 1 (mod p) and hence, 

(p - I) I A, or A = (p - I) I. 

Thus 
pk-l(p_I)=As 

or pk - J (p - 1) = (p - 1) Is 

or pk - J = Is, 

i.e. I = pe, e ::; k - I. 

Hence 

A = peep - 1) 

If e < k - 1, then e + 2 ::; k 

and hence i' == 1 (mod pe + 2). 

But i' = gP"(p-J) = (gP-J(" 

(1 + hp)P" == J + hpe + J(mod pe + 2), 

Then hpe + J == O(mod pe + 2). 

Hence, h == O(modp) 

And this is not true of ph ~ O(mod p2) 

e = k - 1. Thus 

A = pk - I (p - 1) or A = cIJ(p") 

Hence g is a primitive root of pk 

Now g + P is also a primitive root of p 
or [f - I == J(modp) 

.. (g + pf - 1 - 1 = f! - 1 - I + pcp - I)[f - 2 == pcp - I)[f - 2(mod p2) 

.. (g, p) = 1, 

P t [f - 2 and 

.. (g + pf - I == J(modp2) 

From above it is seen that g + p' is the primitive root of pk 

Hence the result. 

Theorem 3.14. If a is a primitive root of an odd prime p, then 

p-I 

(a 2k+ I )-2- == -J(modp) 

p-J 

Proof: Suppose (a 2k + I )-2- == I (mod p) 
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P I 2k + 1 

Then 
- --(p-I) (a 2k + I )-2- =a 2 =1(modp) 

.: a is a primitive root of p, 

2k + I 
-- must be an integer, and is not possible 

2 

p-l 

Hence (a 2k + I )-2- =-I(modp), 

Example 14. Find the primitive root of 41 

Solution: Here 

Now 

p = 41 

p-l=40 

p-I =20 
2 

32 = 9, 34 
=. 81 = - I, 36 = _9,3 16 = 1,320 =-1. 

40 
Hence 3 is not the solution of the congruence x 2 = ~o = I(mod 41), 

As 
P -I 
-5- = 8, and 

22 = 4, 24 = 16, 28 = 256 = 10, 

40 
we see that 2 is not a solution of the congruence x 5 = x8 = l(mod 41). 

i-!ence, 35,28 == -3, 10 = II mod (41) 

is a primitive root of 41. 

Example 15. Find the primitive root of m:;: 3362:;: 2.412, 

Solution: Computing 112 = 121, 114 =14641 =-488, 

115 = -325, lllO = 105625 =-278, 

1]20 = 77284 = - 42, 114o = ] 764 = R3, 

we see that 11 40 ~ I (mod 41 2
). 

Hence II is a primitive root of 412 . 

. : II is odd, 11 is also a primitive root of m :;: 2.412 

Example 16. Find all the primitive roots if p = 17 

Solution: Here p - I = 16 = 24, 

As 32 =9, 34 =81 = 13,38 = 169= 16, 

38 = 1 (mod 17) and hence 3 is a primitive root of 17. 

119 



120 NUMBER THEORY 

Moreover, .: $(P - 1) = 23 = 8, and 

1,2,3,5,7,9, II, 13, 15 

is the reduced residue set of p - 1 = 16, all primitive roots of 17 are 

31 = 3, 33 = 27 == 10,35 == 90 == 5,37 == 45 == n, 39 == 99 == 14, 
311 == 126 == 7, 313 == 63 == 12, 315 == 108 == 6, 

i.e., the integers 

3,5,6, 7, 10, 11, 12, 14. 

Hence the result. 

The following result gives us the number of primitive roots of an integer m 

Theorem 3.15. lfm has a primitive root, then it has a total of$($(m) incongruent primi~ive 
roots. 

Proof: Suppose g is a primitive root, then 

o 1..2 cil(mj-I 
g , g , l; , ... , g ... (*) 

form a reduced residue set modulo m . 

. ,' m and its primitive roots are relatively prime, all the primitive roots of m are all in 
(*). 

or 

Suppose the order of it modulo m is k 

Then (ti = ik == 1 (mod m) 

.. $(m) I ik or, $~) I k 

cil{m) i 

(gi)d = (gcil(m»)d == I(mod m) 

k I $(m) 
d 

k = $(m) 
d 

Thus, the order of i modulo m is $(m) if and only if d = 1 

[if (i, $(m» = d] 

Hence, for any integer i in the reduced residue system of $(m), the integers i are 
all primitive roots of m. 

:. we have $($(m» incongruent primitive roots. 

Corollary 3.16. Any odd prime p has $(P - 1) incongruent primitive roots. 

Proof: Take m =p. ., 
Example 3.17. Using the concept of primitive root prove that 

I" + 2/1 + 3/1 ... + (P - 1)11 == - I or O(mod p) according as p - 1 I n or p - 1 f in 

Case I p - 1 In 
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or n = (p - I)k 

Fermat's theorem states that 

(a,p)=\ 

gives aCfJ(p) == I(modp) 

r:? - I == \(modp) 
~ - I)k == \k(modp) 

or 

or 

or d' == I(modp) 

Putting a = 1,2, ... , (p - I), we get 

In == I(modp) 

2n == I(modp) 

(p - l)n == \(modp) 
In+2n+3n ............ +(p_I)n 

== (1 + I + to(p - I) terms) (mod p) 

== Cp - I) (modp) 

== -l(modp). 

Case II P - I f n 

If g is a primitive root of p, 
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Then gCfJ(P) == I (P) and !p(p) is the least positive integer to satisfy this 
relation 

or f! - I == I(modp) 

~ ~ ICp) [.,' n is not a multiple of p - I, because p - I f n 

Now the two sets }',' (g, p) = I 
g, 2g, 3g, ... , (p - I)g .: g is a primitive root 

1,2,3, ... (p-1) and 

are equivalent (mod p) 

i.e., jg =- i(modp), i,j E {l, 2, ... , P - I} 

or (jg)n == jn(modp) 

p-I p-I 

or L (ag)n - L an(modp) 
a=1 a= I 

p-I p-I 
or L (ag)n - L an == O(modp) 

a=1 a= I 

p-I 
or egn - I) L an == O(modp) 

a=1 

p-I 

or L an == O(modp) [.,' ~ - 1 ~ O(modp)] 
a=1 
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or f! + 2n + 3n ............ + (p - l)n == O(mod p). 

Example 1 B. Show that the product P( of the primitive roots of pis) == 1 (mod p) except 
when p = 3[p is odd prime], ' 

i.e., P = the product of the primitive roots == l(mod p) 

[Recall theorem: If a has the order h(mod m) and (h, k) = d, then c/' has the order 
h 
d (mod m) 

Corollary If g is a primitive root of m, then t is also a primitive root if (k, <I>(m» = 1 

Proof Put h = <I>(m) in the above theorem and replace a by g 

Note If m'is a prime p, (i.e., m = p) then, cor becomes, 

if g is a primitive root (mod p) then it is also so, if (k, p ~ I) = 1] 

Solution: If g is a primitive root of p the set of primitive rots of p is congruent (mod p) to 

gl, go., gil, ... , 1', where a, ~, ... , I are prime to p - 1 and < p - 1 
[for p = 13 they are, gl, g!, g7, gIl] 

Now if k < p - 1 and (k, p - 1) = 1, then, (P - 1 - k, p - 1) = 1 

Hence, the above series can be distributed into couples such as 

gl, g(P - I) _ 1; go., tp - I) - 0.; 1', g(P - I) -" 

Now t.g(p - I) - k = ~ - I = g<l>(p) == 1 (mod p). 

P = (gltp - I) - I) ( ... ) ... ct-.tp - I) - ") 

== ).1.1... l(modp) 

== 1 (modp). 

The only exception occurs 

when k = (p - 1) - k, 

1 
k = - (p - 1), where (k, p - 1) = 1. 

2 
or 

or ( .!.(P-l) P-l) == .!.(p-I) = 1 
2 ' 2 

p = 3. 

3.4 THEORY OF INDICES 

Primitive roots lead us to another interesting concept analogous to that of logarithm. This 
is known as indices. Before going to the discussion of indices we first have a look into 
the technique of ho~~to write the set of reduced residue set of any m. 

Note: We know that if m has primitive root, then its reduced residue system can be 
expressed as the powers of its primitive roots g, viz., 
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{l, gl "" t(m - Il} and this is the simplest form, No~ the question arises whel). 
primitive root of m does not exist. We also know that for any odd integer a, 

2 k - 2 _ h . 
a = I(mod 2 ), k ~ 3, 

In other words, the order of any odd integer modulo 2k i~ not greater than 2k - 2, Jf' 
it is possible to fmd an integer whose orEler is exactly 2k - 2, then we can use its p'ower 
to express' one half of the 'reduced residue system of ik; for the other half we can take ' 
their negatives' to suppliant it. 1t1 this way it is seen that, the reduced residue system of c; 

2k is not fundamentally different from the reduced residue system fon.ned by. the'jJOwers 
of the primitive root. And this is also in the simplest form, 

Theorem 3.17. The order of 5 modulo 2k(k ~ 3) is 2k - 2 

Proof: It is sufficient if we show that 

52k 
- 3 ~ I (moo 2k)(for then, the order of 5 modulo 2k is 2k - 2) 

So we, show that 

52k
-

3 
== I + 2k - l (mod 2k), (for k ~ 3) 

Proof: Will be by induction, 

i.e., 

or 

It is seen that, for k = 3, 0) is true', . ' 

We assume that (1) is true for k - I 

52k -
4 

= I +2k - 1 +2k"-I,t, 

52k
-

3 = (5 2k
-

4
)2 = 1 + 2k - l (mod 2k) and thus (1) is true, 

Thus""completes the proof. 

.. ,(1) 

Theorem 3.18. ,The-set {±5°, :1:5 1; "" ±52k -:':"I)forms the reduced residue system of2k 

Proof: As 5 == I(mod 4), obviously for any i we have 5i ='I(mod 4) 

Hence, - 5i == -l(~od 4), apd for any two different integers i and j we have, 
5k ~ - si(mod'2k), This means that among the integers 

, k 2 ' 
±50, ±5 1, .. , ±52 - ,- I 

any two are incongruent modulo 2k, and each ofthem is relatively prime with 2k and hence 
the result. ' 

Note: If m = mlm2, (m l , m2) = I, and'the reduced residue sy~tem of ml and m2 are, 
respectively 

ap a2, ... aq,(m
l
,); b pb 2, , .. , bq,(m2iand if'ar== I(modmj), b/a I(mod 1n2) 

The $(m t) $(m2) = $(m) integers 

aibp j = 1,2, ... , ~(mt);j = 1,2, .. " ~(m2) 
forma reducel;i residue system of m = m lm2• It is because, .,' (ai' mt ) = I, we may also 
assume that (ai' m2) = 1; hence (ai' m) = 1. Similarly, (bj , m) = 1 Consequently (alb)' m) 
= I, that is ah and m are relatively pril')1e, Moreover, if 
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a/b) :; akb l (mod m), then a/b) :; akbl(mod m l ), and hence 

a; :; ak(mod m l ) i.e., a; = ak' 

Similarly b) = b l . 

Thus among the integers a;b) no two are congruent modulo m.] 

.. these ~(m) integers a/b) form a reduced residue system modulo m. 

Example 19. Find the reduced residue system of m = 40. 

Solution: We note, 40 = 5.23; and the suitable reduced residue system of 5 and 23 
respectively are: 

1,9,17,33; 1, 11,21,31 

the residue system of 40 is seen from the following table: 

x 

11 

21 

31 

11 

21 

31 

9 

9 

Ilx9 == 19 

21x9 == 29 

3Ix9 == 39 

17 

17 

11 xI7 == 27 

21x17 == 37 

3IxI7 == 7 

33 

33 

11x33 == 3 

2Ix33 == 13 

3Ix33 :; 23 

Thus the reduced residue system is: 

1,3,7,9,11,13,17,19,21,23,27,29,31,33,37,39. 

Index: Suppose the integer m has a primitive root g. Then the set 

S = {gO, gl ... , t(m - I)} forms a reduced set if residues (mod m) 

If a is any integer with (a, m) = 1 then:1 (a unique)r E {O, 1,2, ... , ~(m)-I} for which 
a:; ,{(mod m) 

Definition: The integer r is called the index of a to the base g(mod m); and we write indg 
a or, simply r = ind a, when the base need not to be specifically mentioned. 

The definition clearly impli~s that 

ind a = ind b <=> a :; b(mod m). 

Some properties of indices are as follows: 

Theorem 3.19. (i) ind(ab) = ind a + ind b(mod ~(m» 

(ii) ind d' :; n ind a (mod ~(m» n ~ 1. 

(iii) indga:; ind gl a.ind g gl (mod ~(m» 

where gl is also a primitive root of m. 

(iv) ind 1 = 0 

(v) ind(-I) = .!.~(m», if m > 2 
2 

Proof: Let a = rand ind b ;", s; then ab == g + S(mod m). 
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and 

Consequently 

ind (ab) == r + s = ind a + ind b (mod $(m)) 

(iii) Let 

and 

then 

and 

thus 

an == g"r(mod m), and so 

ind ~ == nr = n ind a(mod $(m» 

indg a = t 
• 1 
md g gl = a; 

a == gl '(mod m) 

gl == ~(mod m). 

a == iU(mod m) and 

.. indga == to. = indg1 a indg g\(mod $(m» 

(iv) .. I = l, it follows at one that ind 1 = 0 

(v) if m = 4 

then 
1 

"2$(m) = 1 

g = 3 

and -1 == i(mod4). 

Thus (v) holds for m = 4. 

Now the case m = pn or 2pn, where p is an odd prime and n ~ 1 

In each case, 

g~(m) _ 1 = g2 -1) (g2 + 1) == O(mod m) 
( 

~~(1Il) ~~(m») 

We now show that [ g ~"m) _ I, p" ) ~ 1 

Suppose this is not true. 

Then 

Now 
1 \ 
-~(m) -~(m) 

(g2 + 1) - (g2 - 1) = 2, and p ~ 3. 

Consequently 
\ 

I 
2~(m) 1 

p g +. 

It follows that 

.!.~(m) 
and :., g2 - 1 E O(mod m), 

125 

... (&) 

... (*) 

We observe g is odd if m = 2pn. By this contradicts the fact that g is a primitive root 
ofm. 
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Hence (*) is true. 

It follows from (&) that 

~~ 1 
g2 == -l(mod m) and this implies that ind(-I) = -~(m». 

2 
Using the concept of indices and primitive roots some congruence equation may be 

solved easily. Some examples are discussed below. 

Example 20. For p = 13 g = 2 is the primitive root and we observe the following: 

l = 1, gl = 2, ~ = 4, z? = 8, g4 == 3, i == 6, g6 == 12, 

g7 == 11, i == 9, g9 == 5, glO == 10, gIl == 7 

Table 3.1 

A 1 2 3 4 5 6 7 8 9 10 11 12 

ind a 0 1 ·4 ".2 9 5 11 3 8- 10 7 6 

We already known that if the order of a modulo '?l is A then ar == as(mod m), if and 
,only if r == s(mod), so in case of prime m a == b(mod m) if and only if ind a == ind b(mod 
«m) 

Now to solve: IIx == 5(mod 13) 

Solution: given that 

or 

llx == 5(mod 13), now taking indices, 

ind 11 + ind x == ind 5(mod 13) 

From the above table we get 

Ind 11 = 7, ind 5 = 9, 

Hence, 7 + ind x == 9(mod 13). 
From the table, x == 4(mod 13) 

ind x == 2(mod 13) 

x = 4 (mod) 

Example 21. Solve: 5x2 + 3x - 10 == (mod 13) 

Solution: 5x2 + 3x - 10 == O(mod 13) 

or 8.(5x2 + 3x - 10) == 8.0(mod 13) 

or 40x2 + 24x:'" 80 == O(mod 13) 

or x2 - 2x - 2 == O(mod 13) 

or (x - 1)2 == 3(mod 13), 

Taking indices, we get 

2ind (x - 1) == ind3 (mod 13) 

or 2 index - 1) == 4(mod 13) 

Hence, index - 1) == 2 or 8(mod 13) 
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From the table 

x - 1 == 4 or 9(mod 13) 

:. the required solutions are 

. x == 5, lO(mod 13). 

Example 22. If P is an odd prime, a + b = p, show that 

p -1 
ind a - ind b = --(mod (p - 1)) 

2 

Solution: .: a == - b(mod p), ind a = ind(-I) + ind d, 

and hence 

p -1 
ind a - ind b == --(mod (p - 1)). 

2 

Example 23. Solve the congruence 7x == 13(mod IS) 

Solution: IS = 2.32 and 2 is a primitive root of 3, it follows from the result: 

127 

If p is an odd prime then each integer of the form 2pn has primitive root g if g = odd {g\, 
gl + pH} where gl is a primitive root of pn. 

that 5 i; J primitive root of IS. 

The cvrcsponding index table for integers prime to IS is: 

5 7 

2 

11 

5 

13 

4 

17 

3 

No'" 7x == 13(mod IS) if and only if x. ind 7 == in d 13 (mod ~(IS)) = 6). 

Consequently we have to solve the linear congruence 

. 2x == 4(mod 6) 

This, and 

the given congruence, has two solutions, x == 2 and x == 5(mod 6). 

EXERCISES 3.1 

1. Solve the following:· 

(i) 3xl4 + 4xl3 + 3xl2 + 2xll + x9 + 2x8 + 4x7 + x6 + 3x4 + x3 + 4.x2 + 2x == O(mod 5) 

(ii) 2x17 + 6xl6 + xl4 + 5x l2 + 3xll + 2xlO + x9 + 5x8 + 2x7 + 3xs + 4x4 + 6~ + 4x2 
+ x + 4 == O(mod 7) 

(iii) xl2 == 37(mod 41) 

2. If P is prime, then show that 

P-I 
2 2 2 _ -1 .3 ... (p-2) = (-1) 2 (modp) 

2 2 2 _ p+1 
2.4 ... (p-1) = (-1) 2 (modp) 



128 NUMBER THEORY 

3. Show that if P is a prime number, n I (P - 1), then ;iI == I(mod p) has n solutions. 

4. Solve the following: 

(i) x4 + 7x + 4 = O(mod 27) (ii) x2 - 5x + 7 == O(mod 9) 

(iii) x4 - 8x3 + 9~ + 9x + 14 == O(mod 25) 

(v) x3 + x2 - x-I == O(mod 15) 

(iv) 6x3 + 27~ + 17x + 20 == O(mod 30) 

(vi) 4x3 + 3x + 43 == O(mod 125) 

5. Find the roots if any of the following congruences 

(i) x4 - 3x + 1 == O(mod 5) (ii) x5 + 3x3 - X + 2 == O(mod 11) 

(iii) x3 + x2 + 1 == O(mod 7) 

6. Deduce thatx3 + ~ + 1 is irreducible (mod 7) and find the factorization into irreducible 
factors of x4 - 3x + I(mod 5) and x5 + 3x3 

- X + 2 == O(mod 11) 

7. Solve the congruences: 

(i) x3 + 2x - 3 == O(mod 9) 

(iii) x3 + 2x - 3 == O(mod 45) 

(ii) x3 + 2x - 3 == O(mod 5) 

(iv) x3 + 4x + 8 == O(mod 15) 

I EXERCISES 3.2 I 
1. If PI' P2 are odd primes a = a l (mod PI)' a == aimod P2)' and the order of a l modulo 

PI is AI' the order of a2 modulo P2 is A2, prove that the order of a modulo PIP2 is 
the least common multiple [AI' A2] of Al and A2. 

2. Find the primitive roots of23, 54, 529, 1058. 

3. If g and h are two different primitive roots of a prime p, show that 

indka = indga.ingkg [mod (p - 1)] 

4. Solve the congruences 

(i) x35 == 17(mod 67) (ii) x3 == 23(mod 109) (iii) 3x == 5(mod 13) 

5. How many primitive roots does the prime 13 have? 

6. If a belongs to the exponent h modulo m, prove that no two of a, a2, ~, ... , d' are 
congruent modulo m. 

7. If P is an odd prime, how many solutions are there to xP - I == I(mod p); 
to xP- I == 2(modp) 

8. Prove that if p is a prime and (a, p) = 1 and (n, P - 1) = 1, then;il == a(mod p) has 
exactly one solution. 

9. Given ab == I(mod m), and that a belongs to the exponent h modulo m, prove that 
b belongs to the exponent h. 

Then prove that if a prime p > 3, the product of all the primitive roots of p is 
congruent to 1 (modulo p). 

10. Prove that if a belongs to the exponent 3 modulo a prime p, then 1 + a + a2 ;;; O(mod 
p), and 1 + a belongs to the exponent 6. 

CJCJCJ 



ARITHMETIC FUNCTIONS 

4.1 ARITHMETIC FUNCTIONS 
An Arithmetic function is an important function with many interesting properties fre­
quently occurred in number theoretic investigations. 

Definition: Any function! ~ ~ C (= the set of complex numbers) is called an Arithmetic 
function (A.F.) 

Example 1. ! ~ ~ ~: fen) = n, fen) = n2, are arithmetic functions, but, fen) = log n 
(n E ~) is not an arithmetic function. 

Definition: Multiplicative Arithmetic functions: 

Iff(n) is an A.F. such thatf(111n) = f(l11)f(n) where, (111, n) = 1, thenf(n) is said to be 
mUltiplicative arithmetic function (M.A. F.) 

Example 2. If fen) = n, then, 

f(11111) = 11111 = f(m)f(n) sofis multiplicative. 

And if, g(n) = 2n, then, 

g(mn) = 2111n *" gem) g(n) 

. . g is not multiplicative. 

[we shall call f and fen) as functions in the same sense.] 

Definition: Totally multiplicative Arithmetic function 

Iff(n) is A.F. such thatf(mn) = f(m)f(n) for all m, n, thenf(n) is said to be totally 
mUltiplicative arithmetic function. (T.M.A.F.) 

fen) = n2 is totally multiplicative. 

Note: The following are two basic properties of multiplicative functions; 

I. If fand g are multiplicative functions such thatf(pi) = g(pi) for all primes p and 
all integers i, then fen) = g(n) for all positive integers. [Hence f= g] 

2. Iffand g are totally multiplicative functions such thatf(p) = g(p) for all primes 
p, thenf= g. 
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Definitions of some important arithmetic functions: 

(i) Euler's toutient function ~ : ~ ~ ~ such that for any positive integer a, 
~(a) = number of integers n(:S: a) such that (n, a) = 1, n E ~ 

(ii) The Arithmetic function den) [or, ten)]: d: N ~ ~ such that 

den) = number of divisors of n, n E ~ 

(iii) 0: ~ ~ ~ such that 

o(n) = the sum of the divisors of n, n E ~ 

(iv) ok: ~ ~ ~ such that . 

0k(n) = the sum of the kth powers of n, n E ~ 

(v) Mobius function Jl: ~ ~ Z. such tnat, for all n E ~ 

Jl(n) = 1 if n = 1 

= 0 if r? I n for some a· > 1 

= (_1)r if n = PIP2 ... Pr' Pi are distinct primes 

(vi) e(n) = 1, if n = I 
= 0, if n > 1, n E ~ 

[or, e(n) = [~J. n E ~] 
(vii) len) = 1, n E ~ 

(viii) pen) = Dd, n E ~ 
din 

4.2 EULER'S FUNCTION 

eD(n) = I if n = 1 

= the number of a« n), such that (a, n) = 1, if n >- 1 

Theorem 4.1. For any prime p, 

eD(p) = P - 1· 

Proof: Since P is a prime, 

Each of 1, 2, 3, ... , P - I is relatively prime to P Le. for each integer a, 1 :S: a :S: P - 1 is 
such that (a, p) = I 

Hence <l>(p) = P - 1. 

Note: No composite number m exists such that <l>(m) = m - .1 and this was conjectured 
by Lehmez more than half a century ago and it is yet to be established. 

Theorem 4.2. t1l(n) is multiplicative. [Le. if (m, n) = 1, then t1l(mn) = cI>(m) cI>(n)] 

Proof: Given that (m, n) = 1 

We consider the product mn. Then the first mn numbers can be arranged in n lines, each 
containing m numbers. Thus 
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m + 1, 

2m + 1, 

2 

m+2 

2m+2 

(n - l)m + 1, (n - l)m + 2 

k 

m + k 

2m + k 

,(n-l)m + k 

Now we consider the vertical column beginning with k. 

, ...... . 

, ...... . 

If (k, a) = I, all the terms of this column will be prime to m 

m 

m+m 

2m+m 

131 

(n-l)m+m 

but if k and m have a common divisor, no number in the column will be prime to m. 

Now the first row contains cI>(m) numbers prime to n, 

. . cI>(m) vertical columns in each of which every term is prime to n, 

Let us suppose that the vertical column which 1?egins with k is one of these. 

This column is in A.P., the terms of which when divided by n leaves remainders 

.0, 1,2,3,4, ... , n - 2, n - I 

Hence, The column contains <I>(m) integers prime to n. 

Thus in the table there are 

cI>(m). cI>(n) integers, which are prime to m and also n 

and therefore to mn; 

i.e., <l>(mn) = cI>(m) cI>(n). 

Proof: To prove the theorem we first note the following lemma. 

Lemma 4.3. If 

and 

SI = {xo' xl' x2' .•. , xm _ I} is a c.s.r. (mod m) 

S2 = {Yo' Yt, Y2' ... , Yn _ I} is a c.s.r. (mod n) 

[~cond proof] 

then, S = {nxi + mYj I xi E SI' Yj E S2} is also a c.s.r. (mod mn). 

Proof: Now, (nxj + myp mn) = 1 

if and only if (nxj + myp m) = 1 

and (nxj + myp n) = I 

if and only if (nxi , m) = 1 

and (myp n) = 1. . 

So, on the left hand side there are cI>(mn) integers and on the right hand side there 
are cI>(m) cI>(n) integers. 

and . . cI>(mn) = cI>(m) cI>(n). 

If p is a prime then <I>(P) = p -1 
0-

Number of a's « p and (a, p) = 1) is p - 1 

Expression for cI>(pU) 

The numbers from 1 to pU are as follows: 
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1, 2, 3, --, p - L J.p, p + 1, -, - , 2p, 2p + 1, -, -, 3p, -, -,pp 

/ + 1, 

p3 + \, 

p2 + 2,---, _, _, ~, _, _, _, _, _, _, _, _, _, p.p2 = p3 

p3 + 2, ---, -, -, -, -, -, -, -, -, -, -, -, -, p4 

---, - , - , - , - , -, - , -, -, -, -, - , 
- - - - - po.- I ---, -, , -, , -, , -, , , -, -, -, 

pu-' + \, po.-'+2, ___ , - , -, -, -, - , -, -, - , -, -, - , - , po. 

[total a - 1 rows] 

In each row there are p numbers a's such that (a, pO.) *- 1 

. . there are in total po. - 1.p = po. numbers a such that (a, po.), *- 1 

. . <D(po.) = po. _ (the number of a's such that (a, pO.) 1 1) 

= pO. _ pO. - 1 = Po.( 1 ~ ~) 
Now if n = p!qm ... then, 

= <D(pl qlll ... ) = <D(Pl).<D(cf') ... [<D is multiplicative] 

= pI (1- ~) x qm( 1- ~ ) ... = pl qlll •• { 1- ~)( 1- ~}. 

= n rr( 1- ~) 

or, <D(n) = n rr( 1- ~). p's are distinct prime factors of n. 

(Third proof of the multiplicity of <D 1 

i.e., 
r a. s" 

a = n Pn n , b = n q~m 
n=1 m=! 

r a. ( 1) s 13 m ( 1) <D(a) = npnn 1-- , <D(b) = nqm 1--
11=1 Pn m=1 qm 

Since,(a, b) = and ab = n p~" TI q!,m = n p:n q!m 
11=1 III = 1 n=l,m=! 

<D(ab) = n p:" q!,nt (1- _1 )(1- _1 ) 
n=l,m=1 Pn qm 

,. 0.( I)S 13( 1) npnn 1-- nqmm 1--
11=1 Pn 1Il=! qm 

= <D(a) <D(b). 
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Example 3. Solve for x, y, z: : _ eD(x - 5) + eD(3y - 5) + eD(5z - IS) = 3 .... (i), where eD is 
the Euler function. 

Solution: eDen) = number of a « n) such that (a, n) = 1 

= I, if n = 1 

Since, eDen) E ~ therefore, 

(i) will be satisfied if and only if eD(x - 5) = 1, eD(3y - 5) = 1, eD(5z - IS) = 1 

Now, <l>(x - 5) = lor, x - 5 = 1 or 2 or, x = 6 or 7 

eD(3y - 5) = lor, 3y - 5 = 1 or 2, but 3y - 5 * 2, 3y - 5 = lor, y = 2 

eD(5z-lS) = lor, 5z - IS = lor, 2, but 5z - IS * I (since z E ~) 

5z - IS = 2 or, z = 4 

.. the solutions are;: ~}, ;: ~}. 
z=4 z=4 

Example 4. Solve the simultaneous equations: 

eD(x) + eD(y) = 2 

eD(2x - I) + eD(2y) = 3 

Solution: From (i) we get eD(x) = I => x = I or 2 

and, <l>(y) = lor, y = I or 2 

Then putting x = I, y = I in (ii), eD(l) + eD(2) = 3 which is not possible 

and, eD(2.1 - I) + eD(2.2) = eD(1) + eD( 4) = 3 is true. 

and 

x = I, y = 2 is a solution and x = 2, y = I is a solution. 

eD(2.2 - 1) + eD(2.2) = eD(3) + eD(4) * 3 

x = I} x = 2} . 
y = 2; y = 1 are solutIOns. 

Theorem 4.4. Prove that L~(d) = n 
din 

Proof: [Method of modified induction] 

Let, n have only one distinct prime factor with some positive power 

i.e., suppose, n = po., a E ~ 

.. L~(d) = ~(l) + ~(P) + ~(p2) + ... + ~(po.) 
dlpU 

= I + P - I + ... + po. _ po. - 1 

= po. 

=n 

i.e., the result is ttue when n is a power of a prime. 

... (i) 

... (li) 

Let us assume that the theorem is true when n has k distinct prime factors. Then 
consider an integer n, which has (k + I) distinct prime factors. 
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Let pa I I N (Le., pa I Nand pa + I t N) 

or N = pQ.n, say where n has k-factors. 

Now if d runs through the divisOI:S of n, then /d (0 ~ i ~ U) runs through the divisor~ 
of n. 

~(dl) + ~(Pldl) + ... + ~(PQdl) 

L~(d) == ~(d2) + ~(Pld2) + ... + ~(PQd2) 
diN 

+ ... + ... + ... + ... + ... 
~(dr) + ~(Pldr) + ... + ~(PQdr) 

= L~(d) + L ~(pd) + L ~(p2d) + ... + L~(pQd) 
din din din din 

= L~(d)+ L ~(p)~(d)+ L ~(p2)~(d)+ ... + L~(pQH(d) 
din din din din 

= L~(d) + <l>(p) L ~(d) + <l>(p2) L ~(d) + ... + <l>(pQ) L~(d) 
din din din din 

= L~(d) [1 + ~(P) + ~(Ji) + ... + ~(PQ)}. 
din 

= npQ = ]I; 

or L~(d) = N. 
din 

Hence by the principle of induction the theorem follows. 

1 
Example 5. Prove that L a = -~(n), (a, n) = 1 

ISa<n 2 

Solution: We have 

(a, n) = 1 gives 

(n - a, n) = 1 

Conclusion: If a is a set of integers such that (a, n) = 1, 1 ~ a < n then, n - a is also -
the same set as a 

i.e., La = a 1 + a2 + '" + a<ll(n) 
(a,n)=I;ISa<n 

= (n - ill) + (n - a1) + ... + (n - a<ll(n» 

"- ... , 
.. 2 La = n + n + .... .to <l>(n) terms. 

(a,n)=I;ISa<n 

= n <l>(n) 

La 
1 

. or = -n<l>(n). 
Isa<n 2 
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Ca,b) 
Theorem 4.5. Prove that ~Cab) = ~Ca)~Cb) .!. 

'f'CCa, b» 
Solution: Suppose Ca, b) = d 

If a l a b b 
a = p] Pmnl, b = q]I ... qnn 

then, al a bl b 
~Cab) = ~(p] Pm

m q] ... q nn ) 

135 

= ab n (1- .!..), p's are distinct prime divisors of ab 
plab P 

or ~(ab) = n (1-.!..) ~ p?(I-* t~(I-*), where d~ (a, b) 
ab plab P n (1-.!..) 

~(a) ~Cb) 

a b 
Ij>Cd) 

d 

pld P 

1 d 
= -Ij>Ca)Ij>Cb)-

ab Ij>Cd) 

.!.( ).!.Cb) d .!..!. Ca,b) 
Thus, Ij>Cab) = 'f' a 'f' ~Cd) = 'f'Ca)'f'(b) Ij>CCa,b» 

Example 6. What are the positive integers a, b that satisfy the expression 

Ij>Cab) = Ij>Ca) + Ij>Cb)? 

Solution By theorem 4.5 

This gives, 

or 

or 

Since 

Ij>Cab) = Ij>Ca)Ij>Cb)~, where d = Ca, b) 
Ij>Cd) 

Ij>Ca) + ~Cb) = ~ 
~Ca)Ij>Cb) Ij>Cd) 

_1_+_1_ = ~ ~ ~Cd) + Ij>Cd) = d 
Ij>Ca) Ij>(b) Ij>Cd) Ij>Ca) Ij>Cb) 

.!..+..!.. = d where m = ~Ca) n = Ij>Cb). 
m n ' , Ij>Cd) , Ij>Cd) 

m, nand d are positive integers, 

only possible values of m, nand dare: 

d = 2, m = n = 1 

or d = I, m = n = 2. 

For the case C*), 

Ij>Ca) = ~Cb) = 2 and then, a = b = 2 

.. ·C*) 

· .. C**) 
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For the case ( .... ), 

~(a) = ~(b) = 2, then one of a, b is 3 and the other is 4. 

Thus the possible values are (2, 2), (3, 4) and (4, 3). 

Example 7. Prove that if ~(n) In - 1, then there exists no prime p such thatp21 n 

Solution: Suppose n = pOqb ... ,.c, where p, q, ... r are all distinct primes and a ~ 2. 
[so p2 I n] 

Now 

And , 

Hence, 

p I ~(n) and p t n - 1. 

<pen) ~ n - 1. 

Example '8. Prove that if n is to a prime and ~(n) I n - 1, n has at least three distinct 
prime factors. 

Solution: Suppose n has two distinct prime factors 

And since, ~(n) I n - I, by the preceding example 

Then 

n = pq, where p and q are primes. 

n-l pq-l 

~(n) (p -1)(q - I) 

pq-p-q+l+p+q-2 

(p - I)(q -1) 

(p - 1)(q - 1) p - 1 q - 1 
= + +--:...-~-

(p -l)(q - 1) (p - 1)(q - 1) (p - 1)(q - 1) 

1 1 
=1+--+-­

q-l p-l 

As ~(n) I n - 1, ~(n) is an integer 
n -I ' 

Moreover, 1 < 1 + _1_ + _1_ ~ 3, if p and q are primes. 
p-I q-:-l 

.. _1_ + _1_ = 1 or 2 which is possible only whenp = q = 2 or p = q = 3; but 
p-I q-I 

our assumption says that p and q are distinct. Hence n cannot have two distinct primes. 

So n must have at least three distinct primes. 

4.3 DIVISOR FUNCTION 

den) [or, 'ten)]: d: N ~ N such that den) = number of divisors of n, n E N 
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We note that 

d(n) = I if n = 1 

= 2 if n = p(a prime) 

> 2 if n is composite 

Expression for d(n' 

Since 

1 2 a - I a h d' . f a , p, p , ... , p , p are t e IVlsors 0 p 

., d(pa) = a + I, p is a prime. 

In particular, d(p) = 2, where p is a prime. 

And so on. 

d(pa qll) = (a + l)<r~ + I) 

If 

The divisors of n are 

I ), p,2 -

P2 P2P, 
2 -P2P , 

p/ 
2 

P2 PI p/p,2 

- - - -

a2 
P2 

a2 
P2 PI 

a2 P 2 
P2 I -

-

-

-

-

Therefore the number of divisors is (a l + 1)(a2 + I) 

Thus, d(n) = (a l + 1)(a2 + 1) 

Similarly if 

- a] 
PI 

- P2P~] 

2' al 
P2 PI 

- -

- a2 al 
P2 PI 

= (a l + 1)(a2 + I) ... (ai + I), (Pi' p) = 1, (i * j) 
£(4) = d(22) = 2 + 1 = 3, d(6) = d(2.3) = (l + I){I + 1) = 4 

£(4320) = d(25.33.51) = (5 + 1)(3 + 1) (I + 1) = 6.4.2 = 48 

Theorem 4.6. dis a multiplicative A.F. [To prove that d(mn) = d(m)d(n) if(m, n)= 1] 
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Proof: Let, m = p~1 p;2 ... p~1 , p's are distinct primes; a's are positive integers 

n = qrl qg2 .... qf' , q's are distinct primes; I3's are positive integers. 
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= (0.1 + 1) (0.2 + 1) ... (ai + 1) (~I + 1) (~2 + 1) ... (~I + 1) 

= [(0.1 + 1) (0.2 + 1) ... (ai + 1)] [(~I + 1) (~2 + 1) .,. (~I + 1)], 

[since (Pr,qs) = 1] 'if 1 ~r~'i, 1 ~s~l 

= d(m)d(n). 

m 
Example 9. Show that ~(m) ~ d(m) 

Solution: Suppose m = pQ qb .. , rC 

Then, ~(m)al::m) = m( 1- ~)( 1-~ ) ... (1-+ )<a + 1)(b + 1), .. (c + 1) 

~m(~r'2k =m 
[k = the number of distinct prime factors of m] 

1 1 1 1 1 
[Note: If p ~ 2 then, -- ~ -- or, 1 - - ~ 1 - - = -] 

P 2 P 2 2 

gives, 

~(m)al::m) ~ m 

m 
~m) ~-­

d(m) 

I 
-d(n) n 

Example 10. n d = n 2 (Hint: If d is a divisor of n, then so is also - (LHS)2 = nd(n)] 
din d 

Example 11. Prove that d(n) is odd if and only if n is a perfect square 

S I . . S - U I U2 Uj o utlon. uppose n - PI P2 .. ·Pi 

Now d(n) is odd if and only if (ai + 1) is odd for each i 

i.e. if and only if a,' is even for each i 

i.e. if and only if a i = 2k, for each i 

Thus, 

Hence d(n) is odd if and only if n is a perfect square. 

Example 12. Find the smallest positive integer having only 10 positive divisors 
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Solution: Suppose n = pO.l ... r 

or 

or 

den) = d(p°.l ... r) = n(a + 1) = 10 = 1.10 

= 2.5 

(a + 1)(b + 1) = 1.10 

= 2.5 

° 

In the first case, a = 0, b = 9 give, n = q9 

In the second case, a = 1, b = 4 give, n = pq4 

. . the required smallest number, 

n = 3.24 =489. 

4.4 THE FUNCTION cr 

cr : N ~ N such that 

cr(n) = the sum of the divisors of n 

= 'Ld 
din 

= 'Ldj , (1 :s; i :s; ex) 
d j 
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= 'Ldj, d
l 

E S, where S = {dl , d2, .. , dl } is the set of divisors of n. 
d, 

e.g., cr(1) = 1, cr(2) = 1 + 2 = 3, cr(3) = 1 + 3 = 4, cr(4) = 1 + 2 + 4 = 7, cr(5) = 1 + 
5 = 6 cr(6) = 1 + 2 + 3 + 6 = 12 cr(7) = 1 + 7 = 8 cr(8) = 1 + 2 + 4 + 8 = 15 

Expression for cr{n) where n is a power of a prime 

We note the divisor of pa are: 

I,p, ... ,pa 

a+ I 1 
cr(pa) = 1 + P + r + p3 + ... + pa = P -. 

p-l 

We note here that the divisors of paqf3 are 
1 p ... pa 

q pq ... paq 

gr' pqf3 .... pa. qf3 

cr(pa. qf3) = (1 + P + p2 + p3 t- .. , + pa.) (l + q + q2 + q3 + '" + qf3) 

pa.+I_l qf3+ I -l 
~--x-=----

p-l q-l 

Example 13. Find the smallest positive integer with sum of all its divisors is 15. 

Solution: Suppose n = pO.l ... r 
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or 

or, 

NUMBER THEORY 

Then, 
pu+1 -1 

o(n) = o(p°.qb ... r~ = n = 15 
p p-l 

po+l_l qb+l_l 
~-- x = 15 = 15 x 1 

p-l q-l 

= 3 x 5 

:. P = 2, a = 3; q = 2, b = -1 (not allowed) (other factors do not occur) 

:. the number is n = 23 = 8. 

Example 14. Find 0 (2520) 

Solution: Divisors of 125 = 53 are 5°,51,52,53. 

so 

So, 0(53) = 1 + 5 + 52 + 53 

Divisors of 34 x 53 are: 
30 x 50, 31 x 50, 32 x 50, 33 x 50, 34 x 50 

30 x 51,31 x 51,32 x 51, 33 x 51,34 x 51 

30 x 52,3 1 x 52,32, x 52, 33 x 52,34 x 52, 

30 x 53, 31 x 5°,22 x 53, 33 x 53,34 x 53; 

0(34 x 53) = (30 + 31 + 32 + 33 + 34) x (50 + 51 + 52 + 53). 

Using the above result 
0(2520) = 0(23 x 32 x 51 x 71) 

24 - 1 33 -1 52 -1 72 -1 
= --x--x--x"--

2-1 3-1 5-1 7-1 

= 15 x 26 x 6 x 8 = 9360. 
2 

Theorem 4.7. o(n) is mUltiplicative (Le. (m, n) = 1 then o(mn) = o(m) o(n» 

P f · L - UI U2 Uj - 131 132 13/.' d' d'ffi . d roo. et,n-PI P2 ",Pi ,m-ql q2 .... q/ .psan qsare 1 erentpnmesan 
a's and p's are positive integers 

P
Uj + l _l p.Uj+l_1 ql3/+ 1_1 q/I3/+ 1_1 

I x x I X 1 x x.....:...---
PI - 1 '" PI - 1 ql -1 '" ql -1 

= I x X I X 1 x x.....:.../_--[P U
/+

I _l p.U/+I_l] [qI31+1_1 ql3/+1_1] 

PI - 1 ... PI - 1 ql - 1 ... ql - 1 

= o(n) o(m) 

But it is not totally multiplicative. 
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Example 15. m = 18, n = 30. here, (m, n) =i= land, 

0'(18 x 30) = 0'(540) = 0'(23 x 33 x 5) = 1680 

And, 0'(18)0'(30) = 0'(2 x 32) 0'(2 x 3 x 5) = 3 x 13 x 3 x 4 x 6 = 2808. 

O'(mn) =i= O'(m) O'(n)). 

Expression for a(n) 

ej+ I 1 
r p. -

If n = p~1 p;Z ... p;r , then O'(n) = IT --=--' -­
;=1 Pi- 1 

Proof: Here n = p~1 p;Z ... p;r , and O'(n) is multiplicative. 

We have therefore 
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r r pe,+ I -1 
( ) - ( el e2 er ) - IT ( ej ) - IT ; (1) - 1 0' n - 0' PI P2 ... Pr - 0' P; - ,0' -. 

;=1 ;=1 p;-1 

Definition: (1) If O'(n) < 2n, then n is called a deficit number 

(2) If O'(n) = 2n, then n is called a perfect number 

(3) If O'(n) > 2n, then n is called an abundant number 

Example 16. 0'(1) = I < x I 

0'(2) = 3 < 2 x 2 .. 

0'(3) = 4 < 2 x 3 

1 is deficit 

2 is deficit 

3 is deficit 

0'(4) = 7 < 2 x 4 . . 4 is deficit 

0'(6) = 12 = 2 x 6 . . 6 is perfect 

0'(14) = 24 < 2 x 14 .. 14 is deficit 

0'(8) = 15 < 2 x 8 

0'(24) = 60 > 2 x 24 

0'(12) = 28 > 2 x 12 

0'(28) = 56 = 2 x 28 

8 is deficit 

. . 24 is abundant 

12 is abundant 

. . 28 is perfect 

Example 17. Show that every prime power is deficit 

pk+ 1_1 
Solution Suppose n = l then O'(p~ = -=---­

p-l 

Now 2pk - 1 < pk + 1 since p 3 2. It follows that pH I - 1 < 2(pH I - p~ 2pk(p - 1), 

pk+1 1 
so that - < 2l = 2n. 

p-l 
Hence n = ~ is deficit.// 

Example 18. Show that if n is an odd perfect number then n has at least three different 
prime divisors. 
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Solution: First suppose that n = pa, where p is a prime and a is a positive integer. Then 

pa + 1 _ 1 pa + 1 np n n 3n 
a(n) = < -- = -- = -- ~ -- < - so that a(n) * 2n and n is not 

p-I p-I p-l 1-1- 2/3 2 
perfect. p 

Next suppose n = pa qb where p and q are primes and a, b are positive integers. Then 

pa+l_1 qb+l_1 pa+lqb+l npq 
a(n) = <~-.....!---

P - 1 q -I (p - I)(q -1) (p -1)(q - 1) 

n n 

(1- ~)(I-~n~Hl 
Hence a(n) * 2n and n is not perfect. 

15n < 2n. 
8 

Tl:1eorem 4.8. If n is even and perfect then, n = 2P - 1(2P - 1), 2P - 1 and hence p is a 
prime (cf Mersenne prime) and conversely. 

Proof: n is even gives n = 2k.l, where I is odd, k E f:::I, 

Obviously (2k, I) = 1. 

By definition, 2n = a(n) = a(2kl) 

or 2k + 1.1 = a(2k) a(1) 

or 

or 

or 

or 

2k+l_1 
= x a(1) = (2k + 1 - 1) a(l) 

2-1 

2k + 1.1 = (2k+ 1 - I) a(1) 

:. (*) becomes 

2k+ 1 I (2k+ 1 - 1) a(l) 

2k + 1 I a(l) (since, (2k, 2k + 1 - I) = I) 

a(/) = 2k + l. t, say t E f:::I 

2k + 1.1 = (2k + 1 - 1 ).2k + Lt. 

So I = (2k + 1 -I).t and a(l) = 2k + l.t 

Now we find t 

If t * I, then 1 has at least the divisors 1, I, t 2k + 1 - 1 

Now, a(/) ;::: 1 + I + t + (2k + 1 - 1) 

... (* 

[because of the fact that there may be some more divisors 
= 1 + t.2k + 1 _ t + t + 2k + 1 - 1 

= (t + 1)2k + 1> t.2k+ 1 

= a(1) 

a(l) > a(1) and is impossible. 

t is not greater than I, so, t = I 
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.. 1 = 2k + 1 _ 1, cr(l) = 2k + I. 

If 1 is composite, the divisors· of 1 are I, 2k + I - 1, some other divisors(s) 

.. cr(l)=I+(2k+ l -l)+ ... >I+(2k+I-l) 

= 2k = cr(/) and is not possible. 

.. 1 is prime. 

so, 1 is of the form 2p - 1 

i.e., k + 1 = P [Ref: Mersenne prime] 

k = P - 1 

n = 2k.l = 2P - I (2P - 1) 

Converse: Let n = 2P - 1(2P - 1), 2P - 1 [and :. p] is prime. 

To prove that, n is a perfect number. (of course even) 

i.e., to show that 

cr(n) = 2n 

Now n = 2P -
I .p" say PI = 2P - 1 is a prime. 

Obviously, 

(2P - I, PI) = 1 

or cr(n) = cr(2P - l.pl) = cr(2P - I) cr(PI) 

2 P - I + 1 -1 
2 -1 (1 + PI) 

= (2P - 1)(1 + PI) 

= (2P -1)2P 

= 2.2P - I(2P - 1) 

= 2n. 
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Now the problem is to find all the positive integers n > 1 which are equal to the 
product of their proper divisors., 

or i.e., to find n > 1 such that n d = n2 

din 

Theorem 4.9. If n > 1, nd = n2 then n = p3, PIP2' (PIP2' p's are primes) 
din 

Proof: Let nd = n2, to prove that n = p3 or PIP2 
din 

Remark: If d runs thro' the divisors of n so does ;. 

Now, n4 = n2if = n d n ~ = n n = nd(n) 
din dln d din 

or n4 = nd(n) 

=> d(n) = 4 
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or 

= d( 2 o( )d( p02 )d( q03 ) .. . 

= (a l + 1)(a2~ 1)(a3 + I) ... (ar + I) 

.. we get, (al + l)(a2 + 1)(a3 + I) ... (ar + I) 
=4 

Now, if a l = I, any other of a's will be equal to 1 and the rest will be zero, i.e., all 
the a's but one (in particular say a2) will be zero then n = 2p (of the form pp'~ 

(i) if a2 = 3 then the rest of the a's will be zero and then n = p3 

(ii) if any a say a2 = 1 then any other a say a3 = 1 and the rest will be zero. Then 
n = pq, i.e. n = p3 or PIP2- , 

Example 19. If O'(n) is odd then n is of the form kl or 212 

Solution: Let O'(n) be odd; to prove that n = kl or 2kl, k E ~ 

Let n = 2°.plq"' ... ; a E {O} U ~, 1, m E ~,p, q odd primes 

or, O'(n) = O'(2°.plq"' ... ) = 0'(2°) O'(i~O'(q"') ... (1) 

Since O'(n) is odd, the right hand side is odd. 

Now O'(2~ = 2° + 1 - 1 is always odd and 

i+1 
O'(i) = ~ = 1 + P + p2 + p3 + ... + pi is odd 

p-l 

if and only if p + p2 + p3 + ... + / is even 

if and only if I is even(say) = 2kl, kl E ~ 

Similarly, m is even(say) = 2k2 

Case I: Let a be even, say 2k 

or n = 2°iq"' 

= 22ko .p2k( .q2k2 ... 

= (2ko .pk( .qk2 .. f 
= kl, say. 

Remark: This is also true if a = 0, 

Case II: Let a be odd, say 2ko + I; 

Then n = 2°.piq"' 

= 2.22ko .p2k( .q2k2 ... 

= 2.(2ko .pk( .qk2 .. f 
= 212, say. 
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Conversely: Let n = R-; to prove cr(n) is odd 

2k\ - 1 1 2k2 + 1 1 
= (2 2ko + 1 _ 1) x P - x q - x ... 

p-l q-l 

= (2 2ko+ 1 -1) x (1 + P + p2 + ... + p2k\ ) x ... 

= and odd number (since each factor is odd). 

Similarly, n = 2/?, then cr(n) is odd 

Let n = 2.(2ko .pk\ .qk2 .. / 

Then n = 22ko+ 1.p2k\ .q2k2 ... 

cr(n) = cr(22ko+l)cr(p2k\ )cr(q2k2') .. . 

= (2 2ko+ 2 _ 1) (1 + P + p2 + ... + p2k\ ) X ... 

every factor is odd, so also cr(n). 

Example 20. Find the smallest positive integer with sum of all its divisors is 15. 

Sorution: Suppose n = pQ.qb ... rC 

Then, 

pQ+l_1 qb+l_1 
.!...--- x = 15 = 15.1 

p-l q-I 

or = 3.5 

or p = 2, a = 3; q = 2, b = -I (not allowed) (other factors do not occur) 

:. the number is n = 23 = 8. 

Example 21. Show that if m is prime then 

cj>(m) + cr(m) = mcK..m) 

Solution Suppose m is a prime. 

Then, cj>(m) = m - I, cr(m) = m + I and d(m) = 2 

And the result is then obviously true. 
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Example 22. If m is an integer of the form pk for some prime p and some integer k, then 
cj>(m) + cr(a) =t md(m) 

Solution: 

Case 1 Suppose p = 2 

Then, cr(2") = 2k+ I _ 1 < 2k+ I = 2.2k 

Case II p is any odd prime 

pk+l -1 
o(Jh = .!..--­

p-l 

k 1 p --
P Pk pk 3 

-------'1'-<--~-- ="2 pk <pk 
1-- 1-~ 1-! 

p p 3 
Hence, 

For m = l (k ~ 2, p ~ 3) 

cj>(m) + cr(m) = cj>(pk) + cr(pk) < pk + 2pk = 3pk = 3m ~ m d(m) 

So, cj>(m) + cr(m) =t In d(m). 

4.5 THE FUNCTION crk(n) 

Definition: crin) = "[.d k 

din 

crl(n) = "[.d 
din 

cri6) = "[.d4 = 1 + 24 + 34 + 64 

dl6 

cr5(8) = "[.d5 = "[.1 5 + 25 + 45 + 85 

diS diS 

crk(l) = 1, Vk. 

Expression for cr k{n) 

p(u+l)k 1 
cr k(PU) = "[. d k = 1 k + pk + p2k ... + puk = k-

dlpa p -1 

The above result is sufficient to prove that 

Theorem 4.10. crin) is multiplicative. 

Example 23. cr_k(n) = n-k crk(n) 

Solution: cr-k(n) = "[.d-k = "[. (!:)-k 
din din d 

= "[.n-kd k = n-k 'f.d k . 
din din 
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4.6 THE MOBIUS FUNCTION ~(n) 

Definition: Mobius function !len) is defined by 

!len) = I if n = I 

= 0 if c? I n for some a > 1 

= (-It if n = p) P2 ... , Pr, p) are distinct primes 

Theorem 4.11. The function !len) is multiplicative 

Proof: Suppose 

If any of u j or Pj is greater than 1, then 

!l(mn) = 0 = !l(m) !len) 

and if U j = 0 also P
J 

= 0 for aliI and j, then 

!l(mn) = (_1)r + S = !l(m) !len). 

Thus the result follows. 

Theorem 4.12. If n has k distinct prime factors an its divisors are arranged in an 
ascending order as d), d2, ... , dm (d) < d2 < ... < dm), then 

(i) !l(d)) + !l(d2) + ... + !l(dm) = 0 

(ii) l!l(d)) I + 1!l(d2) I-+- '" l!l(dm) I = 2k 

Proof: 

Case I: Suppose n = p, a prime. Then k = 1, 1 = d), P = d2 and has only two divisors. 

!l(d)) = 1, !l(d2) = -1 

!l(d)) + !l(d2) = 0 and hence 

and l!l(d)) 1+ 1!l(d2) I = 2 

Case 11: Suppose n = po. 

Then the divisors are 
2 3 0. p,p ,p, ... ,p 

And we note: 

!l(d)) = 1, !l(d2) = -1, !l(d3) = !l(d4) = ... = !l(dm) = 0 

!l(d)) + !l(~) + !l(d3) + ... + !l(dm) = 0 Therefore, 

And, l!l(d)) I + 1!l(d2) I + ... + l!l(dm) I = 2 = 2k 

Case Ill: Suppose n = P).p2 ... Pk 

Then the divisors of n are 

PpP2 ... , Pk; 

P)P2' P)P3' P'}]J3' ... , Pk - )Pk; 

p) P'}]J3' P)P'}]J4' ... , Pk - '}]Jk - )Pk' ... , P)P2 ... , Pk 



148 NUMBER THEORY 

Now 
11(1) = 1 

~(l) = ~(1) = ... = ~(1) =-1 

~(PIP2) = ~(PIP3) = ... = ~(Pk _ IPk) = 1 and these are kC2 in numbers 

~(PIP'}/J3) = ~(P'}/JJP4) = ... = ~(Pk _ '}/Jk _ IPk) = 1 and these kC3 in numbers 

~(PIP2 ... Pr) = ... = (_l)r and these are kCr in numbers 

.. ~(dl) + ~(d2) + ... + ~(dm) 

= ~(I)+ LIl(P;) + .LY(P;Pj) + . ~ Il(P;PjPk)+'" 
i '*J '*J*k 

= 1 - k + kC2 - ~C3 + ... 
= (1- If 
=0 

And, IIl(dl ) 1 + IIl(d2) 1 + ... + IIl(dm) 1 

= 11l(1) 1 + ~11l(p;) + . L .11l(p;p j)1 + ... 
, '*J. 

= 1 + kC
1 

+ ... = (1 + I)k = 2k 

4.7 THE FUNCTION p(n) = n d 
din 

den) 

Theorem 4.13. Prove that P(n) = n 2 

Clearly, 

P(P) = P 

Suppose {aI' a2, ... , ad(n)} is the set of all the positive divisors of n, 
Then, 

= n.n ... , n = nd{n) 
, ... ' 

den) times 

or n.n .... n = ,f<n) 
\ ./ 

d(n)'t;mes 

den) 

Therefore, P(n) = n 2 
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We note the following table of 

c!>(n), d(n), cr(n), P(n) for 1 ~ n ~ 10 

n ~(n) den) cr(n) Pen) 

1 1 1 1 1 
2 I 2 3 2 
3 2 2 4 3 
4 2 3 7 8 
5 4 2 6 5 
6 2 4 12 36 , 
7 6 2 8 7 
8 4 4 15 -64 
9 6 3 13 27 

10 4 4 18 100 
11 10 2 12 
12 4 6 28 
13 12 2 14 
14 6 4 24 
15 8 4 24 
16 8 4 24 
16 8 5 31 
17 16 2 18 
18 6 6 39 
19 18 2 20 
20 '8 6 42 

Theorem 4.14. If for positive integers m and n, (m, n) = 1 then, 

P(mn) == p(m)d(n).p(nyJ<m) 

Proof: Suppose m and n are positive integers such that (m, n) = 1 

Since d(n) is multiplicative 

d(mn) d(m) den) d(m) den) d(m) D(n) 
P(mn) = (mn)-2- = (mn) 2 = m 2 n 2 

( 

d(m) ]d(n) ( den) ]d(m) 
= m 2 . n 2 

= P(m)d.n).P(n)c(m). 

Note: P(n), d(n) cr(n) are not totally multiplicative 

For, m = 525=3.52 .7,n=231 =3.7.11 

mn = 32.s2.72.l1 

d(mn) = 54, cr(mn) = 275652, 

• 
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Here, 

Moreover: 

And, 

For 

d(mn) "* d(m) den), cr(mn) "* cr(m)ncr(n), 
P(mn) "* p(m)d(n).p(n)d(m) 

Pen) is not even multiplicative: 

P(2) = 2, P(3) = 3, but p(6) = 36 

NUMBER THEORY 

(2,3) = 1 and P(2.3) = P(6) = 36 "* 6 = 2.3 = P(2)P(3) 

P(2.3) "* P(6).' 

Example 24. Find all integers n such that pen) = 64 

d(n) 
Solution: n = n-2- = 64 = 26 

nd(n) = 212 

Write n = 2°1 , 

Since, den) =d(2°1 )=a1 + 1, 20 1(al+l) 

= 212 gives al(al + 1) = 12 

Thus, n = 30 or, n = -4. Hence a = 23 = 8. 

Example 25. If n > 2, prove that between nand n! there exists at least one prime number. 

Solution: Suppose 

PI' P2' ... , Pk are primes not greater than nand q = PI' P2' .. , Pk 

Now q has a prime factor P different from Pi' thus 

P > nand P < q < n! - 1 < n! 

4.8 SOME PROPERTIES OF ARITHMETIC FUNCTIONS 

Remark: Many sums can be expressed as double sums. 

Lemma 4.15. Letfand g be two arithmetic functions and m, n i ~, then, 

Then, 'Lf(d) g(D) = . 'L f(d j ) g(Dk ) 
dlm,Dln }=1,2, .. ,s,k=I,2, .. ,t 

j(dl)g(DI) + f(dl ) g(D2) + ... + f(dl)g(Dt) 

f(d2)g(DI) + f(d2) g(D2) + ... + f(d2)g(Dt) 

= f(d3)g(DI) + f(d3) g(D2) + ... + f(d3)g(Dt) 

f(ds)g(DI) + f(ds) g(D2) + ... + f(d)g(Dt) 

= [f(dl) + f(d2) + ... + f(ds)] [g(D I ) + g(D2) + ... + g(Dt) 

= 'L f(d j ) x 'Ld(Dk ) = 'Lf(d) x 'Lg(D) 
l~j~s I~k~t dim Din 

Hence, 'Lf(d) g(D) = 'Lf(d) x 'Lg(D). 
dlm,Dln dim Din 



ARITHMETIC FUNCTIONS 151 

Lemma 4.16. Let 8 1 = {dl , d2, .•. , dk} is the set of positive divisors of m 

And 82 = {e p e2, .•. , e l } is the set of positive divisors of n. 

If (m, n) = 1, then, the set 

8 = {d;ej I d; 8 p ej 82} is the set of positive divisors of mn 
without repetition. 

Proof: To prove this lemma we are to show 

(i) d,ej I mn 'if i,} (d;ej are divisor) 

(ii) If dres = diem then r = I, s = m (no repetition) 

(iii) if I I mn then 1= d;ej for some i, }(no other divisor) 

(i) If d; I m, 'if i, ej I n, 'if} then d,~ I mn 'if i,} 

(ii) If d,ej = dres then d; I dres :. d; I dr [since, (d;, e) = 1. for (m, n) = 1] 

Similarly we can show that dr I d; 

d; = dr or, i = r 

Similarly} = s. 

(iii) II mn 

Let, (J, m) = d. 

Then, dim or, d = d; for some i 

Again d I I gives 1= d x.(some integer) = d,e, say. 

If we can show that this e E 82 i.e., e I n then we are through. 

Now (J,m) = d 

or (I m) = I 
d'd 

or 

And I I mn gives die I mn 

or 
m 

e I -n = d n d k . 

e I d~ and also, (e, dk) = 1 

.. e I n and so, e = ej' for some} E {I, 2, ... , s} . 

.. 1= d,ep 

Theorem 4.17. If/(n) is a multiplicative arithmetic function then so is also ,,[J(d) 
din 

Proof: Let, F(n) = "L/(d). 
din 

We prove that F(n) is mUltiplicative. 

Let 8 1, 82, 8 be as in the lemma. 4.16. 

We are to prove F(m) F(m) = F(mn) if (m, n) = 1 and if/(n) is multiplicative. 
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F(m)F(m) = ('Lf(d)X 'Lf(d») = ( 'Lf(di)x 'L f(e j ») 
dim din ISiSk ISjSI 

'L f(di)f(e j ) = 'L f(die j ) 
lSiSk,ISjSI djESJ ,e j ES2 

= L f(die) = Lf(D) 
dje,ES Dlmn 

F(mn) = F(m) F(n). 

Corollany 4.18. Prove that cr(n) is multiplicative 

cr(n) = 'Ld, andf(n) = n which is obviously multiplicative. 
din 

'Lf(d) = 'Ld 
din din 

is also multiplicative, 

Thus cr(n) is multiplicative. 

Example 26. The identity function e(n) = [;] is totally mUltiplicative. 

Solution: Take any m, n E fiI:/ 

(i)Ifm>l,n>1 

then e(mn) = [~n] = 0 = 0.0 

= [!][;] 
= e(m)e(n) 

(ii) If m = I, n> I 

then e(mn) = [~n] = 0 = 1.0 = [!][;] 
(iii) If m = n = I, 

then e(mn) = [~n] = I = l.l = [!][;] = e(m) e(n). 

Note: It is already seen that ~(n), cr(n) d(n) are all multiplicative, but P(n) is not. Moreover 
none of them is totally mUltiplicative. 

Definition: If f(n) and g(n) are two arithmetic functions then their product and quotient 
are defined as follows: 

ifg) (n) = f(n) g(n) and (f)(n) = f(n) 
g g(n) 
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Example 27. (fg)(n) and (; )en) are multiplicative as well as totally multiplicative iff 

and g both are so. (left as an exercise). 

Theorem 4.19. Iffis any arithmetic function such thatfis multiplicative thenf(I) = I 

Proof: (left as an exercise). 

Theorem 4.20. f is an arithmetic function such that f(l) = I; 

Then 

(i) fis multiplicative if and only if 

for all primes Pi and a; ~ I 

(ii) Iff is multiplicative, then f is completely (totally) multiplicative if and only if 

f(pa) = f(p)a for all primes P and all integers a ~ I 

Proof (left as an exercise). 

Definition: Let A denote the set of A.F's. then obviously A '# <l> 

Let us define an operation * (called convolution) on A such that 

f* g(n) = L f(d) g(!!...) 
din d 

Properties 4.21. f* g = g * f [* is commutative] 

or 

f* g(n) = L f(d) g(!!...) 
din d 

= L f(!!...) g(d) 
din d 

= g* f(n) 

f*g=g*f 

Properties 4.22. Iff and g are mUltiplicative arithmetic function then so is also f* g 

Proof: [Remember the Lemma 4.16: Let (m, n) = I If SI = {dp d2, d3, ... , dk} and S2 = 
{e I' e7,: e3, ... , e I} are the sets of divisors of m and n respectively, Then S = {d,ej I d; I 
SI' ej I S2} is the set of divisors of mn without repetition.] 

Then, (f* g)(m) x if* g)(n) 

= L f(d) g(!!!.) x L f(e) g(!!..) 
dim d, eln . e 

= L f(d; )i(d
m

) x . L f(e j )g(..!!...) 
Is;sk . ; ISjSl ej . 
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= L f(d;)g(dm)f(ej)g(~) 
15.;5.k,l5.j5.1 ; ej 

= L fed; )(ej )g(d
m )g(~) 

15.;5.k,l5.j5.1 ; ej 

= if* g) (mn) 

or f* g is multiplicative 

Properties 4.23. * is associative [i.e., if* g)*h = j* (g*h)] 

Proof: «(f* g) * h) (n) = L (f*g)(d)h(!!.) 
din d 

or 

= L(f*g)(d)h(~) 
de=n 

= Lh(e)(f * g)(d) 
de=n 

= Lh(e) L f(k)g(d) 
de=n kid k 

= Lh(e) x Lf(k)g(l) 
de;:.n d=kI 

Lh(e)f(k)g(l) 
de=n,kI =d 

= Lh(e)f(k)g(l) 
n = kle 

= Lf(k) Lg(l)h(e) 
km=n le=m 

= Lf(k) x L g(l)h(m) 
km=n Ilm- I 

= Lf(k).g*h(m) 
km=n 

= kTnf(k).(g*h(f)) 

= if* g * h»)(n) 

if* g) *h = j*(g * h). 

NUMBER THEORY 
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Properties 4.24. Existence of identity: 

If f is any arithmetic function and e is such that 

then (f*e)(n) 

or,f* e = If 

I for n = I 
e(n) = 

o for nIl 

= L f(d)e(~) 
din d 

= f(1)e(n) + f(d]){ ~ ) + ... + f(n)e(~) 
= f(1)O + f(d]).O + ... + 0 + f(n).1 

= 0 + f(n).1 

= fen) 

= fen) 

Similarly we can show thatf= e * f 

Therefore, e is the identity with respect to *. 

Note: len) = I V n E ~, which is an arithmetic function 

Then (f* IXn) = L fCd)I(~) = Lf(d) = (I * j)(n) 
din d din 
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Definition: Iff' g = e = g * fthen g is said to be inverse offand is written as g = J1 

Remark: (1). F?r every arithmetic function its inverse may not exist 

(2) A, the set of arithmetic functions is a commutative semi group under * 

Note: If we define the operation addition as (fe g)(n) = fen) + g(n), then A will be an 
integral Domain under e and *(proof is left as an exercise.) 

Theorem 4.25. An arithmetic functionfhas a multiplicative inverse if ad only iff(1)::t; 
O. If an inverse exists it is unique. 

Proof: Suppose f has an inverse g. 

Then f* g = e 

And f(l)g(I) = (f* g)(1) = e(1) = I givesf(l) ::t; 0 

Conversely 

Suppose,f(l)::t; 0 tlWn fromf(1)g(I) = f* g(1) = I we get g(1) 

Now we calculate 

g(2) as follows: 

o = e(2) = (f* g)(2) = f(2)g(I) + f(l)g(2) givesf(1)g(2)=-f(2)g(I) or, g(2) 
f(2)g(1) 

f(l) 
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This way we evaluate g(j) (for j = 1,2, ... , n - I) 

Then we note: 0 = e(n) = (f* g)(n) = L f(d)g(!!..) 
din d 

In the RHS expression g(n) occurs only in one term viz.f(l)g(n). 

Hence the above equation can be solved uniquely for g(n) 

Thus the result follows. 

Note: the product * defined above is known as Dirichlet product. 

The Dirichlet product of two totally multiplicative functions need not be totally 
multiplicative. 

Theorem 4.26. If g and f * g both are multiplicative, then f is also multiplicative. 

[g andf* g multiplicative ~ fmultiplicative] 

Proof: Suppose f is not mUltiplicative and h = f * g 

Since f is not multiplicative, we have two positive integers m, n with (m, n) = 1 
such thatf(mn) -:;:. f(m)f(m) 

Consider {mn 1m, n E N, (m, n) = 1 andf(mn) -:;:'f(m)f(m)} 

And choose the smallest of this set, say mn 

I. If mn = 1, thenf(1) -:;:. f(1)f(1) givesf(I) -:;:. 1. 

Now h(I) = f(I)g(I) 

or I = f(I) [since g and h are multiplicative,], a contradiction 

Thus h is not multiplicative. 

II. If mn > 1, then, 

f(ab) = f(a)f(b) for all positive integers a and b with (a, b) = 1 and ab < mn 

h(mn) = L f(ab)g(!!!!!..) + f(mn)g(l) 
aim ab 
bin 

ub<mn 

= L f(a)f(b)g(m)g(!!..) + f(mn) 
aim n b 
bin 

ub<mn 

= L f(a)g(m) L f(b)g(!!..) - f(m)f(n) + f(mn) 
aim n bin ,b 

= h(m)h(n) - f(m)f(n) + f(mn) 

-:;:. h(m)h(n) [Sincef(mn) -:;:. f(m)f(n) in general] 

And we meet a contradiction. 

Hence,Jis multiplicative. 

Note: As for each f we have a g such that f * g = e and iff is multiplicative, by what 
we have proved above g is also multiplicative. Thus we get the 
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Theorem 4.27. Iff is multiplicative then so is its inverse jl . 

Theorem 4.28. Given thatfis a mUltiplicative arithmetic function. 

fis totally multiplicative if and only ifjl(n) = J.l(n)f(n) for all n ~ 1 

Proof: Assume thatfis totally multiplicative and hen) = J.l(n)f(n) 

Now, 

(h • f)(n) = L h(d)f(!!..) 
din d 

= L J.l(d)f(d)f(!!..) 
din d 

= L J.l(d)f(d X!!..) [fis totally mUltiplicative] 
din d 

= LJ.l(d)f(n) 
din 

= fen) LJ.l(d) 
din 

= f(n)e(n) 
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= e(n) [forf(l) = 1,e(n)=Oforn> 1] 

Hence, 

Conversely, 

Suppose 

h =rl 

To show that f!s totally multiplicative, it is sufficient to show that 

frpa) = f(Pr [for prime powers]. 

Now rl(n) = J.l(n)f(n) 

or if· rl)(n) = e(n) 

or L f(!!..)f-I (d) = 0 
din d 

or L f(!!..)J.l(d)f(d) = 0 
din d 

Now taking n = pa, we have 

J.l(l)f(l)f(p)a + J.l(P)f(p)f(pa-l) = 0 

And this givesf(pa) = f(p)f(pa-I). 

Hence, frpa) = f( pr 

So,fis totally mUltiplicative. 

[n> 1] 
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4.9 MOBIUS INVERSION FORMULA (MIF) 

Theorem 4.29. ~ (d) = 1 if n = 1 
,,-Il Olifn>1 

din 

Proof: For n = 1 the result is trivial. 

For n > 1 the proof will be by induction on different prime factors 

I. Suppose n = pQ 

Then, LIl(d) = 1l(1) + 1l(P) + 1l(P2) + ... + Il(pQ) 
dip" 

= 1 +(-1)+0+ ... +0 

=1-1=0 

II. Assume that the result is true for integers with at most k distinct prime factors. 
i.e. suppose 

n = upG, where u is an integer with k distinct prime factors and p t u. 

Now, 

LIl(d) = LIl(d)+ LIl(pd) + LIl(p2 d)+ ... + LIl(pad) 
din din din din din 

= LIl(d) + LIl(P)Il(d) + LIl(p2 )Il(d)+ ... + LIl(pa )ll(d) 
din din din din 

=' LIl(d) - LIl(d) = O. 
din din 

Theorem 4.30. Mobius inversion formula: F(n) = ,[J(d) if and only if 
din 

fen) = L F(d)Il(!!..) = L ll(d)F(!!..) 
din d din d 

Proof: if* 1)(n) = L f(d)I(!!..) 
din d 

or 

or 

so 

Then, 

= Lf(d) 
din 

F(n) = Lf(d) = if* 1)(n), 
din 

F = f* I. 

F* Il = if* 1)* Il = ./"'(1* Il) 

=./"'e=f 
fen) = (F*Il)(n) 

= L F(d)1l (!!..) 
din d 

[1* Il = e] 
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or 

or 

or 

Next, we have, fen) = L F(d)f.l. (.!!.-) = (F* Il)(n) 
din d 

f=F*fl· 

f* ! = (F* 11)* ! 

= (F* (Il*/) 

= F*e 

=F 
F(n) = (f* /)(n) 

= L fed)! (.!!.-) 
din d 

= Lf(d). 
din 
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Definition: Iff(n) and g(n) are two arithmetic functions satisfying the conditionf(n) = 

Lg(d), then we say that {fen), g(n)} is a Mobius pair. 
din 

Theorem 4.31. If one of the functions in the Mobius pair {fen), g(n)} is multiplicative, 
so is the other. 

Proof: Suppose g(n) is multiplicative, and assume 

(m, n) = I 

since (m, n) = I and elm, h I n, then (e, h) = I 

Then by Theorem 4.17 fen) is multiplicative 

Suppose, 

fen) is multiplicative. Now by MIF . 

g(n) = Lf.l.(d)f(.!!.-) 
din d 

g(mn) = Lf.l.(d)f(mn) 
dlmn d 

As above, 

g(mn) = L Lf.l.(eh)f(!!!!!) = L Lf.l.(e)f.l.(h)f(m)f(-h
n

) 
elm hln eh elm hln e 

[(is multiplicative] 

= L f.l.(e)f(m) L f.l.(h)f(!:!..h) 
elm e hln 

= gem) g(n). 

Hence g is mUltiplicative. 
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Theorem 4.32. The pairs 

tn, <pen)}, {den), I} and {a(n), n] are all Mobius pairs. 

Proof: We know that 

and 

n = L~(d) and den) = L I 
din din 

cr(n) = L d 
din 

Thus by definition of Mobius pair the given pairs are all Mobius pairs. 

Example 28. Prove that if fen) is multiplicative, then 

LIl(d) fed) = 0 {I- f(p)} 
din pin 

Solution: Asf(n) and !len) are multiplicative, so is a!-~ '.eir product !l(n)!(n) 

Now the pair F(n) and !l(n):f(n) form a Mobius pair, where F(n) = LIl(d) fed) 
din 

We note that 

If p is a prime then, 

[FVf1) = . LIl(d) fed) 
dlpa 

= 1l(I)f(1) + 1l(P)f(P) + Jl(P2)f(P2) + .,. + Jl(P~f(pa) 
= f(l) - f(P) = 1 - f(P), for nonzero multiplicative functionf(l) = I] 

Now suppose, 
n = paqb ... rC

, then 

F(n) = F'(Jf'if ... I)=Fr,J?).F(cf) ... F(I)= {l-f(P)} {I-f(q)} ... {I-f(r)} 

_ O{l-f(p)} 
- pin 

Example 29. Prove that 

n = L Il(d)cr(!!..) 
din d 

Solution By definition: cr(n) = L d 
din 

Applying MIF, we get, 

n = L Il(d)cr(!!..). 
din d 
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Example 30. Prove that'l = ~ J.l(d)d(!!) 
kin k 

Solution: We have, den) = L ,(1 = kO) 
kin 

or 1 = L d(k)J.l(!!) = L J.l(k)d(!!). 
kin k kin k 

Example 31. Prove that L J.l(m) [!!...] = 1 valid for all n. 
min m 

Note: [:] = the greatest integer (:::; :). 

_lifn=:l 
Solution: We have LJ.l(d) - 0 if n > I 

or 

or 

LJ.l(d) + LJ.l(d)+ ... + LJ.l(d) = 1 
dll dl2 din 

Now integers:::; n and divisible by m, are m, 2m, 3m, ... [:]m 

. . when we break up (*) 

J.l(l) will occur [ T ] times 

J.l(2) ................ [i] ..... . 
J.l(3) ................ [ ~ ] .:.,. 

J.l(n) ................ [;] 

Rearranging (*) we get, 

J.l(l) x [TJ+J.l(2)x[~J+ ... +J.l(n)x[;J = 1, 
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... (*) 
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Example 32. Prove that :L( _1)d <I>(d) = n - 2m [m is the largest odd divisor] 
din 

Solution: 

Case I: Let n be odd. 

:, in this case m = n. 

Since n is odd, each divisor d is also odd. 

Then :L(-I)d cl>(d) = -:Lcl>(d) 

=-n 

= n - 2n = n - 2m, where m = n is the largest odd divisor. 

Case II: Let n be even and n = 2flm, where 2fl I I n 

and 

:. m is odd 

Now if d is an odd divisor of n(and this is a divisor of m) then 

:L(-I)d cl>(d) = :L(-I)d = {(_I)I cl>(1) + ... + (_1)m cl>(m)} 
din dim 

And if d is an even divisor of n hen 

:L(-I)d cl>(d) = (_1)2 <1>(2) + ... + (_I)2Q .m cl>(2flm) 
dim 

In general 

:L( -I)d cl>(d) = {(-1)J cl>(1) + .. , + (-It' <l>(m)} + {(-Ii <1>(2) + ... + (_1)2
Q

.m cl>(2flm) 
dim 

= -[cl>(I) + ... + cl>(m)] + [cl>(2) + ... + <l>(2flm)] 

= [cl>(I) + ... + cl>(m) + cl>(2) + ... + (2flm)] - 2[cl>(I) + ... + cl>(m)] 

= :L<I>(d) - 2 :L<I>(d) 
din din 

= n - 2m. 

Example 33. :L<I>(d) = n, deduce that 
din 

xn X 
iflxl < 1, then :L<I>(n)-- = 2 

I-xn (I-x) 

Solution: 

00 

= :L<I>(n)xn(I_xn)-1 
n=( 
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= <1>(l) [x + x2 + X3 + ... ] + <1>(2) [x2 + x4 + x6 + ... ] 
+ <1>(3) [~ + x6 + x9 + ... ] + ... 

= <1>(l ).xl + [<1>(l) + <1>(2)]x2 + [<1>(1) + <1>(3)] x3 

+ [<1>(1) + <1>(2) + <1>(4)]x4 + ... 

= L 4>(d)x + L 4>(d)x2 + L4>(d)x 3 + .. , 
all dl2 dl3 

= x + 2x2 + 3x3 + 4x4 + ... 
= x[x + 2x + 3x2 + ... ] 
= x(l -xr2. 

Example 34. We know that n = L4>(d) = L 4>(!!..) and F(n) = Lf(d) gives 
din din d din 

f(n) = L ll(d)F(!!..) 
din d 

Then, 4>(n) = L Il(d)!!..m 4>(n) = L Il(d). 
din d n din d 

n 112 (d) 
Example 35. Prove that -,j..- = L--

'I'(n) din 4>(d) 

112 (n) . 
Solution: We know that Il(n) and 4>(n) are mUltiplicative and 4>(n) =t. 0, -- IS 

4>(n) 

multiplicative and thus L 112 (d) = G(n) is also multiplicative (by Theorem 4.17) 
din 4>(d) 

[Note: for a prime P and ex E ~ 

U _ 1l 2(d) _ 1l 2 (l) 1l2(p) 1l2(pu) 
G(p) - L -- - --+--+ ... +.!...--~..:... 

din 4>(d) 4>(1) 4>(p) g(pU) 

(_1.)2 1 1 
= I + -- + 0 + 0 ... + 0 = 1 + -- = --] 

p-I p-l 1-.l 
p 

G(n) = _1_ _1_ = n = -4>(_nn-) 1 -_1 ... 1 -_1 (1 __ 1) (1 _1) 
PI Pr n . PI .. , + Pr 
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I EXERCISES 4J] 

1. Prove that the number of divisors of n is odd if and only if n is a perfect square. 
If the integer k ~ I, prove that crin) is odd if and only if n is a square or double 
a square. 

2. Given an integer n > I, prove that there are infinitely many integers x satisfying d(x) 
=n 

3. Prove that if (a, b) > 1, then criab) < crk(a) crk(b) and d(ab) < d(a) deb) 

4. Prove that if n has r distinct prime factors, then <pen) ~ rf -r. Prove that there are 
infinitely many integers for which <pen) is a perfect square. 

5. Evaluate <p(19), <p( 49), <p(243) and <p( 1024), 

6. Find the least positive integers n such that 

(a) <pen) ~ 100, (b) <pen) ~ 1000, (c) <pen) ~ 10000, (d) <pen) ~ 100000 

7. Show that if m and n are positive integers with min then, <p(m) I <pen). 

8. Prove that cr(n) == d(m) (mod 2) where m is the largest odd factor of n 

9. If cr(n) = 2n then, n is a perfect number. Prove that if n is a perfect number, then 

I:! = 2 
dln d 

10. Evaluate cr(210), <p(100), and cr(990) 

11. Evaluate d(47), d(63), and d(ISO) 

12. Prove that for each integer n, there exist integers n l and n2 such that 

d(nl) + d(n2) = n. 

-13. Prove that there are infinitely many Integers n for which <pen) is a multiple of 10. 
[Hint: <p(lln) = lln_lln-I = lln-I.IO) 

14. Prove that there are infinitely many integers n for which <pen) is a perfect square. 
IHint: <p(22n + I) = 22n + I _ 22n = 22n (2 _ 1) = 22n = (2n)2) 

I 

15. Prove that cr(n) ~ Odd(n) [Use arithmetic mean is greater than or equal to the 
den) din . 

geometric mean.] 

16. If d is a positive divisor of a positive integer m, then prove that the number of 
integers in the complete residue system modulo m, which with m, have the greatest 

common divisor d, is ~(:) 
17. Show that I:~(d)!l(d) = 0 if and only if n is even. 

din 

18. If m is odd, find m. 

~(m) = m I: !led) = I: !l(!!!..) d 
dim d dim d 
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19. If q,(m) is odd, find m. 

20. Show that there is no integer m such that q,(m) = 14. 

21. If m is a positive integer, prove that 

q,( m) when m is odd 
<jl(2m) = 2q,(m) when m is even 
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22. Prove that the necessary and sufficient condition that a positive integer equals the 
product of all its positive divisors (excluding itself) is that this positive integer be 
a cube of a prime number or a product of two distinct primes. 

23. Find all positive integers x, such that 
x~(v) = y 

24. Prove that for any prime p and n = 4,6,22 the following congruence is satisfied n cr(n) 
== 2(mod q,(n» 

25. Find all positive integers m and prime numbers p such that q,(m) = !!!.. 
p 

26. Prove that for any integer k, however large it may be, there exist infinitely many 
numbers a such that no one of 

a + 1, ... , a + k - I is prime 

27. Find the six smallest even perfect numbers 

28. Find the six smallest abundant positive integers. 

29. Show that any multiple of an abundant or a perfect number, other than the perfect 
number itself, is abundant. 

30. Two positive integers m and n are called an amicable pair if cr(m) = cr(n) = m + n. 

Show that each of the following pairs of integers are amicable pairs: 

00 n~2~ 9 

(b) 1184,1210 

(c) 79750,88730 

31. Show that if n = pam2 is an odd perfect number where p is prime, then n == p(mod 8) 

32. A positive integer is superfect of cr(cr(n» = 2n 

Show that 

(i) 16 is superfect 

(ii) If n = 2q where 2q + I - I is prime, then n is superfect. 

(iii) Every even superfect number is of the form n = 2q where 2q + 1 - I is prime. 

I EXERCISES 4.2 

1. If I is multiplicative then prove that 

(i) rl(n) = f.l(n)f(n) for every square free n. 

(ii) 1-1(1) = I (pi -1ep2) for every prime p. 
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2. Assume that I i~ mUltiplicative. Prove that I is totally multiplicative if and only if, 
I-I (pa) = 0 for all primes p and all integers a ~ 2. 

3. If I is completely multiplicative, prove that 

I(g * h) = (f. g)* h, for all arithmetic functions g and h, where f.g denotes the ordinary 
product (fg) (n) = I(n)g(n) 

4. -If/is multiplicative and iff (11* 11-1) = ([11)* if.1l-1), then/is totally multiplicative. 

5. If I is totally multiplicative, prove that 

(fgrl = jg-I, for all arithmetic function g with g(1) ;#; 0 

6. If/is multiplicative and ([Il-I r l = fJ.l, then prove that/is totally multiplicative. 

7. A multiplicative function is called strongly multiplicative if I (p") = 1(P) for every 
primep 

Show that/(n) = ~(n) is strongly multiplicative. 
n 

8. Show that L 11 (t) = n p - I , where p runs over the prime divisors of n 
tin t p P 

9. Suppose I(n) and g(n) are multiplicative and that 1(P') = g(p') for each r and each 
prime p. Prove that 1(11) = g(n) for all n. 

10. Prove that the following pairs 

{n, <p(n)}, {den), I} and {cr(n), n} are all Mobius pairs. 

11. Prove that if I(n) is multiplicative, then 

LI1(d)/(d) = n {1- I(p)} 
din pin 

I EXERCISES 4.3 

1. Prove that L l1(d)~ = n n (1-~) 
din d pin p-

2. For each positive integer n, show that }len) }len + 1) Il(n + 2) J.l(n + 3) = 0 

3. For any integer n ~ 3, show that L}l(kl) = 1 
k=1 

4. Let n = P~ I p;2 ... P ~r be the prime factorization of the integer n > 1. If I is a 

multiplicative function that is not identically zero, prove that 

LJ.l(d)f(d) = (I - 1(P1» (l - 1(P2» '" (l - l(Pr)) 
din 

5. Let Sen) denote the number of square free divisors of n. Establish that 

Sen) = LIJ.l(d)1 = 2(1)(n) 

din 

where (0 (n) is the number of distinct prime divisors of n. 
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6, The function A is defined such that 

A(l) = I and A(n) = (_l)kl + k2 + + kr , if the prime factorization of n > 1 is 

Prove that 

(a) A iS,multiplicative 

(b) Given a positive integer n, verify that 

L A( d) = {I if ,n = m
2 

.lor some integer m 
din 0 . otherwIse . 

rThe function A is known as the Liouville A-function] 

DOD 



FAREY SEQUENCES, CONTINUED 
FRACTION, PELL'S EQUATIONS 

5.1 FAREYSEQUENCE 

Farey, a mineralogLst, wrote down the following ordered pattern of non negative reduced 
fractions between 0 and 1, with denominators limited by a number n - called the order 
of this chain of fractions known as the Farey Sequence (F.S.). 

o 1 
F, 1'1 

o 1 

1'2'1 
o 1 1 2 1 

F3 1'3'2'3'1 
0111231 

F4 : 1'4'3'2'3'4'1 
01112132341 

F5 : 1'5'4'3'5'2'5'3'4'5'1 
011112132345 

F6 : 1'6'5'4'3'5'2'5'3'4'5'6"'1 
etc., 

We have constructed the above table in the following way: 

In the first row we write .2. 
1 

For n = 2,3, ... 

We use the following rule: 

1. Form the nth row by copying the (n - 1)5t in order, but insert the fraction a + a' 
. h +h' 

between the consecutive fractions !!.- and!!.- of the (n - 1 )5t row if h + h' ~ n. Thus, 
h h' 

. . 0+1 0 1 . 0 1 1 
SInce 1 + 1 ~ 2 we Insert -- between - and - and obtaIn -, -, -, for the 2nd row. 

1+1 1 1 1 2 1 
Similarly the 3rd now. 
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0+1 2+1 1+1 1+2 
2. To obtain the 4th row, we insert --and--butnot--and--etc. 

1+3 3+1 3+2 2+3 

*all the fractions that appear are in reduced form 

* * all reduced fractions!!.. such that 0 :s; !!.. :s; 1 and b :s; n appear in the nth row; 
b b 

***if!!" and!!.. are consecutive in the nth row, then ab ' - a'b = 1 and b + b ' > n. 
b b 

h I h + 1 
Definition: If - and - are two terms of an F.S. then -- is called the "mediant" 

k m k+m 
h I 

between - and -. 
k m 

Theorem 5.1. No two consecutive terms of Fn have same denominator. 

Proof: Case I If k > 1 and!!. and!!... are two successive terms of Fn, having the same 
k k 

denominator then h' > h (since, FS is an ordered sequence) 

if k:t= I 

But then 

h + 1 :::; h' :s; k 

h h h + 1 h + 1 h' 
-<--<---=--<-
k k-I k-I+I k-k 

h 

k 

h h' 
<--<-

k-I k 

h h W 
.. the term -- comes between -k and-

k . k-I 

S· h d h' . . b 'th mce, k an k are two consecutive terms, two consecutive terms cannot e WI 

same denominators if k > I. 

Case II If k = I, then 15t term!!' will be Q = 0, the next term is > 0, 
k 1 

its numerator> 0 

i.e., ~ 1 

an-d since, it is a proper fraction its denominator is :::; 2 

Therefore, the two consecutive terms have different denominators. 

We state the following 

Theorem 5.2. 
h h' 

If - and - are two successive terms then kh' - hk' = 1 
k k' 

i.e., I h hll =-1 
k k' 
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h h" h' h" h + h' 
Theorem 5.3. If -, - and - are three successive terms of Fn, then - = --

k kIt k' - kIt k + k' 

The two theorems 5.2, 5.3 are equivalent 

Theorem 5.4. Theorem 5.2 is true if and only if 5.3 is true. 

Proof: .(5.2)) :::::> (5 .. 3) 

Assume Theorem 5.2. 

h e h d h' b . . T erelore - an - emg two consecutive terms 

And 

k k' 

kh' - k' h = 1 

h" h' . . 
-, - bemg two consecutive terms 
kIt k' 

We get kIth' - k'h" = 1 

Solving (i) and (ij) in terms of hIt and kIt 

hIt h + h' 
we get 

kIt k+k' 

5.3:::::> 5.2 

Proof: We assume that Theorem 5.3 is true. 

h hIt h' hIt h + h' 
[Le., if -, -, - are three consecutive terms in F.S., then - = -­

k kIt k' kIt k + k' 

... (i) 

... (ii) 

We are to prove theorem 5.2. {i.e., if !!...,!i._ are two consecutive terms of an.FS to 
k k' 

prove 

i.e., 

Now 

I~ h'l =-1 
k' 

h'k - hk' = 1 

1
0
1 

11 . 1 = -1, 

o 1 1 
F2 = \'2'1 

I ~ ~ I =-\ 
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I ~ ~ I = -I, i.e., the theorem 5.2 is true for n = 1, 2 

Assume that the theorem is true for n - 1, 

. 'f h h' . fF I.e., I -, - are two consecutive terms 0 n I' 
k k' -

then kh' - k'h = 1 

And to deduce that the theorem is true for n. 

Let!!':'" belongs to Fn but not to Fn 1 and it lies in the interval (fl., !!...). 
k" -" k k' 

Obviously k" = n, and both k, k' k". 

Since, the theorem 5.3 is true, 

h" II h' h" .. . 
- = - + - and - IS IrreducIble 
k" k k' k" 

h + h' = Ah", k + k' = Ak", A E ~ 

Now k and k' each less than k" gives k + k' < 2k" and k + k' = Ak" 

. . A = I 

Hence, 

k + k' = k" and h + h' = h". 

kh" - k" h = k(h + h~ - h(k + k~ 
= kh' - k' h 

= 1 

Similarly k"h' - k'h" = I 

Hence Theorem 5.2 is true for Fn' 

Hence by method of induction, the theorem 5.2 is true for all n '= ~. 

Theorem 5.5. Proof of theorem 5.2 and 5.3 

Proof: As we may see easily that the theorems are true for FI and F2 

Assume that they are true for Fn _ 1 and prove that they are true for Fn 
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... (i) 

S h h h' .. F b . h". F uppose t at k' kr are two consecutive terms 10 n _ 1 ut separatmg ~ m n' 

h h" h' :. - < - <-
k k" k' 

From first inequality we get 

k"h < h"k, 

or kh" - k"h > 0 

or kh" - k"h = r > 0 

And similarly from the last inequality we get 
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h'k" > h"k' 

h'k" - h"k' > 0 

NUMBER THEORY 

or h'k" - h"k' = s > 0 

also 

kh"-k"h=r} 
consider h' k" - h" k' = s ... ('¥) 

Solving the equations ('¥) in h" and k" and remembering that hk' - h'k = -1 

h" = sh + r h' 

Let 

Now, 

And 

Because if 

Then 

Also, 

k" = ks + rk' 

(h", k'~ = I gives (r, s) = I 

{
h h J.!h + Ah' } S = -1- = , A, J.! EN, (A, J.!) = I 
k k J.!k + A,k' 

h" sh + rh' 
- = E S for, (r, s) = 1, r, s E ~ 
k" sk + rk' 

h ~Lh + Ah' h' 
- < -'---- <-
k ~Lk + ')...k' k' 

~Lh+M' ... 
-'---- IS In Its lowest term, 
~lk + ')...k' 

d I J.!h + Ah', Ilk + Ak' 

d 1 k (Ilh + Ah~ - h(llk + A,k~ = A 
d 1 h' (Ilh + Ah~ - k'(llk + A,k~ = Il 

(A, 11) = d, but (A, 11) = 1 

d=1 

Thus every fraction of S appears sooner or later in some Fq, (q> n - 1) and plainly 
the first to make its appears is that for which k is least i.e., for which Ilk + A,k' is least 
is for which A = I = 11 

h" h" h + h' 
This fraction must be - i.e., - = -- which is the theorem 5.3. 

k" k" k+k' 

And by theorem 5.4, it follows that theorem 5.2 is also true. 

h h' (h h') Note: The mediant of - and - lies between -,-
k k' k k' 

Corollary 5.S. The denominators of two adjacent fractions of an F.S. of order n add up 
to at least n + 1, 

i.e., If!!... and!!.. are two consecutive terms of a Farey sequence of order n, then k + k' > n. 
k k' 
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Proof: The mediant 

h + h' h h' ( h hI) 
.-- of - and - falls in the interval -k'-k 

k + k' k k' I 

If the theorem is not true 

i.e., if 

then, 

k + k'::;; n 

h+h' 
-- belongs to Fn 
k + k' 

and will lie somewhere in the interval (~, ~:). 
which is a contradiction 

h h' 
Since k and k! are two consecutive terms. 

5.1.A: Application of Farey sequences: 
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Theorem 5.7. If (a, b) = I, then Diophantine equation 

ax+by=1 ... (1) is solvable 

Proof: Assume without loss of generality 0 < a < b (if necessary I a I , I b I) 

. . (a, b) = 1 , !!... is a proper reduced fraction and consequently it appears in some 
b 

Farey sequence (e.g., in Fb) 

or 

Let us now take an adjacent fraction !!... < !!... 
k b 

by theorem 5.2, I ~ : I =-1 

ak - bh = I 

Comparing with (1) 

we get x=k 

y =-h and 

is a solution of (I) 

Hence (I) is solvable. 

Euclid's Lemma 5.S. If (a, b) = 1, a I be then a I e 

Proof: Consider the equation 

ax + by = I 
By theorem 5.7, (1) is solvable, say (xo' Yo) is a solution of (1) 

.. axo + byo = 1 and 

... (2) 

... (1) 
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So, 

But, a I be gives 

or 

aexo + beyo = e 

be = ak, k e Z. 

aexo + akyo = e 

a(exo +'kyo) = e 

a Ie. 

Corollary 5.9. If P is a prime then 

pi a\.a2 ... an 
Gives p divides at least one of ai. 

Theorem 5.10. If (a, b) = 1, then the solution of ax + by ... (1) 

NUMBER THEORY 

are given by x = Xo - bt} 
Y = Yo - at 

... (2) where (xo' Yo) is a solution of (1) and t E Z. 

Proof: Since by theorem 5.7, (1) is solvable 3 xo' Yo E. Z. such that axo + byo = 1 ... (3) 

Now that (2) is a solution of (1) can be verified by putting the value of x and y 

For, LHS = ax + by 

Again 

or 

Now 

= a(xo - bt) + b(yo + at) 

= axo - abt + byo + bat 

= axo + byo 
= 1 =RHS. 

ax+by=l 

axo + byo = 1 

a(x - xo) + bey - Yo) = 0, 

a(x - xo) = bey - Yo) 

a I bey - Yo) 
(a, b) = 1, 

. . By Euclids Lemma, 

(4) gives y - Yo = at, t E Z. 

Y - Yo = at, t E z.. and a I Yo - y gives 

Y = Yo + at 
putting the value in (1) 

x = Xo - bt, 

x = Xo - bt} 
Y = Yo - at ' t E Z. where (xo' Yo) is a solution. of (1). 

5.1.B Approximation of an Irrational by rational 

Let y be an irrational number such that 0 < y < 1 

We wish to find how closely we can approximate y 

... (1) 

... (3) 

... (4) 
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by a rational number 
h 

k 
where (h, k) = 1 

In the FS of order N (> 1), we know that we can find two consecutive terms 

Consider the mediant 

a c a c 
- - such that - < y < -
b'd b d 

a+c 

b+d 

then y lies on one or the other side of 

a+c' 

b+d 

i.e., either case 
a a+c 
- <y<-­
b b+d 

or . a+c c 
b+d<Y<d' 

Since, the mediant is not present in Fn we have b + d ~ + 1 

From(l) 

a a + c a ab + bc - ab - ad 
,0 < Y - b < b + d - b = b(b + d) 

bc - ad 1 < 1-
b(b + d) b(b + d) - (N/+ l)b 

From (2), 

o c c a + c bc + cd - ad - cd 
< d - Y < d - b + d = dtb + d) 

1 < 1 
deb + d) - (N + 1)d 

:. (iii) and (iv) give. 
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... (i) 

... (ii) 

... (iii) 

... (iv) 

Theorem 5.11. For an irrational y and a positive integer N, there always exists a fraction 

~ with the denominator k ~ N such that 

I Y - T 1< (N ~ 1)k ... (v) 

Thus we can find y in terms of hand k. 

R~mark: Our reasoning remains valid if y is not irrational but is replaced by a reduced 

fraction i with a denominator m > N, so that i is not found in the FS of order N, .then 
m m 

however it may happen that i = ~ and this possibility will not allow us to state 
m b+d , 

a strict inequality in (v). 
We therefore obtain another. 
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Theorem 5.12. If.!.- is a reduced fraction of denominator m E 1\:1, then there always exists 
m 

a fraction!!... with denominator k ~ 1\:1 such that I.!.- -!!...I ~ I ... (vi) 
k m k (N + I)k 

Equality takes place here for m = N + 1 

5.1.C: Better rational approximation of irrational number 

If y is irrational, and N is a given positive integer we have got the existence of a rational 

number !!..., k ~ 1\:1 such that I y _!!...I ~ I 
k k (N + l)k 

In particular we have 
I
y _!!...I<_l . 

k k 2 

Theorem 5.13. If Y is irrational, then there exist many fractions !!... such that 
k 

I y - T 1< 2~2 (much stronger theorem) 

Proof: Suppose that in F N we have E.. < y <.E.., we wish to show either 
b d 

or 

and 

a 1 
Y - b < 2b2 

c 1 
d - Y < 2d2 

If not, suppose 

a 1 
y - b ~ 2b 2 

c 1 
- -y >-­
d - 2d2 

then adding we get 

cal 1 b2 + d 2 

--- > --+-- = ---
d b - 2b 2 2d2 2b 2d 2 

. c a bc - ad 
Agam we have - - - = ---

d b bd 

. b 2 + d 2 - 2bd(bc - bd) 
Subtractmg, 0 ~ 2b 2d 2 

But this is possible only for b = d 

and then in addition, 
since, be - ad = 1 we get from (K), 

d(e - a) = 1 

... (1<) . 
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And these give b = I = d 
But this is not the case (by a previous theorem) since N> I (because for N = I, it 

may be true) Hence a contradiction. 
Hence the theorem. 

Remark Thus we are lead to the question whether many fractions !!.. exist with still 
k 

better approximation I y - T 1< c~2 ' with c > 2 and what the greatest value of c may be. 

This equation was completely answered by A.Herwitz. 

5.2 CONTINUED FRACTIONS 
Observation 

Note I: Suppose our task is to solve the equation 

Xl - 3x - I = 0 

Now, Xl - 3x - I = 0 

gives 
I I 

x=3+-=3+--
x 3+! 

x 
In this way if we go on putting 

... (1) 

... (2) 

3 + ! in place of x it would continue for infinite times. And wilt give us to some 
x 

definite value? 
Let us view this from another anlge as follows: 
The numbers we get from the equation (2) we write as 

I I I 
3,3 + -, 3 + --,3 + , ................... etc. 

3 3+1. 3+_1_ 
3 3+1. 

3 
And the above numbers thus we get are 

10 33 109 
3, - = 3.333 ... , - = 3.3, - = 3.30303, ... etc. 

3 10 33 
It ·is interesting to note that the above numbers are approaching the positive value 

of the root of the given equation (1) 
For we get from the given equation 

3 +..fIT 
x = = 3.302775 ... @ 3.303 

2 
Therefore, we now come to know that 

1 3+../3 
3 + ------- = ---

I 2 
3+---

1
--

3+----
3 + ......... 

and this type of fraction is called a continued fraction. 
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Definition: i.e. a fraction of the type 

is called a continued fraction. 

Usually ai' a2, hI' h2' h3 ". may be any real or complex numbers 

However, our discussion would be only for the case where the continued fraction is 
of the type 

a l +---------
a2 + ------:--­

a3 +-----

which in short may be expressed as 

[a\, a2, a3, '" an] 

1 1 1 
a l +---- .... -

a2 + a3 + an 
or 

Now we note how a rational number can be expressed as a continued fraction [When 
some number a is expressed as a continued fraction, it would be called the expansion of 
the continued fraction] 

67 = 2 + ~ = 2 + _1_ = 2 + _1_ = 2 + _1_ = 2 + __ :---
29 29 29 3+~ 3+.l 3+_1_ 

9 9 2. 4+l 
2 2 

= [2,3,4,2] 

Similarly 

29 
- = [0, 2, 3, 4, 2] 
67 

That finite continued fraction of above type denote a rational number is easy to 
follow. Now before going to prove that any rational number may be expr~ssed as a finite 
continued fraction, we attempt to have a look at the usual division operation. 

Note II: Let uo' u\ E N. then by Euclid algorithm (with usual notation) 

Uo = u \ ao + u2' ° S u2 < u \ 
u\ = u2a1 + u3• 0 S u3 < u2 

u2 = u3a2 + u4• 0 ~ u4 < u3 
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Rewriting this we get 

So, 

so, 

1 
=a +­o a 

1 

li l ' 1 
a l =- =al +-

li2 ~ 

1 
=a +-

2 a3 

u3 

li3 li5 
a =--=a +-

3 li4 3 li4 

1 
=a +-

3 li4 

u5 

1 
=a +-

3 a
4 

aN = aN + 0 

1 
no=ao+~ 

1 

1 
= ao + ---1":-0 

a l +­
a 2 

1 
=ao+-----

a l +. 1 
a2+­

a 3 

1 1 1 1 no =ao + -+-+-.... -
a l a2 a 3 aN 

Definition: This is called finite continued fraction (C.F). 

179 
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Note: Here ao E {O, N) and all a/s E N 

C.F. is 

ao+-----------------------------
a l +--------------~---------

a4 +------

Definition: a's are called Partial quotients of the C.F. 

Observation: 

(1) [ao' a!, a2, a3, ... , aN] 

= [ao,al'a2'a3' .... aN_2'aN_2'+ a~ 1 
= [ao' aI' a2, a3, ... , aN _ 2' [aN _ I' aN]] 
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= [ao' a!, a2, a3, ... , ai' [ai + I' ai + 2' ... , aN] 

(2) Again if aN ~ I, then 

[ao' al' a2, a3, ... , aN _ l' aN] = [ao' a!, a2, a3, ... , aN _ l' aN - I, 1] 

Also, [ao' a!, a2, a3, ... , aN _ I' aN' 1] = [ao' aI' a2, a3, ... , aN _ I' aN + 1] 

Definition: Such a C.F. is called a normalized c.F. 

Remark: Given a rational number a, 3a finite (simple) Continued fraction [ao' a!, a2, a3, 

... aN _ l' aN] with ai E N, either N = 0, or N > ° and aN> 1 

Remark: If [ao' aI' a2, a3, ... , aN _ l' aN] is not normalized, then 

a = [aO,al'a2,a3, ... , aN _ l' aN] 

= [ao,al'a2'a3' .... aN_2,aN_I'+ a~] 
Properties 5.14. If N ~ I, a = [ao' aI' a2, a3, "" aN _ l' aN] is normalized then, 
ao<a<ao+1 
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I 
Proof: Now, a = ao +-

If N > 1, then 

a l 

a = [aO,al'a2,a3, .. " aN _ l' aN] = [ao,ad 

1 
= ao + -, 0 < a l = [a2,a2, , .. , aN] 

a l 

= a l > 1 (since it is normalised) 

I 
a l = a l + - > a l ~ 1 

a 2 

.. in any case, a l > 1 

1 . fi' .. - IS a proper ractlOn 
a l 

and 

:. ao + _1_ < ao + 1 which gives 
a l 

Remark: ao = [ao + all 1 = [a] 

181 

Theorem 5.15. Every rational a has exactly one normalized continued fraction (NSCF). 

Proof: Suppose a has two NSCF, 

[aO,al'a2,a3, ... , aN _ l' aN] = a = [bo,b l ,b2,b3, ... , b M _ l' b M] 

Case (i) 

Let N = 0 Then, a = ao (an integer) 

M>O 

bo < a < bo + 1 

:. a is a fraction, a contradiction. 

So M:j> 0, i.e., M= 0 and then a = 0 

" ao = a = bo = 1 

Hence, a has exactly one NSCF. 

Case(ii) Let N > 0, M> 0, 

... (1) 
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[ao + ~J = [a] = [bo + p1J. 
ao = [a] = bOo 

or ao = bo 

) 
1 1. 

:. From (1 , - = - gIVes 
a l . PI-
al = PI 

. . a l = [a p a2,a3, ... , aN]' bl = [bl'b2,b3, ... , b M] 

Exactly in a similar argument, a l = b l and so 011: 

.. aN = bM 

Corollary 5,'~6. Every a has exactly two SCF. One being normalized and the other not 
normalized. 

Proof Let a = [aO,ap a2,a3, ... , aN _ P aN]' an NSCF (aN> 1) 

and 

. . [bo,b p b2,b3, ... , b M' 1] = a = [aO,ap a2,a3, ... , aN _ P aN _ l' 1] 

By the previous theorem we conclude that 

ao = bo 
a l = b l 

a2 = b2 

5.3 NOTION OF CONVERGENTS AND INFINITE CONTINUED FRACTIONS 
Till now we have seen that continued fraction exp~mion of a rational number is simple 
and finite. On the contrary in case of an irrational number, continued fraction expansion 
is infinite, of course, simple. 

We know that a number not possible of writing as the ratio of two integers is known 
as an irrational number. 

.fi is an irrational number .fi > 1 and 1 is the largest integer which is less than .fi 

Therefore, .fi = 1 + a, 0 < a < 1 

Let a = _1_. Then .fi = 1 + _1_ and then 
x 2 x 2 

x =_1_=.fi+1· 
2 .fi-1 ' 

.fi = 1 + r;::;1 . Here, .fi + 1 > 2 (the largest integer) . 
...,2 + 1 

1 
x =.fi+1=2+-

2 x 
3 
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or x =_1_=.fi+1>2 
3 .fi-1 

18J 

.fi = 1 + 1 1 and when we continue in this manner we get 
2+--

or 

or 

.fi + 1 

.fi = [1,2,2, ... ], = [1,2] 

Now The equestion is : Does [1, 2, 2, ... ] respesent .fi? 

Since, 

We get 

x = I + ___ 1 __ _ 

2+-----
2+---

2+ ....... . 
1 

1 1 
x=l+ =1+--

2 + (x -1) x + 1 

1 
x-I =--

x+l 

x2 = 2 i.e., x = .fi. 

Definition: An finite sequence aO,a1,a2, ... of integers, all positive except for ao' deter­
mines an infmite simple continued fraction [aO,al'a2, ... ]. The value of [aO,al'a2' ... ] is 

defined to be lim [ao,al' ... an] 
n-+<x> 

If ao,al' ... is an infinite sequence then 

1 1 
ao + --.--.... = [aO,al'a2, ... , an' ... ] 

a l + a2 + 

is caIled a simple infmite continued fraction. 

Definition: c
i 

= Pi,S are caIled successive convergents to 
qi 

a = [aO,al'a2,a3, ... , aN] 

Suppose ao' al' a2, ... be an infmite sequence of integers, all positive except possibly 

ao··· 
Then we define two sequences of integers 

{p- 2' P- I' Po' PI' P2' .... } 

and {q_ 2' q- I' qo' ql' q2' .... } 
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inductively as follows: 

For the C.F. 

P-2 = 0 

P-l = I 

Po = arR_1 + P-2 

PI = alPo + P-I and 

q-2 = 1 

q_1 = 0 

qo = aoq_1 + q-2 

ql = alqo + q-I 

PN - I = aN - IPN - 2 + PN - 2 qN - I = aN - IqN - 2 + qN - 3 

PN = atPN - I + PN - 2 qN = a~N - I + qN - 2 

ex = [aO,al'a2,a3, ... , aN] 

The successive convergents are: 

Now 

Thus, 

Thus, 

Po PI -,-, .... 
qo ql 

Po ao 
Co = - = [ao] = -1-' 

qo . 

PI 1 
C = - = [a a] = a +-

I q 0' lOa 
I I 

== aoal + 1 
al 

_ alPo + P-I 

alqo + q-I 

C =!!J.. = [a a] = alPo + P-I 
I 0' I 

ql alqo +q-I 

P2 c2 = - = [aO,a l ,a2] = ao + --1-
q2 a

l 
+_ 

a2 

a2 aOa l a2 + ao + a2 = a + --=---~:........::.-...;;:..,.----.;::.. 
o a l a2+ 1 a1a2 +1 

= a2 (aOa l + 1) + ao 

a2a l + 1 

a2PI + P2 

a2ql + qo 

P2 Q2PI + Po 
c2 = - = [ao,a l'a2] = -=--=--~ 

q2 a2ql + qo 
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Similarly, 

Pi aiPi-1 + Pi-2 
c·=-=-----

I qi aiqi-I +qj-2 

61 
Example 1. - = [1,3,1,2,4] 

48· 

Solution: 
Po 
q;; = l' 

PI 3 x 1+1 4 

ql 3xl+O 3' 

!!.J:....=lx4+15 

q2 I x 3 + 1 4 

P3 _ 2 x 5 + 4 _ 14 
q; - 2x4+3 -0' 

P4 = 4xI4+5 61 

q4 4 xII + 4 48 

Theorem 5.17. Pi + I qi - qj + I Pi = (-Ii 

I
Pi-l 

= (-Ii . ql-l 

= (-Ii + 2 I
p-I 

q-l 

Remark: (1) (Pi' q) = 1 Vi 

PI- 2
1 

qi-2 

Otherwise, ifG.C.D = d =1= I, d I ±I, impossible 

Hence. 

Pi I +IPi-l 
qi qi-l 

Pi I = (-I) I P~ 
qi ql 

185 

... (*) 
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i.e. 

and 

(2) It is obvious that qi ~ O(qj = 0 only when i = -1) 

(3) Dividing (*) by qjqj + I (i ~ 0) we get 

Pj + I _!2 = J.:.!.L 

Since RHS is positive if i is even, and negative if i is odd. 

Po <El. !!l.. >!!..1... P3 > P2 .. , , 
qo ql ql q2 q3 q2 

Po <!!..1... ~< < ... 
qo q2 q4 

PI >!!..l. !!.1. > > ... 
ql q3 qs 

NUMBER THEORY 

... (a) 

p. 
Theorem 5.18. c j = [ao,al'a;!,a3, ... , a j] = _, 

qj 
... (i) 

Proof: It is true when i = 0 for then Co = ao 

and !!!l. = aoP_1 + P-2 = aoq_1 = ao.l + 0 = a
o 

qo aoq_1 + q-2 q-2 ao'O + 1 
Suppose, the theorem is true for i i.e., assume that 

Now, 

Pi ai Pi-I+Pj-2 
Cj = [aO,al'a2,a3, ... , a j] = - = -----

qj ajqj_l+qj_2 

Ci+1 = [aO,al'a2,a3, ... , aj' aj + d 
1 

= [aO,al'a2,a3, ... , aj + l' aj + --] 
°j+1 

(
a j + _l_]pj_1 + Pj-2 

a j + 1 (aja j + 1 +l)Pj-l +aj + 1Pj_2 

(aja j + 1 + l)qj_l +aj + 1qj-2 

Pj-I 

aj+l(ajqj_l +qj-2)+qj-l aj+1qj +qj-l qj-l 

Hence by method of induction the theorem is proved. 

Theorem 5.19. If ex is an irrational number then the corresponding continued fraction will 
be infinite. 

Proof: Let ex E g: and [ex] = ao 
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Since, 

Similarly, 

Therefore, 

1 
a = ao + a', 0 < a' < 1 and put, a' = -

. a
l 

1 1 1 1 a = ao + --,-- ... --,--
al+a2 + an+a n+1 

Obviously, Po = ao' ao E Z, a' s E ~, 
qo 

a= 

Pn ~ a limit as n ~ 00 

qn 

We claim that this limit is a 
Now 

187 

... (1) 

... (2) 

a- Pn = an+IPn+Pn-1 _Pn = an+IPnqn+Pn-lqn -an+lqnPn-Pnqn-1 

qn an+1qn+qn-1 qn qn(an+1qn+qn-l) 

q (_l)n Pn-Iqn-Pn n-I ±l 

qn(an+1qn +qn-I) qn(an+1qn +qn-I) 

Here denominator> qnqn + 1 

Since qn+1 =an + lqn + qn-I 

Therefore, 
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Now qn is increasing and when qn increases indefinitely as n ~ 00 

We get 

Therefore, 

I a - :: I ~ 0, as n ~ 00 

I· Pn Im-=a 
n---+oo qn 

Note: The representation of an irrational number by an infinite continued fraction 
suggests a question: what is the meaning of a l ,a2, ..• ? 

Consider any sequence ao,a I ,a2"" ; ao E Z, a I ,a2, ... E N 
Can we attach a meaning to the infinite continued fraction? 

If we can, will the resulting number be irrational? and will this continued fraction 
coincide with the one obtained by applying our former process to the number in question? 

In fact if one forms a continued fraction from any infinite sequence of natural 
numbers a l ,a2, .. preceded by any integer ao' then the corresponding sequence of 
convergence has a limit. 

Consider Po ,~,!!..i.., ... (the sequence of even convergence) 
qo q2 q4 

Now we have the sequence P2n is increasing, bounded above and all ofthese < !!J... 
q2n ql 

Therefore this sequence has a limit 

Similarly the sequence formed by the odd convergence P2n + I has a limit. 
q2n+1 

P Pm-l (_I)m-I 
Since --l!!... - -- = , shows that the difference between two consecutive 

qm qm-I qmqm-I 
convergence has the limit zero as m ~ 00 

Therefore, the limit of the sequence of convergence is the value of infinite continued 
fractions. 

Theorem 5.20. The value of any infinite simple continued fraction [aO,al'a2, ••• ] is 
irrational 

Proof Let a = [aO,al'a2, ••• ] 

It is observed in the Note above that 

Po < ~< P4 < P6 < ... <!!.1..<!!.i.<!!.1...<!i 
qo q2 q4 q6 q7 qs q3 ql 

And hence, 
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Pn Pn+l 
<a<--

qn qn+ I 

or 0 < I a - rn I < I rn + I - rn I 

and 

Also we know that 

Pn+l_Pn = (_l)n 

qn+1 qn q'l+lqn 

Therefore multiplying (*.) by qn and using (**) we get 

Suppo~e a were rational, say a = !!.., with integers a and b, b > O. 
b 

Then, (***) becomes 

b o < I qna - Pnb I < --
qn+1 
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... (*) 

... (**) 

... (***) 

Now it is possible to choose n sufficiently large so that b < qn + I (for the integers 
qn increase with n) i.e. then, 

b o < I qna - Pnb I < -- < 1 
qn+1 

or 0 < I qna - Pnb I < 1 and this is not possible. 

Thus the value of any infinite simple continued fraction is irrational.ll 

Now we look at the two different infinite simI Ie continued fractions to see whether 
these converge to the same irrational number! The answer is negati~e and this becomes 
clear from the following. 

First we prove the following. 

Lemma 5.21. If a = [aO,a1,a2, ... ] is a simple continued fraction, then [a] = ao' And if 

1 a 1 = [a1,a2,a3, ... ], then a = ao + -
al 

Proof: As above we know that 

Po PI . I < a < - I.e., a1 < a < ao + -
qo ql a l 

Nowa1 <!: I gives ao < a < ao + I and hence ao = [a] 
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Also, 

Theorem 5.22. Two distinct infinite simple continued fractions converge to different 
values. 

Proof: If possible let 

[aO,al'a2, .•• j = [bo,bl'b2, ••• j = a 
Then by lemma 5.3.5 [aj = ao = bo 

1 1 
and a = a + = bo + .. 

o [at ,a2 , ... j [b l ,b2 , ••. j 

Hence, [a l,a2, •.. j = [b l,b2, ... j. Repeating in this way we [mally get an = bn for all n 
(by mathematical induction) 

5.4 APPLICATION TO EQUATIONS 

Consider the equation ax - by = 1 ... (1) 

all 
-=a +----
b 0 al +a2 + an_l+an 

Let 

Now, 
Pn a 

en = - = -, where Pn = a, qn = b; (a, b) = 1, (Pn' qn) = 1 
qn b 

- ( l)n - I Pn qn-I - qn Pn-I - -and we have, 

or a qn-I - b Pn-I = (_I)n-1 ... (2) 

Hence, if we take 

x = qn-I and y = Pn-I 

we get, {qn _ \' Pn -I} is a solution of 

the equation ax - by = (_l)n - I 

If n is odd, (3) becomes ax - by = 1 and which is (1) and 

Hence 

and 

is a solution. 

If n is even, we can still find the solution by taking 

x = b - qn-I 

y = a - Pn-I 

... (3) 
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Thus a(b - qn _ I) - b(a - Pn _ I) = -aqn_l + bPn_l 

= -(aqn_1 - bPn_l) 

= -(- I) = I 
i.e. a(b - qn-I) - b(a - Pn-I) = I 

Theorem 5023. If (a, b) = I and 

E-b = [aO,al,a2, ••• , an _ i' an]' ci = Pi , i = 0, 1, 2, ... , n .. 
qi 

Then (i) (qn _ I' Pn _ 1) is a solution if n is odd 

(ii) (b - qn _ I' a - Pn _ I) is a solution if n is even. 

Example 2. Solve 6Ix + 48y = I 

Solution: The convergents are 

! ~ i .!i ~. n = 4 
I ' 4 ' 3 ' 11 ' 48 ' 

Solution is x = b - qn _ 1 = 48 - II = 37 

Y = a - Pn _ 1 = 61 - 41 = 47 

i.e. x =37} 
y=47 . 

Example 3. ,Find out one solution of 51x - 7Iy = I 

a 51 I I 1 
- =- =0+ - =0+ -- =0+-- =0+ ----
b 71 2! 1+ 20 I + _I 1 + _1_ 

51 51 ~ 2+l!. 
20 20 

= 0 + ---1- = 0 + ----=-1--

1+ 1 1+ I 
2+ 20 2+--

I+~ 
II 11 

= 0 + ___ 1 ___ = 0 ___ 1....,...-__ 
I 1 

1+ I 1+ I 
2+--

1
- 2+ 1 

I+U 1+--2 
1+-

9 9 
= 0 + ___ 1 ___ = 0 + ____ 1--:-__ _ 

1 1 
1+ 1 1+---~1---

2+ 1 2+ 1 
1+--1 1+ 1 

1+9 1+--} 
4+-

2 2 

191 
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a 51 
- = - = [0, 1,2, 1, 1,4,2] 
b 71 

Po ,0 PI 1 x 0 + 1 1 P2 2 x 1 + 0 2 
= 0 = -,- = = -,- = =-, 

qo I ql lxl+0 1 q22x1+1 3 

1 x 2 + I, _ 3 P4 _ I x 3 + 2 _ 5 
lx3+1 - 4'~ -,lx4+3 -7' 

P5 = 4x5+3 = 23,~ = 2 x 23+,5 =~; n = 6 
q5 4x7+4 32 q6 2x32+7 71 

x = b - qn _ 1 = 71 - 32 = 39 

Y = a - Pn _ 1 = 51 - 23 = 23 

X=39} 
y=23 . 

Example 5 Find the integral solution of the indeterminate equation 

205x - 93y =, 1 

Solution: Here, 205 = 5 x 41; 93 = 3 x 31 and these are relatively prime. 

So the given equation has solution. 

Now we consider the continued fraction 205 = [2, 4, 1, 8, 2] and this has an odd 
93 

number of partial quotients, but this can be replaced by 

205 = [2, 4, I., 8, 1, I] the equivalent expansion with an even number of quotients. 
93 

The convergents are computed as follows: 

iI -I 0 I 2 3 4 5 

ai 2 4 I 8 I 

Pi 0 1 2 9 II 97 108 

qi I 0 1 4 5 ,44 49 

2 9 11 97 108 
c, - - - - -

1 4 5 44 49 

Here n = 6, Pn _ 1 = P5 = 108 = Yo' qn-I = q5 = 49 = xo' and hence, 
205x- 93y = I 

As a check, 

Let 

x = Xo + tb = 49 + 93t 

y = Yo + la = 108 + 2051, 1 = 0, ±1, ±2, 

1 = I; 

6 

I 

205 

93 

205 -
93 
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then 

and 

x = 142, 

y = 313 

205(142) -93(313) = 29110 -29109 = 1. 

As a general check we have 

205 (49 + 93t) - 93(108 + 205/) = 1, 

Since the terms involving t cancel. 

Example 5. Find the general solution of the equation 

205x - 93y =-1 

193 

Solution: Here the number 205 and 93 are relatively prime, hence the given equation has 
solution. 

Th . d ti· . f 205 , e contmue ractlon expansIOn 0 ~:.,.'IS 

205 = [2 4 i 8 2] 
93 " .' , 

and has an odd number of partial quotients,.so (_l)n =' (-Ii = -1 as required. To find 
the convergents we set up the table >" 

. -1 

G, 

Pi 0 

q, I 

ci 

Now we see that 

0 1 2 3 

2 4 1 

I 2 9 11 

0 I 4 5 

2 \\''9 II -. - -I ' 4 5 

_ Pn-I _ P4 _ 97, 
cn _ 1 - qn-I - q:; - 44' 

4 5 

8 2 

97 205 

44 93 

97 205 - -
~ ii 44 93 

hence a particular solution of the given equation is Xo = q4 = 44 and Yo = P4 = 97. 
The general solution, therefore is 

x = Xo + tb = 44 + 93t 

y = Yo + ta = 97 + 205t, t = 0, ±I, ±2, .. , 

As a check take t = -I; then 

(x,y) = (-49,-108), 

and 205(-49)-93(-108) = -10045 + 10044 =-1. 

Note: Equation of the type 

ax + by = c, (a, b) = 1 

Once we have learned to solve the indeterminate equation 

ax + by = 1 
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where a and b are relatively prime integers, it is a simple matter to solve the equation 

ax+by=c 

where c is any integer. 

For suppose that (xo' Yo) is any particular solution of ax + by = I 

Then we have axo + byo = 1 

Multiplying by c we get 

a(cxo) + b(cyo) = e 

so that (cxo, cYo) is a particular solution ofthe given equation. Thus the general solution 
will be 

x = cXo + bt 

y = cYo + at, 
t = 0, ±1, ±2, .... 

To find general solution of the type 

ax+by=c 

first we find a solution of 

ax + by = 1, (a, b) = 1 

To do this, expand ~ as a simple continued fraction with an even number of partial 

quotients. From the table of convergent read .off Pn _ 1 and qn _ I' 

Then aqn _ 1 - bPn _ 1 = 1 as before. 

This trick now is to write the given equation as ax + by = c in the form 

ax + by = c.l = c(aqn_1 - bPn_l) 
Rearrange the terms to obtain 

a(cqn _ 1 - x) = bey + cPn - I) ... (*) 

So, b I LHS but (a, b) =, and b f a; so, b I cqn _ 1 - x 

So that there is an integer t such that 

cqn _ 1 - x = tb, ... (**) 

or x = cq n _ 1 - tb ... (***) 

is 

Substitute (**) into (*) to get 

a (tb) = bey + cPn _ I)' 
And solve for y to obtain 

y = at - cPn - 1'(&) 
Conversely, for any integer t, a direct substitution of (***) and (&) into ax + by gives 

ax + by = a(cqn _ 1 - tb) + (at - cPn _ \) = ... = C 

So the equation is satisfied. Thus the general solution of the equation ax + by - C 

x = cqn _ 1 - tb 

y = at - cPn _ l' where t = 0, ±1, ±2, .... 
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Note: We observe the following: 

Consider the rational number of the type P, (q > 0) 
q 

we get 

If r l = O,then 

If r l -:f:. 0, then 

As before, 

If r2 = 0, then 

if r2 -:f:. 0 then 

P r l 
- = a + -, 0 ~ r l < q 
q I q 

P q = [ad 

P r) I 
-=a +-=a +- r >0 q ) q ) q') 

r) 

r2 
Proceeding this way we get a sequence of positive integers viz. 

r) > r 2 > r3 > r 4 > ... 

And such a sequence cannot be infinite. 

Suppose rn = 0 and then, 

P = [a t ,a2,a3, ... , an] 
q 

In above at ,a2,a3, ... , all are called partial quotients. 

c t = at 

) 
c2 = a l +-, 

a2 

C3 = at + 1 ' ... etc. are convergents. 
a+-

2 a 
3 
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Example 6. A farmer bought a number of goats and swine with rupees 80.00 per goat 
and rupees 50.00 per swine and in total he had to pay a sum of rupees 810.00. 

How many goats and swine the farmer bought? 

Solution: Suppose the number of goats is x and the number of swine is y 

Then we get 

or 

80x + 50y = 810 

8x + 5y = 81 ... (1) 
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[As the value of x and y will be only the positive integers, from' the above equation, 
by trial end error, we get the solution as foIIows; 

we go on putting the values 

x = 0, 1,2,3, ... , 10 

and the corresponding values of y wiII be those where 81 - 8x would be multiple of 5 
and therefore y = 13 and 5 

viz. 

Thus, the required solution would be 

(2, 13), (7, 5). 

It is observed that the procedure is not a suitable one. 

Now we take help of continued fraction as follows: 

Our first step is now to solve the equation 

8x + 5y = 81 

We first note that (8, 5) = 1 

And we take continued fraction expansion of this number as follows: 

8 
5 = 1 + 1 = [1,1,1,2] 

1+--
1 + 1. 

2 
Here, there are 4 convergents. 

3 8 
c) = I, c2 = 2, c3 = 2' C4 = "5 

It is seen that from c3 = ~ we get a pair (2, 3) and this pair is a solution to the 2 . 
equation 

8x + 5y = 1 

for, 8x2-5x3=1 

Now, 8x + 5y = 81 gives, 

8x + 5y = 81 (8 x 2 - 5 x 3) 

or x = 162 + 5t 

:y = -243 - 8t 

and this true for t = 0, ± I, ±2, ±3, .... 

for t = -32 we get x = 2, y = 13; 

t=-31 gives x = 7, y = 5 etc. 

Example 7. Sailors, coconut and monkeys problem: 

The foIIowing problem is of considerable age and, in one form or another, continues 
to appear from time to time. 

Five saiiors were cast away on an island. To provide food, they collected all the 
coconuts they could find. During the night one of the sailors awoke and decided to take 
his share of the coconuts. He divided the nuts into five equal piles and discovered that 
one nut was left over, so he threw this extra one to the monkeys. He then hid his share 



FAREY SEQUENCES, CONTINUED FRACTION, PELL'S EQUATION 197 

and went back to sleep. A little later a second sailor awoke and had the same idea as the 
first, 

He divided the remainder of the nuts into five equal piles, discovered also that one 
was left over, and threw it to the monkeys. Then he hid his share. In their tum the other 
three sailors did the same thing, each throwing a coconut to the monkeys. Then next 
morning the sailors, all-looking as innocent as possible, divided the remaining nuts into 
five equal piles, no nuts being left over this time. The problem is to find the smallest 
number coconuts in the original pile. 

Solution: Suppose x is the original number of coconuts. 

The first sailor took ~(x - I) .Coconuts and left *cx - 1) 

Similarly the second sailor took, 

1[4 ] 4x-9 16x-36 --:- - (x -I) -I = -- Coconuts and left four times this number, or -- -. 
5 5 25 25 

Similarly, we find that the third, fourth, and fifth sailors left, respectively, 

64x - 244 256x -1476 1024x - 8404 N 
----, , uts. 

125 625 3125 
Now the number of nuts in the last pile must be a multiple of 5, since it was divided 

into five piles with no nuts left over. 

Hence 
1024x - 8404 

3125 
= 5y, 

where y is some integer. Multiplying both sides by 3125 we obtain the indeterminate 
equation 

1024x - 15625y = 8404 

As (1024,15625) = 1 the equation has solutions. 

We seek a particular solution (xl' Y1) of the equation 

1024x - I 5625y = I 

To this end, the convergent of the continued fraction 

1024 . 
-- = [0, 15,3, 1,6,2, 1,3,2, 1] 
15625 

are calculated 

i -I 0 I 2 3 4 5 6 7 8 

a j 0 15 3 I 6 2 I 3 

Pj 0 I I 0 I 3 4 27 58 85 313 

qj I 0 
J,jl 
t lll ,,1 15 46 61 412 885 1297 4776 
r 
i 

c, , 
I 

9 

2 

711 

10849 

711 --
10849 

.. ·c*) 

... (**) 

10 

I 

1024 

15625 
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The convergent c9 yields the particular solution xl = q9 = 10849, Yl = P9 = 711 of 
equation (**). 

Hence Xo = 8404xI =91174996, 

Yo = 840YI = 5975244 will be a particular solution of,equation(*). 

The general solution is 

X = 91174996+ 15625t 

Y = 5975244 + 1024t, t = 0, 1,2, ... 

Keeping in note that the values are positive, the possible value of t will be -5835 
and we finally obtain 

X = 91174996-91171875=3121 

Y = 5975244 - 5975040 = 204, which means that the original 
number of coconuts was 3121 and each sailor received 204 in the final distribution. 

5.5 QUADRATIC IRRATIONALS 

Definition: A number of the form P ±..[i5 , where P, D, Q are integers, and where D is 
Q 

a positive integer but not a perfect square, is called a quadratic irrational, or a quadratic 
surd It is the root of the quadratic equation 

Q2x2 _ 2PQx + (p2 - D) = 0 

There are irrational numbers, which are not quadratic. The number 1t = 3.14159 ... is 
one example. The irrational number .fi is the solution of the algebraic equation ~ - 2 
= 0 and is therefore called an algebraic number. Thus 

Definition: An algebraic number is a number x, which satisfies an equation of the type 
aaxn + al~ - I ... + an = 0, where ao' ao' ... are integers, not all zero. 

A number, which is not algebraic, is called a transcendental number. The irrational 
number 1t is transcendental. 

or 

or 
or 

We note the ICFs for .fi,J3,..[5 ... etc., ' 

rCF for .fi 

[.fil = 1 

.fi = 1 + a', 0 < a' < 1, a' E g: 
1 

= 1 + -, a l > 1, a l E g: 
al 

_1 =.fi - 1, 
a l 

u l = .fi + 1, 

u l = 2 + a", a' E g: 
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or 

ICF for ../3 

or 

or 

or 

or 

or 

LC.F for .J5 

Therefore, 

1 1 1 
<l:!=--= =--=..fi+l 

u,-2 ..fi+1-2 ..fi-l 

..fi=I+ 1 
2+----

2 + 1 
2 + ...... 

= [1,2,2,2, ... ] 

= [1,2] 

1 
[../3] = 1, ../3 = 1 + -, u, > 1, u, E (! u, 

1 ../3+1 
u, = ../3-1 = -2-

1 
[u,] = I, u, = 1 + -, u2 > 1, u2 E (! 

u 2 

1 1 2 2(../3+1) 
<l:!=--=--=--= =../3+1 

u,-1 ../3+1 ../3-1 2 

2 

1 
[u2] = 2, u2 = 2 + -, u3 > 1, u 3 E (! 

u 3 

1 1 1 ../3+1 
u =--= =--=-- =u 

3 u 2 -2 ../3+1-2 ../3-1 2 ' 

_ 1 1 1 1 
../3 - 1 + -.-.-.- ... 

1+ 2+ 1+ 2+ 

= [1,1,2,1,2, ... ] = [1,1,2] 

[.J5] =2, 

1 .J5 = 2 +-, u, 
1 u, = .J5 + 2 = 4 + -, 

u2 

1 1 
<l:! = -- = -- = .J5 + 2 = u, 

u,-4 .J5-2 

.J5 = 2 + _--=-1 __ = [2, 4]. 
4+ 1 

4 + ...... 

199 
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Definition: The type of infinite continued fraction in which partial quotients are repeated 
after certain term is called a periodic continued fraction. 

Definition: If an ICF is periodic from the very beginning, it is said to be purely periodic. 

A purely periodic ICF is of the form [ao, a l ' a2 , ... , an ] 

Example 8. 

For, 

Some result. 

J2 = [I, 2] is periodic 

1 1 1 J2 - 1 + -.-.- ... 
2+ 1+ 2+ 

J2 + 1 = 1 + 1 + _1_._1_._1_ ... ;= [2, 2, .:.] ;= [2] is purely periodic 
2+ 1+ 2+ 

.J6 = 2 + _1_._1_._1_._1_ ... = [2, 2,4] is periodic 
2+ 4+ 2+ 4+ 

.J6 + 2 = 2 + 2 + _1_._1_._1_._1_ ... = [4,2] is purely periodic. 
2+ 4+ 2+ 4+ 

Note: We note the numerators Pn and the denominators qn of the convergents c =!'!..!!.. 
n q 

of the infinite continued fraction . n 

[aO,a l , ... , an' ... ] 

satisfy. the result Pnqn-I - Pn-Iqn = (-It 

and this gives, 
!'!..!!.._ Pn-I = (_I)n-1 

- -=---'--- and this gives 

Theorem: 5.24. 
(_l)n-I 

cn-cn _ l = ,n~2 
qnqn-I 

Theorem 5.25. 
an(-l)n 

cn - cn _ 2 = , n ~ 3 
qnqn-2 

Pn Pn-2 p nqn-2 - Pn-2qn 
Proof: cn - cn - 2 ;= - - -- = 

qn qn-2 qnqn-2 

Putting Pn = an Pn - 1 + Pn - 2' qn = an qn - I + qn _ 2' we get 

Pn qn-2 - Pn-2 qn = (anPn_1 + Pn-2) qn-2 - Pn-2 (an qn-I + qn-2) 

= an (p n - I q n - 2 - P n _ 2 q n _ I) an (-1 t - 1 

and therefore we get finally, 
a (_l)n-2 

c
n 

- c
n

_
2 

= -=.:..11 __ _ 

qnqn-2 

(-l)nan 

qllqn- 2 
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Note: If 0. is a periodic infinite continued fraction then 0. is a root of some equation of 
the type 

ax2 + bx + c = 0 

a, b, C E Z 
a>O 

b2 - 4ac > 0, and is not a perfect square. 

Obviously 0. E g: 

Example 9. Let 
1 1 1 1 1 1 

0. = 4 + -.-.---.-.... 
1+ 3+ 4 + 1 + 3+ 4+ 

4 I 1 1 (. . d' ) = + -.-.- IS perlO IC 
1+ 3+ a 

190. + 5 
or 0.=---

40. + 1 

or 40.2 - 180. - 5 = O. 

or a is a root of 4~ - 18x - 5 = 0, 

and, a is a quadratic surd 

... (1) 

Theorem 5.26. If a is a purely periodic infinite continued fraction then a is a root of 
some equation of the type 

ax2 + bx + c = 0 

a, b, C E Z, 
a>O 

b2 -4ac>0 

and is not a perfect square. 

Proof: Suppose 0.= [aO,al,a2, ... ,an ] 

= [aO,al ,a2, ... , an' a] 

o.Pn + Pn-I 
[a purely periodic ICF] 

aqn+qn-l 

or _ o.2qn + o.qn _ 1 - o.Pn - Pn _ 1 = 0 

Therefore. a is a root of the equation 

qrf2 + (qn _ 1 - Pn) X - Pn _ 1 = 0 

... (1) 

... (*). 

Thus a is either a quadratic irrational number or a rational number, but the later is ruled 
out by what we have already proved that the value of any infinite simple continued 
fraction is irrational. 

Next ex. = Go + _1_ > ao 2 1 gives, a > 0 
0. 1 
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Now suppose a periodic ICF is 

m' m 
where - and - are the last two convergents to [bo,b p b2, ... , b

J
.] 

q' q 

am+m' 

aq+q' 

But a is of the form a + ..Jij , and hence ~ is of similar form because, as with a, the 
c 

possibility of a being rational can be ruled out. 

Definition: (I) has two roots a and a', say (a -:f:. a~ 

They are called conjugate of each other 

Theorem 5.27. Let a = [aO,al ,a2, ... , an] is purely periodic, 

Then (I) 

(2) 

Proof: 

(I) 

a >1 

-1 < a ' < 0 (i.e., a is reduced) 

Theorem 5.28. If a and a I are the two roots of the equation (1) 

And a is purely periodic, then 

(ii) 

1 
a = ao + - > ao ~ 1 ~ a > I. 

a l 

a = [aO,a p a2, ... , an] = [aO,ap a2, ... , an' a] 

aPn + Pn-I 

aqn +qn-I 

or a2qn + aqn _ I - aPn - Pn _ I = 0 

Therefore, a is a root of the equation 

f(x) = q~2 + (qn _ I - Pn) x - Pn _ I = 0 

The other root is a I 

It is enough to show thatf(O) < 0 and,f(-I) > 0 

Now f(O) = -P n _ I < 0 

And f(-I) = qn - (qn - I - Pn ) - Pn - I 

= q~ -- qn - I + Pn - Pn _ I ~ 0 
Butf(-I) = 0 gives a E Q, a contradiction. 

Therefore, f(-I) > O. 

... (*) 
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Definition: A quadratic surd is said to be reduced 

If (I) a > I 

(2) . -I < a' < 0 

Now is a root of 

cd + bx + c = 0 

a> 0 

b, c E Z 
b2 -4ac>O 

and a is not a perfect square. 

-b ±.Jb2 -4ac 
a= 

2a 

P±.JD 

Q 

where Q > 0 and P, Q, D E Z, D > 0 

sayP =-b,D=b2-4ac,Q=2a, 

or 

-b +.Jb2 -4ac 
a= 

2a 

-b -.Jb2 -4ac 
a' = (a > a~ 

2a 

The above supposition gives that 

(i) P < .JD, 0 < P < .JD 

(ii) P> O. a' < 0 ~ 0 < P < .JD 
Now, a> 1,-1 <a'~a+a'>O 

2(PIQ) > 0 or P > 0 

P+.JD 
a > 1 gives > I or Q < P + .JD, 

Q 

Again, p2 - D = b
2 

_(b
2 

-4ac) = 4ac = 2c E Z 
Q Q 2a 

.. (ii) 

(jiii) 

Hence we get. 

QIp2-D 

0< Q < 2m 
QIP2_D 

Lemma 5.29. (i) 0 < P < .fi5 
. (ii) 0 < Q < 2m 

(iii) Q I p'2 - D. 

203 

... (1) 
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P+.Ji5 I 
Lemma 5.30. Let a = be reduced with Q I p2 - D and aD = [a], a = aD +-;:;-

Q 1 

Then a l is reduced and we can write 

PI +.Ji5 . 2 a, = Q, ' where PI' Q" DE (1, Q, I P , - D 

I 
Proof: - = a - a a 0 

or 

or 

, 
I P*+R*.Ji5 

Gives a = -- = p* Q* R* E Z , Q* ' , , a -aD 

Since a l " the conjugate of a, is obtained from a, by changing the sign of .J75, 

So 

We have 

--\- = a, - aD, since, a > I, aD ~ I a, 

--\- < -1. (since, a' < 0) a, 
P+.Ji5 I 

a = --- and a = a +-
Q 0 a, 

I 
- =a-a = a G , 

Q _ Q(.Ji5-(P-aoQ)) 

a, = P--'}(lQ+.fi5 - D-(P-aoQ)2 

Denominator = D - p'2 + 2aoPQ - aD 2~ 

= Q W' + 2aoP - a0
2Q) = QQ,(say), Q, E Z 

Now Q I p2 - D gives Q i D _ p2 

or D - p2 = QQ' p (say), Q' E Z 

P, +.J75 a, = ' , PI' Q, E Z 
Q, 

and D_p,2=Q'Q, 

gives Q,ID-P,~ or Q I IP1
2 -D. 

Lemma 5.31. Let a = [ao,a l • ". an] 

P +.fi5 
Then an is reduced and (x" "" _J!..--Q_ Pn, Qn E Z, Qn I D - Pn 

II 

Proof: Applying the Lemma 5.30 times we get the result. 
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Lemma 5.32. The CF for a E QC is periodic 

Proof: Let a = [ao,a]> .. , an' an + d· 
It is enough to show that 

:3i. j j ~, i < j, such that a i = aj 

_ Pn +.fi5 
an - , where an is reduced and P n' Qn' D E Z. 

Qn 

By lemma 3, 

Again we have, O<P <.JD n 

o < Qn < 2.fi5 
:3 

only finitely many integers (Pn, Qn) since, Pn, Qn' are bounded. 

205 

Since the choice of n is infinite (n E ~), (P n' Qn) must coincide for some different 
values. i.e., :3 

i < j such that (Pi' Q) = (Pp Q) (does not mean the OCD) 

Pn ai = aj [an = - ... J 
Qn 

i.e., 

Lemma 5.33. The a i of the last lemma can be chosen to be 0.0 (=ao) so that CF for a 
is purely periodic. 

Proof: by the last lemma we have, a i = ap i < j. 
Suppose i > 0 (if i = 0, there is nothing to prove) 

I 
We know that an = an + -- and a's are reduced. 

an + 1 

The same relation must connect their conjugate 

i.e., 

and so, 

Now, 

and, 

and 

... (i) 

... (li) 
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gives 

using (iii), (ii) gives 

a i _ 1 = aj - 1 

Applying this i times, we get 

ao(=ao) = aj _ 1 = ak (say) 

I 1 
a = ao + --.--... . 

a I + a2 + a k -I + a k 

= [al·a2···,ak _ l l 

... (iii) 

Consider N E ~, N,* a perfect square. . 

Now CF for .IN cannot certainly be purely periodic, because the conjugate of .IN 
is -.IN and this does not lie between - 1 and 0 

Let [.IN] = ao and consider .IN + ao' 

Conjugate of this number is -.IN + ao which does lie between - 1 and 0 

Hence CF for .IN + ao is purely periodic. 

1 1 
If .IN = ao + ----.,.---

a l + a2 + an -I + a + 

1 1 1 1 1 
Then, .IN + ao = 2ao + ---- ... -------... 

a l + a2 + an + 2ao + a1 + 

Consequently, the expansion for .IN is 

.IN = [aO,a l ,a2' ... , 2ao ], 

where the period starts after the first term and ends with the term 2ao 

e.g., ..ti = 1 + _1 _1 ... and [..ti] = 1, ..ti = [1, 2] 
2+ 2+ 

r::; 11 -
",2 + 1 = 2 + --... ---- ---- ... = [2] 

2+ 2+ 

../6 = [2,2,4], [../6] = 2, ../6 + 2 = [4,2] 

Example 10. Evaluate the infinite continued fraction [1, 1, 1, ... ] 

Solution: Let m = [1, 1, 1, ... ]. 
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Then m = m + 11m 

And this gives 

m2 -m+ 1 =0 

Therefore, m= 
1 + F+4 = _1 +_../5_5 

5.6 PELL'S EQUATION 

x2 -NI=1 

NEf:::! 

x, y E 7L 

2 2 

Case I: N = a perfect square, say n2, then (1) becomes x2 - (ny)2 = 1 

or 

(x + ny) (x -: ny) = 1 

.. x = ±1 

Y = 0 
are the only solution: so we are not interested in this case. 

Case 11: N *- a perfect square 

Let 

r;:; 1 1 1 1 
Therefore, v N + ao = 2ao + ---- ... ----

a 1 + a2 + an + 2ao 

1 1 1 1 
, so = ao + ---- ... ----.... 

a 1 + a 2 + an + 2ao 

Now let, 

207 

... (1) 

Pn-l Pn --and - be the twoconvergents coming immediately before the term 2ao 
qn-l qn 

i.e., 
Pn-l 1 1 1 
-- = ao + ---- ... --
qn-l a1+a2 + an- 1 

By a former formula we get 

r;:; an+1Pn+Pn-l 
v N = ------:.......:..:..-~..:.. 

an+lqn + qn-l 

where an + 1 is the complete quotient after an 

... (i) 
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i.e., J}j = aD + ---------
a l +-----------------

a2 + ------------:-1--
......... an +--

a n + 1 

. . an + I = J}j + aD 
Substituting this value for an + I in (i) we get 

J}j (J}j + ao)q/l + J}j qn - I = (J}j + ao) Pn + Pn - I 

Here J}j E Q" and all others E N 

This gives 

Therefore, 

Nqn = arRn + Pn - I 

aoqll + qn - I = Pn 

Pn - I = Nqn - arRn 

qn - I = Pn - aoqn 

Substituting this in Pnqll _ I - P
Il

- I qn = (-1)n-l, we get 

Pn(P1l - aoqn) - (Nqn - arRn) qn = (-It - I 

or p/ - Nq/ = (_I)n-I 

If n is odd, (Pn' qn) is a solution of PelJ's equation x2 - Ny = 1 

... (*) 

If n is every, we take two consecutive convergents at the end of the next period etc., 

1 1 
i.e., J}j + aD = 2ao + ---- ... 

a l + a2 + an + 2ao +a l + a2 + an + 

Since the term an when it occurs for the 2nd time would be a2n + I if the terms were 
numbered consecutively and therefore to consider the new convergents, we have to 
change n in (*) into 2n + 1 giving 

P;n+1 - Nq;n+1 = (-lin + I 

and therefore, 

Theorem 5.34. (P2n+ I' q2n+ I) is a solution ofPell's equation in terms ofconvergents. 

Example 11. Find a solution of x2 - 21y = 1 

Solution: Here, N = 21, 

1 1 .J2T = 4 + -, a l = .J2T 
a l 21-4 

or, 
1 

a l =1 +-
a 2 
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1 1 5 5(.J2I + 1) .J2I + 1 

or, 

or, 

or, 

or, 

or, 

Here n = 5 

~ = 0. 1 -1 = .J2I + 4 -1 .J2I -1 20 4 

5 

1 4 1 
~ = -- = = -(.J2I +3) 

0. 2 -1 .J2I+1-4 3 

1 
a. =2+-

3 a
4 

1 3 3 .fil+3 
a =--= 

4 a 3 -2 .J2I+3-6 .fil-3 4 

1 
a = 1 +-

4 a s 

a = _1_ = 0 = '!'(.fil + 1) 
5 a 4 - 1 5 

1 
as = L+-, 

a 6 

a = _1_ = dt =.fil +4 
6 as-I 21-4 

1 
a =8+-

6 a 
7 

1 1 .fil+4 
~ = a

6
-8 = .J2I+4-8 = 5 =a l 

.J2I = 4 + _1 _1 _1 __ 1 _1 _1 __ 1 ... = [4,1,1,2,1,1,8] 
1+1+2+1+1+8+1+ 

51 + 4 is purely periodic. 

. . the convergents are: 

Po = i 
qo 

PI = ~ 
ql 1 

!i =~ 
q2 2 
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P3 23 
-=-
q3 5 

P4 = 32 
q4 7 

Ps =~ 
qs 12 

X=55} 
y= 12 . 

Example 12. Solve: x2 - 29y = I 

Solution: 

so 

Here n = 4. 

then 

J29 = [5, 2,1,1,2,10] 

J29 + 5 = [10,2,1,1,2] 

x = P2n + I = P9 

Y = q2n + I = q9 

Convergence are 

NUMBER THEORY 

5 11 16 27 70 727 1524 2251 3775 3775 9801 
1'2'3'5'13' 135' 283 ' 418 ' 418 ' 701 ' 1820 

x = 9801} 
Y = 1820 . 

Example 13. Find a particular solution of he equation x2 - 211 = 1 

Solution: Here N = 21, and the continued fraction expansion of J2l is 

J2l = [4,1,1,2,1,1,8] = [aI' a2,a3 ,a4,aS,a6,2al] 

and this shows that n = 6, an even number. A calculation shows that n = 6, an even 
number. A calculation show that 

55 
c6 = 12 

so that XI = P6 = 55 

YI = q6 = 12, 

and x I
2 - 21YI 2 = 552 - 21.122 = 3025 - 3024 = 1 

H XI = 55} . . 1 1· f th· . ence, YI = 12 IS a parbcu ar so utlOn 0 e gIVen equatIon. 

[Partial quotients begins from ad 
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Theorem 5.35. If (X" YI) is the least positive solution of Xl- - N; = 1, then all the other 
positive solutions (xn, Yn) can be obtained from the equation 

xn + Yn .IN = (x, + Y, .JNt ... (&) 

by setting n = 1,2,3, ... 

Proof: The values of xn and Yn are obtained from 

xn + Yn .IN = (xI + y,.JN)n by expanding the term 

(xI + YI .IN)n by binomial theorem and equating the rational and purely irrational 
parts of the resulting equation. 

For, if (xl' y,) is the least positive solution of Xl- - N; = 1, 

then the solution (x2' Y2) can be found by taking n = 2 in (&). 

and 

This gives 

So that 

X2 + Y2 .IN = (x, + Y, .IN)2 

= (x,2 - NYI 2) + (2x,y,) .IN 

x =x 2 +Ny2 2 I I 

; = 2xIYt-

Using these values, a direct calculation shows that 

x/ - Ny/ = (x,2 + N y,2) - N(2x,y,i 

= x 4 + 2 N x 2y 2 + N2 Y 2 _ 4N x 2 Y 2 , I 1 1 1 1 
=x 4 _2Nx 2y2+N2y 4 

I I I I 

= (x1
2 - N y ,2i 

= 1 

It can be easily shown that 

xn
2 - NYn2 = (x1

2 - Ny,2)n = 1 

Thus, xn and Yn are solutions of the equation x2 - N; = 1. 

Example 14. Find a second solution of the equation x2 - 21; = 1 

Solution: A second solution (x2' Y2) can be obtained by setting n = 2 in 

xn + Yn .IN = (xI + yl.JNt 

where N = 21 

XI = 55 

and YI = 12 
this gives 

x2 + Y2 J2l = (55 + 12J21i 

= 3025 + 1320J21 + 3024 

= 6049 + 1320J21 

and this gives that 
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x2 = 6049 

Y2 = 1320. 

These values satisfy the equation x2 - 21; = 1, 

Since 

(6049)2 - 21(1320)2 = 6590401-46590400 = 1. 

Note: In general, the solutions of Pell's equation becomes large very fast. 

5.7 FIBBONACI NUMBERS 

so 

A o B 

The line segment AB is divided at 0 in two parts so that 

AB: AO = AO: OB 

Suppose 

AO = x and OB = 1 then we get 

x + 1 x 2 -- = - or x - x-I = 0 
x I 

Since the root of this equation should be only positive, 

-1+../5 
x= 

2 

... (i) 

... (ii) 

This value of x is usually denoted by the latter ~ and is called the Golden Ratio. 

From (ii) we get 

1 
x2 = x + lor, x = 1 + -

x 

and putting ..!.. in place of x we get the following infinite continued fraction: 
x. 

x = 1 + ----- = [I, 1, 1, 1, ... ] 

1 + 1 
1+--

1 + ..... 

1 

And the corresponding convergents are here, 

C1 = 1, 

1 2 
C =1+-=-

2 1 1 ' 

1 3 
C =1+--=-

3 1 2 ' 
1+-

1 

5 8 13 
C4 = 3' C5 = 5' C6 = 8' .. etc. 
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The numbers we observe in the above convergents are 

1, 1,2,3,5,8, 13, ... etc 

and these are given in the following formula: 

FI = 1, F2 = 1, Fn = Fn _ I + Fn _ 2' n ~ 3 
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Sometimes the sequence is assumed to start from 0 and then we write in the following 
form: 

Fo = 0, FI = 1, Fn + I = Fn + Fn _ I' n ~ 1 

And this is called the Fibonaci sequence. 

Fibonacci sequence is named after Fibonacci, an Italian mathematician of the 
thirteenth century who used this sequence to solve a problem about rabbit populations. 

Example 15. FI = 1, F2 = 1, Fn = Fn _ 1 + Fn _ 2, n ~ 3 

is given as the Fibonacci sequence: 

Prove that 

Solution: Since, 1 = FI = 2 - 1 = F3 - 1, the formula is true for n = 1. 

Assume that the result is true for 1, 2, 3, ... k 

Now 

FI + F2 + ... + Fk+ I = (FI + F2 + ... + F J + Fk + 1 

= (Fk + 2 - 1) + Fk + I 

= (Fk + 2 + Fk + I) - 1 

= Fk+ 3 - 1. 

Example 16. Prove that Fn + ? - F'nFn + 2 = (_1)n 

Solution: As before, Fl- FIF3 = 1 - 1.2 = -1 = (_1)1 

Hence the result is true for n = 1 

Assume that the same is true for 1, 2, ... , k 

Now F2 k + 2 - Fk + I Fk + 3 = Fk + 2 (Fk + 1 +Fk) ,- Fk + I (Fk + 2 + Fk + I) 

=Fk+2Fk-F~+1 
= - (Fk + r -F ~k + 2) = -{_I)k = (-Ii + I 

And the result follows by induction. 

The Fibonacci numbers satisfy many identities. 

We note the following example: 

Here the Fibonacci sequence is defined as follows: 

fi = 1,12 = 1,1n = In-I T 1n-2 for n ~ 3. 
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Now we note the following: 

.Ii = 1, 
fi + fi = 1 + 1 = 2, 

fi + fi + 13 = 1 + 1 + 2 = 4, 

fi + fi + 13 + 14 = 1 + I + 2 + 3 = 7, 
fi + fi + 13 + 14 + Is = I + I + 2 + 3 + 5 = 12 

The very pattern of the above arrangement helps us to guess that 
n 

L fj = f" + 2 - 1 
j=1 

Example 17. Prove that in Fibonaci sequence 
n 

Lj~=f,,+2-1 
j=1 

Solution: Proof will be by induction as follows: 

1 
We note that Lfj = I and this is same asfi + 2 -I =13-1 = 2 -I = I. The inductive 

I 
hypothesis is 

1. 

2. 

Now we show that 

Now 

n+l 

L fj = f" + 3 - 1 
j=1 

I EXERCISES 5.1 I 
Let E.. and ~ be the fractions immediately to the left and right of the fraction Y2 in 

b b' 

the Farey sequence of order n. Prove that b = b' = 1 + 2 [ n; 1 J. that is, b is the 

greatest odd integer ~ n. Also prove that a + a' = b.] 

a a' a" 
If -, -, - are any three consecutive fractions in the Farey sequence Qf order n, 

b b' b" 
a' a+a" 

then prove that -b' = ---
b + b'" . 
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3. Given that !!.- and ~ run through all pairs of adjacent fractions in the Farey sequence 
b b' 

of order n > 1. Prove that 

Prove that 

(a
l a) min --

b" b 
--- and max (a l 

!!.-) =1.. 
n(n-l) b"b n 

4. !!.- and.!!.... are two rational numbers such that ad - be = 1, b> 0, d> 0; n = max(b, 
b d 

d). Prove that !!.- and.!!.... are adjacent fractions in the Farey sequence of order n. 
b d 

5. Prove that in the Farey sequence of order n + 1 the above-mentioned two fractions 
need not be adjacent. 

EXERCISES 5.2 

1. Expand the rational fractions 14/5, -63/25, 1011201 into finite simple continued 
fractions. 

2. Convert the following expansion of continued fractions into rational fractions: 

[5, 1,2], [0,5, 1,2], [8]. 

3. Let ao' al' ... , an and bo' bi' b2 ' ... , bn + I be positive integers. Prove the necessary 
and sufficient condition that [ao' aI' ... , an] < bo' b l , ... , bn + d are that 

(i) aj = bj for 0 ::::; j ::::; n, then n must be even. 

(ii) if r = Min (j) such that aj 7' bj and r ::::; n - I, then we require ar < br, but for 
r odd, ar > br' 

(iii) in case r = n, then for n even we require an < bn, but for n odd we require 
an > 1 + bn, or an = 1 + bn with bn + I > 1. 

4. Let aI' a2, ... , an and e be positive real numbers. Prove that 

[ao, al' ... , an] > [ao, al' ... , an + e] 
holds if n is odd, but is false if n is even. 

5. Evaluate the infinite continued fraction [2, 1, 1, ... ] and [2, 3, 1, 1, 1, ... ] 

6. Evaluate the infinite continued fractions: 

(i) [2,2,2, ... ], 

(iI) [1,2, 1,2, ... ] 

(iii) [2,1,2,1, ... ] 

(iv) [1,3, 1,2,1,2, ... ] 

7. If two irrational numbers have identical convergents Po ,!!J..., upto Pn , prove that 
. d Co' • 'd' I qo ql qn their contInue lractIon expansIOns are 1 entIca upto an' 
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8. a, p, yare irrational numbers with a < p < y. If a and y have identical convergents 

!!L, ~, upto P n , prove that p also has these same convergents upto ~ n 
qo ql qn qn 

9. Find. the general integral solutions of the following equations .. Check each answer. 

(i) I3x - I7y = 1 

(ii) 65x - 56y = 1 

(iii) 56x - 65y = 1 

(iv) I3x - 17y = -1. 

(v) 65x - 56y = - 1. 

(vi) 13x - I7y = 5 

(vii) 56x - 65y = -3 

10. Two of these six equations do not have integral solutions. Find the general solutions 
in integers of the o·thers. 

(i) 183x+147y=9 

(ii) 34x - 49y = 5 

(iii) 183x - I74y = 9 

(iv) 77x + 63y = 40 

(v) 34x + 49y = 5 

(vi) 56x - 20y = 11 

EXERCISES 5.3 

l. Prove that Fn « 7/4t where Fn is the nth term of Fibonacci Sequence 

2. Prove that F2 + F4 + F6 + ... + F2n = F2n + 1 - 1 

3. FIF2 + F2F3 + F3F4 + '" + F2n_1F2n = F~n 
. _ 2 

4. FI F2 + F2F3 + F3F4 + '" + F 2nF2n + I - F2n + I -.1 
5. The Lucas number Ln are defined by the equations 

LI = 1, and Ln = Fn+1 + Fn_ 1 for each n ~ 2. 

Prove that Ln = Ln_ 1 + Ln_2(n ~ 3) 

Prove that 

6. Prove that 

LI + 2L2 + 4L3 + 8L4 + '" + 2n - 1 Ln = 2n Fn + I - 1 

7. Write down the first ten terms of the Fibonacci series. Prove in general that any two 
consecutive terms are relatively prime. 

8. Prove that the Fibonacci numbers satisfy the inequalities 

C +;15)"-' < F .. , « I +2,/5)". if n > I. 
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9. Prove that Fm + n = Fm _ IFn + F"ln + I for any positive integers m and n. Then 
prove that Fm I Fn if min 
(Take n = mq and use induction on q) 

10. Prove that for n ~ 2. 

j 
Fn = L n-'C,_I 

,=1 

such that 2j ~ n + 1 [use the fact that mC, = m - IC, _ I + m - IC,] 

11. Find the following Fibonaci numbers if" denotes the nth Fibonacci numbers) 

(a) fio (b) fi5' (c) fio (d) fi3 (e) fis (t) fi5 
n 

12. Use the fact that.lk = .Ik + 2 - .Ik + I for every positive integer k to find L Ik 
k=1 

13. Determine a formula for L 12j _ I = fi + fj + ... + :tin _ I where n is a positive integer 

by examining the value of this sum for all small positive integers. Prove this formula 
using mathematical induction. 

n 
Prove that L I~ = fi2 + 1/ + ... + 1,,2 = I,/" + I for every positive integer n. 

j=1 } 
14. 

Prove that In + lin _ I -1n2 = (-1)" for every positive integer n 15. 

16. 

17. 

Prove that In + I In -In _ lin _ 2 = fin _ I for every positive integer n, n > 2. 

Prove thatfifi + fifj + ... + fin _ lfin = fi;, if n is a positive integer. 

I' n when n E Z+ f 1 -
In-I 

By taking determinants of both sides of the result above prove exercise (15) 

19. Show that XI = 8, YI = 3 is a solution of the equation 

~ -7; = I 

20. Show that XI = 18, YI = 5 is a solution of the equation 

~ - 13; = -I, and proceed to the next period to find a solution of the equation ~ 
- 13; = I 

21. Show that xI = 17, Y 1 = 4 is the minimal solution of the equation 

x2 - 18; = 1. 

Find the next two solutions. 

22. Show that XI = 3, YI = I is the minimal solution of the equation 
- x2 - 10; =-1. 

Find a second solution by setting n = 3. 

000 
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6.1 QUADRATIC RESIDUES 
Consider the general quadratic congruence 

aX2 + bx + C == O(mod m), a ¢ O(mod m) ... (1) 

Note: (1) is a particular case of general congruence of nth degree. There we have reduced 
the problem of (mod m) to a series of problems mod p, a prime and the solutions mod 
p were to be found by trial of all residue classes. 

This is feasible for small p but impracticable for large p 

It is that defect which we propose to remain the case of quadratic congruence in the 
sense of proving another way of deciding whether another solution exists. 

Definition: If b == O(mod m) in (1), then (1) is called a pure quadratic congruence (pure 

Q.c.) 

i.e., aX2 + C == O(mod m), a ¢ O(mod m) is a pure quadratic congruence 

Theorem 6.1. Let p be an odd prime [for p = 2 it is trivial] 

And if a ¢ O(mod p) then, 

aX2 + bx + c == O(modp) 

is equivalent to the chain of the following congruences 

u2 == b2 - 4ac(moc p) 

2ax == u - b(mod p) 

Proof: By hypothesis (4a, p) = 1. Therefore (l ') is equivalent to 

4if~ + 4abx + 4ac == O(P) 

or (2ax + b)2 == b2 - 4ac(mod p) 

or if == b2 - 4ac(mod p), where u == 2ax + h(mod p) 

i.e., 2ax == !l - b(mod p). 

... (1 ~ 

Note: If there is no u satisfying u2 == b2 - 4ac(mod p) then there is no x :.atlsfying the 
given congruence (1') and if there is a u satisfying 
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u2 = b2 - 4ac(mod p), then because (2a, p) = 1 there is an x satisfying 

2ax = u - b(mod p) and satisfying the given congruence. 
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Remark: The solution of the general quadratic congruence mod m reduces finally to 
solutions of pure Q.C. modulo a prime. 

Hence we may consider a congruence of the form 

~ = a(mod p), (a, p) = 1, p an odd prime. 

Remark: The case a = O(mod p) i.e., (a, p) -:F- 1) is trivial having the unique solution 
x = O(modp). 

Definition: If the congruence ~ = a(mod m) has a solution, then a is said to be a 
quadratic residue (q.r.) (R) mod m. 

If there is no solution then a is said to be a 

Quadratic non-residue (q.n.r.) (N) mod m 

e.g., ~ = a(~od 13) 

Congruence Solution 

x2 = I(mod 13) x = 1 

x2 = I(mod 13) No solution 

x2 = I(mod 13) x = 3 

x2 = I(mod 13) x = 4 

x2 = I(mod 13) No solution 

x2 = I(mod 13) No solution 

x2 = I(mod 13) No solution 

x2 = I(mod 13) No solution 

~ = J(mod 13) x=9 

x2 = I(mod 13) x = 10 

x2 = I(mod 13) No solution 

x2 = I(mod 13) x = 12 
-

Thus 1,3,4,9, 10, 12 are R mod 13 

And 2,5,6,7,8,11 are N mod 13 

Euler's Criterion 6.2. 

If (a, p) = 1, p is an odd prime then 

p-I 

a is a q.r. (R)(mod p) if a 2 = 1 (mod p) 

p-I 

And is a q.n.r. (N) mod p if a 2 = -I(mod p) 

R or N 

1 is an R 

2 is an N 

3 is an R 

4 is an R 

5 is an N 

6 is an N 

7isanN 

8 is an N 

9 is an R 

10 is an R 

II is an N 

12 is an R 
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p-I p-I 

Proof: (a 2 -1)(a-2-+ 1)=cf1-1 == O(modp) (by Fermat Theorem) ... (1) 

or 

is 

p-I p-I 

i.e., a 2 ==1(modp)or,a 2 ==-l(modp) 

Let a be a q.r. mod p. 

or 

such that 

x02 == a(modp) 

a == xo2(modp) 

p-I 

a-2- == (X6) 2 ==xl- I ==xo<P{p)== l(modp) by Fermat's theorem. 

p-I 

Conversely, Let a 2 == 1 (mod p) 

If g is a primitive root mod p, then, 

g<P{p) == gP - I == 1 (P) and p - 1 is the least such positive integer 

Now cf == l(p), where, A is of the order of a (mod p) 

p-l 
Therefore, A I -2- gives A I p - 1 

or 

p - 1 = At, for some t E ~. 

g;u = gP - I == I == a A 

l == a(p) 

:. :3 t E ~ such that 

l == a(modp) 

t p - I p-I 

Then g 2 == a 2 == l(mod p) 

Gives 
t 

P - 1 I i(p - 1) 

t E ~ 
2 

( g ~ r = t = a(mod p) 

.. the solution ~ == a(mod p) 

Hence a is an R 

Thus, 

t 

X = g2(modp) 

p-I 

a is R if a 2 == I(modp) 

p-I 

a is N if a 2 == -I(modp). 
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Corollary 6.3. (l) If a is Rand b is R, then ab is also R 

Proof: 

p-I 

a is R .. a 2 == l(modp) and 

p-I 

b is R .. b 2 == l(modp) 

p-I p-I p-I p-'I 
-

.. (ab) 2 =a 2 a 2 b 2 == 1. 1 == l(modp) 

.. ab is R. 

(2) If.q is Nand b is R, then ab is N 

Proof: 

.,' a is N 

And b is R gives 

.. ab is N. 

p-I 

.. a 2 

p-I 

== -1(p) 

b 2 == l(p) 

p-I 

(ab) 2 

p-I p-I 

= a 2 b 2 == -1. 1 = == -1(P) 

(3) if a is Nand b is N, then ab is R 

Proof: 

a is N .. 

and b is N .. 

.. ab is R. 

p-I 

a 2 == -1(P) 
p-I 

b 2 == -{p) 

p-I p-I p-I 

(ab) 2 = a 2 b 2 == -1. -1 == 1(P) 

p-I p-I 

Remark: We have, (a-2- - 1)(a-2- + 1) = cI' - I - 1 == O(mod p) 

p-l p-l 
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... (i) 

From (1) it clear that if a 2 "I- l(mod p), i.e., if p l' a 2 - I (i.e., a is not }tor 
a is N) 

p-l p-l 

Then P I a-2- + 1 i.e., a-2- == -1(modp). 

p-I 

Therefore, a is N if a 2 == -1(mod p) 
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Th' I P -1 d' 'd d P -1 d' 'd Theorem 6.4. ere IS exact y -2- qua ratIc resl ue an -2- qua ratlc non resl ue 

modp 

Proof: Let Ro = the number of q.r. (R) 

No = the number of q:n.r. (N) 

Obviously Ro + No = P - 1 

p-I p-I 

Now a is R gives a 2 == l(mod p) :. a is solution of x 2 == l(mod p) 

p-l 
Ro:=;--

2 

And a is N gives 

p-I 

a 2 = - I (mod P) 

:. a is a solution of 

p-I 

x 2 =-1 (modp) 

P -l 
No:=;--

2 

. p-l 
:. (1), (2), (3) gIVe Ro = -- = No. 

2 

Theorem 6.5. If a is R so is also b if a == b(mod p) 

Proof: a == b(mod p) gives a = b + Ap, A e Z 

p-I 

And a is R gives a 2 == l(modp) 

or (b + Ap)(P - 1)/2 == l(modp) 

p-I 

or b 2 +J.1p==l(modp)J.1eZ 
p-I 

or b 2 == l(modp) 
:. b is R. 

Lemma 6.6. The congruence x<l>(p) = xf - 1 == l(mod p) 

has p - 1 incongruent solutions mod p 

viz., 1,2,3, ... , p - 1 

... (1) 

... (2) 

.... (3) 

... (*) 

Proof: Because, this set is incongruent mod p and by Euler's theorem every one satisfies 
(*). 

The set of solution can also be taken as 

... (2) 



QUADRATIC RESIDUES, LEGENDER'S SYMBI.-~S, JACOBI'S SYMBOLS 

Because 

(i) they are p - 1 in number 

(ii) they all satisfy (*) obviously. 

(iii) they are incongruent mod p, 

For if m2 and n2 are any two positive roots, m > n, 

then 1 $,n<m$, p-I 
2 

or O<m-n<m+n<p-I<p 

or m2 - n2 = (m + n)(m - n) ¢ O(P) .. m2 ¢ ~(P) 
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Similarly, if m and n are negative, or one is positive, and the other is negative, we 
can prove the result. 

The proof of the following lemma is left as an exercise. 

p-I 

Lemma 6.7. The incongruence roots of x 2 == I (mod p) 

are given by 2 2 2 (P_I)2 
I , 2 , 3 , ... , -2-

p-I 
(i) they are -- in numbers 

2 
(ii) all of them satisfy (\}') 

(iii) they are incongruent mod p 

Theorem 6.S. (p, a) = 1 => x2 == a(mod p) ... (1) has two solutions 

p-I p-I 

Proof: (i) If a 2 == l(p), then a is a solution of x 2 == 1 (mod p) 

Therefore, a is one of p - 1 solutions of (\}') in le~ma 6.7 So, a is one of 
2 

2 2 2 p-l 
( )

2 

I ,2 ,3 , ... , -2-

P -1 
$,n$,--

2 
Then (1) has the two incongruent solutions, x = n and x = -n 

(n ¢ p - n, for n == p - n => 2n == p(mod p) => If I n, impossible 

since • 1 $, n $,.( p ~ 1) 
p-I 

(ii) Suppose a 2 == -I(modp) 
If not let x == c be a solution of (1) 

.. c2 == a(modp) 

... ('1') 

... (2) 
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or 

or 
p-J 

a 2 

p-J 

== (c2)(p - J )/2 

== cP - J == l(mod p), by Euler's theorem 

i.e., a 2 == I (mod p) which is not the case, Hel. e. 

Example 1. If prime p == l(mod 4) and a is a q.r. of p, show that 

p - a is also a q.r. of p 

Hence show that 

if a, (i = 1,2, 3, ... , P ~ 1) are q.r. of p satisfying 0 < a j < p, then 

!(p- J) 
2 1 

La; = -pcp - 1) 
;=J 4 

Solution: If ~ == a(mod p) has a solution, then a is a q.r. of p 

If a is a q.r. of p, then 

Here 

and therefore, 

p-J 

a 2 == I(mod p) and conversely. . , 
p == I(mod 4) i.e.,p = 4k+ I, kE Z. 

P -1 = 2k 
2 

p-J 

a 2 == I (mod p) which gives, ~k == l(mod p) 
p-J 

Now (p - a) 2 == (p _ a)2k 

Let 

==p2k_CJp2k-1 a + ... +(_ik~k 
==~k+f...p 

== ~k(modp) 

== I(modp) 

(p - a) is a qr of p. 

S = a J + a2 + ... + a2k 
S = (p - a J) + (p - a2) + ... + (p - a2k) 

2S = p + P + ... to 2k terms 

= 2kp 

1 
S = kp = "4P(P - 1). 

Example 2. Prove that if r is a quadratic residue modulo m > 2, then 

+(m) 

r 2 == I(modm) 

... (i) 
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Solution: Since r is a quadratic residue mod m there is an a such that r == d!(mod m) Again 
d\l(m) == l(mod m) Therefore, r+(m) == d!<I>(m) == l(mod m) 

+(m) 

.. r 2 == l(modm). 

Example 3. Let p be an odd prime. If there is an integer x such that p J (x4 + 1) then 
p == l(mod 8): 

Show that there are infinitely many pr,imes of each of the fonns 

8n + 1, 8n + 3.8n + 5, 8n + 7. 

Solution: Left as exercise. 

6.2 LEGENDRE'S SYMBOL 

The Legendre symbol is the special symbol associated with quadratic residues named 
after Adrein-Marie-Legendre, the French mathematician. 

Oetil")ition: 
O} if p Ja 
1 ifaisR,(a,p)=, 1 [p-aprime] 

-1 if a is N 
(;) = 

Theorem 6.9. (I) f(a, p) = 1, then 

(;) == aP~J (modp) 

Proof: (;) == ± 1, by definition 

p-J 

But a 2 == ± 1 (mod p) by Euler's criterion 

() 

p-I 

Therefore, == a 2 (modp). 
p
a 

00 (;)(;) =(~) 
Proof: 

(i) if a is Rand b is R, then ab is also R and then 

Therefore 

(;) = 1 = (; ) and ( ~ ) = 1 

(~) =1=1.1=(;)(:) 
(ii) a is R. b is N then ab is N 
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(;) = 1, (; ) = -1, ( ; ) = -1 = 1.(-1) = ~; ) (; ) 

(iii) a is N, b is N then ab is R 

(III) 

(;) = -1, (;) = -1, (;) = 1.1 = (-1)(-1) = (; )(;) 

a = b(v) ~ (; ) = (; ) 

Proof: If a is R or N so is also b and therefore, (;) = (; ) 

(IV) (r;) = 1, 

since ,2 is always a q.r. 

(V) (r,p) = 1 then (a:2

) = (;) 

Proof: (a:2

) = (; ) ( r; ) = (; J 1 = (;) • 

Example 4. If P is an odd prime, show that Pi I(!!..) = 0 
a=1 p 

Solution: Out of 1, 2, 3, ... , P - 1, half is R and half is N 

Therefore, for one half ( ; ) = 1 and for other half (; ) = -1 

P-I( ) Therefore, L !!.. = 0 
a=i p 

Theorem 6.10. Let (a, p) = I. 

If P = l(mod 4), then -a is R mod p if and only a is R 

If P = 3(mod 4) then -a is N mod p if and only if a is R 

Proof: (-;) = (-a)P~1 = (-I)P~1 aP~1 = (-I/~1 (;) 
(i) If p = l(mod 4) then 

p-l 
P = 4k + 1 and therefore, -- = 2k, even 

2 
p-I 

And (-1) 2 = (-1)2k= 1 
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Therefore, (-;) =(;) 
( - ;) = (;) , Since, ( - ; ) = ± 1, (; ) = ± 1 

. . ± 1 = ± 1 so, both + I or both - I (i.e., both are equal.) 

.. -a is R iff a is R 

(ii) If P = 3(mod 4) then 

p = 4m + 3 and so, 

p-l 
-2- = 2m + 1 and is odd. 

p-I 

So, ( -1 ) 2 = (-I )2m + I = -1 

Therefore, ( - ;) = (;) (mod p) 

~ (-;) = -(;) 

Thus, -a is N iff a' is R. 

Corollary 6.11. if p = 1 (mod 4) then - 1 is R 

and if p = 3(mod 4) - 1 is N 

Guass' Lemma 6.12. 
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Let p be an odd prime and let (a, p) = 1, Il denote the number of integers in the sequence: 

a, 2a, 3a, ... , p - I a ... ... (1), whose least positive remainder mod p are greater than p 
2 2 

(divisor less than p) then (;) = (-1)11 

Proof: Let aI' a 2, ... , all be those among the least positive remainders of the numbers 

in ... (\) which are greater than P, then the remaining numbers are ~I' ~2' ... , ~I such that 
2 

p-l 
A+Il=--2 . 

(
a)p-l = p -2-! (modp) ... (ii) 
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Next the numbers 

all occur among 

p - a p p - a2, ... , p - a~ ~I' ~2' ... , ~A 

p-l 
1,2,3, ... -2-

Moreover, p - a j ¥ ~j(P)' 
for p - a l == ~j 

gives a l + ~l == O(modp) 

or a i + pql + ~j + pq2 == O(modp) 

p-l 
or as + at == O(mod p) (1 ::; s, t::; --, 

2 
since ai' ~j are remainder of the form ka are divisible by p] 

or p I a (s + t) 
pis + t (since, (a, p) = 1) 

which is impossible. 

... (iii), 

Thus the numbers p - a p p - a 2, ... , p - a~ ~I' ~2' ... , ~I are exactly the number 
p-l . 

1,2,3, ... -2- In some order. 

Therefore, 
p-l p-l 

, -2-! = 1.2.3 .... -2-

= (p - a l ) (p - ( 2) ... (p - a~) ~I ~2 ... PI.. 
== (-<XI) (-<X2) ... (-<x~) ~I ~2 ... ~I (mod p) 

== (-1)~ a l a 2 ... a~ ~1~2 ... ~A (modp) 

putting in (ii) and cancelling a's and Ws we get 

. (;) =(-I)~(mOdP)~(;)=(-l)~' 

[since, (;) = ±1 = (-I)~ and both must be same otherwise ¥ (mod'p)] 

(2) p2_1 
,Exam pie 5. Show that p = (-1) -8-

. p-l 
Solution: Consider the numbers 2.l, 2.2, 2.3, ... ,2'-2-

i.e., 2, 4, 6, ... , p - 1 

Clearly J.l = the number of 2x such that p < 2x < P 
2 

i.e., 

Let 

p <x < P 
4 2 
P = 8k + r, r = I, 3, 5, 7 

If r = 1 ; then (*), becomes 

... (*) 
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i.e., 

2k + ..!.. < x < 4k + ..!.. 
4 2 

2k + 1 ~ x ~ 4k, 

Il = 4k - (2k + I) + 1 = 2k 

(-1)11 = (-lik = 1. 

(
2) 2k p2_ I _ Sk2 p2_1 

So, P = 1 = (-I) = (-I) S = (-I) S 

If r = 3 then (*) becomes 

2k + 1 ~ x ~ 4k + 1; Therefore, Il = 2k + I, therefore, 

(~) = (_1)(2k+ I) = ~ _1/
2

S-1 

If r = 5 then (*) becomes 

(8k + 5)/4 < x < (8k + 5)/2, or 2k + 2 ~ x ~ 4k + 2 

Il = (4k + 2) - (2k + 2) + 1 = 2k + 1 
(_1)11 = (_1)2k+ I. 

(2) _ ( )p2-I_Sk_Sk2_2 _ ( )p2_ 1 

- - -I 8 - -I 8 . 
P 

So, 

p2 _ 1 r2 - 1 r2 - 1 
Note: p = 8k + r -- = 8k + 2kr + -- ;: -- (mod 2) 

, 8 8 8 

And, 

Hence 

O} if r = 1 
r2 - 1 = 1 if r = 3 

8 3 if r = 5 

6 if r = 7 

p2_1 ()r 2
_1 l}ifr=I,7i.e.,if P ;:±I(mOd8) 

(-I) 8 = -I 8 = 
-I ifr=3,5i.e.,if p;: ±3(mod8) 

Example 6. Show that if p ;: ± I (8) then 2 is R . 

P ;: ±3(8) then 2 is N 

or 
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Example 7. Determine the prime for which the integer 2 is R and those for which it is N 

Example 8. Determine: (; ) 

Solution: Here we consider 

p-I 
3.1,3.2,3.3, ... ,3'-2- ... (1) 

Il = the number of these among (I) which lies between p and p = no. of x such that 
2 
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i.e., 

P 3 . P P - < x < p i.e. - < x < -
2 ' 6 3 

Let us put p = 2k + r, r = 1, 5, 7, 11 

(1) r = 1 gives 2k + .!.. < x < 4k + .!.. 
6 3 

2k + 1 $; x $; 4k 

:. 11 = 2k and so (-1)11 = (-lik = 1 .:. (3/p) = 1 

(2) r = 5 gives 2k + ~ < x < 4k + 1 + ~ 
6 3 

2k + 1 $; x $; 4k + 1 
11 = (4k+ I)-(2k+ I)+ 1 =2k+"1 

NUMBER THEORY 

and so (-1)11 = (_lik+l =-1. :. (;)=-1 
(3) r = 7 gives 2k + 1 + .! < x < 4k + 2 + .!.. 

6 3 

and so 

(4) r = II gives 

or, 

so 

2k + 2 $; x $; 4k + 2 

11 = (4k+2)-(2k+2)+ 1 =2k+ 1 

(-1)11 = (_1)2k+ 1 =-1. :. (;) = 1 

2k + 1 + ~ < x < 4k + 3 + ~ 
6 3 

2k + 2 $; x $; 4k + 3 

11 = (4k+3)-(2k+2)+ 1 =2k+2 

(-1)11 = (-lik
+

2 =1 :. (;)=1 
_ I} if r = 1,11 i.e., if p == I,II(mod 12) 

(3/p) - -1 if r = -1 i.e., if p = 5,7(mod 12) 

3 is R for p == ±I(mod 12) 

3 is N for p == ±5(mod 12). 

Theorem 6.13. If (a, p) = 1, where a is an odd positive integer, then 

I 

a L Ja 

() 
2["] 

p = (-IL=, P 

Proof: If we divide ja by p, we obtain ja = pq + r, where 0 < r < p and r is one of the 
numbers 
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p-I 
A + fl = -2- [as in the proof of Gaus~' Lemma] 

Now ja = pq + r gives 

Therefore, 

Thus 

since, 

l.(p - J) 
2 

'Lja 
j=1 

J 

2(P-I)[ja} ~ A 
= 'L - + 'LUi + 'L~k 

j=1 P i=l· k=1 

l.(p -I) 
2 ~ A 

'Lr = 'Lui + 'L~k 
j=1 1 1 

In the proof of Gauss' lemma, we established that the number 

are just the number 

p-I . 
I, 2, 3, ... , -2- m some order 

Therefore 

l.(p_l) 
2 ~J' p-I 

4.. = 1 + 2 + ... + -2-
j=1 

~ A 
= Pfl - 'Lu; + 'L~k 

J J 

(1) - (2) gives 

l.(p - J) 
2 

(a - I) 'Lj 
j=1 

Now, a;: l(mod 2) ~ a-I;: O(mod 2) andp;: 1 (mod 2),2;: O(mod 2) 

. Therefore (3) becomes 

2(p-l) . 

o ;: I t [1;] -fl + O(mod 2) 
{

J } 

~(P- 1)[ . ] t 1; ;: fl(mod 2) 

~(P- J)[ . ] t 1; = fl + 2/, 1 E Z 

231 

... (1) 

... (2) 
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.!.(p-I) 
2 [ja) 

(~) = (-1)11 = (_1)11+ 21 = (-1) f p. 

Example 9. Determine (~ ) 
p-l 

Solution: Consider 5.1,5.2,5.3, ... , 5.-
2

-

or 

Il = no. of x above between, p < 5x < p, i.e., .E. < x < P 
2 10 5 

Let p =20k+r, r= 1,3,7,9,11,13,17,19 

(i) r = 1 gives 

Therefore, 

(ii) r = 3 gives 

or 

Therefore, 

(iii) r = 7 gives 

Therefore, 

2k + ~ < x < 4k + ~ or 2k + 1 ~ x ~ 4k 
10 5' 

Il = 4k - (2k + 1) + 1 = 2k 

(-1)11 = (-lik = 1 

(~) = 1 

2k + 2. < x < 4k + ~ 
10 5' 

2k + 1 ~ x ~ 4xk 

!l = 4k -(2k + 1) + 1 = 2k, 

(-1)11 = (-lik = 1 

(~) = 1 

7 2 
2k + - < x < 4k + 1 + -, 

10 5 

2k + 1 ~ x ~ 4k + 1 

Il = (4k + 1) - (2k + 1) + 1 = 2k + 1, 

(-1)11 = (-lik + 1 = -1 

(~) =-1 

(iv)r=9gives2k+'~ <x<4k+ 1 +±, 
10 5 

or, 2k + 1 ~ x ~ 4k + 1 
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and 

J.l = 2k + 1, 

(-1)11 = (-lik + I = -1 

Therefore, (;) =-1 

(v) r = 11 gives 2k + 1 + -.l < x < 4k + 2 + 1., 
10 5 

or, 
, . .. 

2k + 2 ::;; x ::;; 4k + 2 

J.l = (4k + 2) - (2k + 2) + 1 = 2k + 1, 
(-1)11 = (_I)2k+ I =-1 

(;) =-1 

(vi) r = 13 gives 2k + 1 + ~ < x < 4k + 2 + 1, 
10 5 

or, 2k + 2 ::;; x ::;; 4k + 2 

0J.l = (4k + 2) - (2k + 2) + 1 = 2k + 1 

(;) =-1 

(vii) r = 17 gives 2k + ..!2. < x < 4k + 3 + ~ 
10 5 

or, 

(viii)r=I9, 

Therefore, 

2k + 2 ::;; x ::;; 4k + 3 

J.l = (4k + 3) - (2k + 2) + 1 = 2k + 2 = 2(k + 1) 
(-1)11 = (-1 )2(k + I) = 1 

(;) = 1 

2k + 2 ::;; x ::;; 4k + 3 

J.l = 2k + 2 

(-1)11 = 1 

(;) = 1 

5 is R is p == ±1, 3(mod 20) 

5 is N if p == ±7, 9(mod 20). 

6.3 QUADRATIC RECIPROCITY LAW 
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The quadratic reciprocity Law is one of the jewels in the crown of 'The Queen of 
Mathematics'. the theory_Qf numbers. 

Quadratic reciprocity law deals with the solvability of quadratic congruences. 

Theorem 6.14. If P and q are odd prime numbers, then 
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1 1 
( )

-(p-I)-(q-O 
= -1 2 2 ... (*) 

[Eisenstein Geometric proof of Quadratic Reciprocity Law.] 

Proof: we have 

... (Y) 

Comparing (*) and (Y) we have to show that 

~(qi I) ,[jp] + ~(Pi I) [kq] = '!'(p -l).!.(q -1) 
1 q ,1 P 2 2 

The method will be to count the lattice points in a portion of the xy plane in two 
different ways. 

Consider ~he rectangle in xy plane bounded by 

x=Ox=P , 2 

y = O,y = ~ 

The diagonal of this rectangle is y = !Lx 
p 

5 

4 T2 

/" 
3 / ./ 

/ /. t::::r 
2 /' ~ V 

V / 
Y ~ V 

~ 
o 2 3 4 5 

./ 
/ 

/ 
V :;::/ 
~ / 

~ 

TI 

6 7 8 

A 
./' ~ ~ 
,/ 

9 10 11 

Let TI be the portion of the rectangle below the line OA and T2 be the portion of 
the rectangle above the line ~A. 
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Since p and q are primes, p is a fraction, therefore, none of the lattice points interior 
q 

to the rectangle lies on the line y = !L . x (or, OA) 
p 

Hence the lattice points, all lie in TI or T2, To count the lattice points interior to TI 
we observe that if 1 ~ j ~ p/2 

The number pf lattice points in TI that are directly above the point (j, 0) is [ ; l 
Since the equation of the diagonal is y = x . !L 

p 

l.(p_l) [ ] 

Thus the number of lattice points in TI is 2 f ; 

~(q -I) [ . ] 
In similar way the number of lattice points in T2 is f J: 
Thus the number of lattice points within the rectangle is 

~(q-l) [ .] ~(p-J) [ ] f J: + f ; and it is obvious that the rectangle contains a total of 

'!'(p -l).!.(q - I) lattice points 
2 2 

... (ii) 

:. From (i) and (ii) the result follows. 

Following are different forms of quadratic reciprocity law: 

Form I: If p and q are distinct odd primes, then 

(:)(~) = (_I)~(P-I)~(q-I) 

Since, (: ) is + 1 or - I, we have 

(:r(~) = (:)(_l)~(P-I)~(q-I) 

Form II: (~) = (: )(_I)~(P-J)t(q-I) 

[This law is stated in this form also] 
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Form III: (;) = ( : ) unless both p and q are of the form 4m - 1 in which case (; ) 

Since p -1. q -I is odd for p == q == 3 (mod 4) i.e., p and q are of the form 4m + 
2 2 

3 and is even if one of these numbers is of the form 4m + I, the above law can be 
formulated as follows: 

Form IV: (;) = (: ) if P == l(mod 4) or q == 1 (mod 4) 

i.e., one of p and q is of the form 4m + 1 

(;) = -( : ) if p == q == 3(mod 4) 

i.e., if both numbers p. and q are of the form 4m + 3 

Form V: The congruences 

~ == p (mod q),;' == q(mod p) 

are both solvable or both unsolvable unless p == q == 3(mod 4), if p == q == 3(mod 4), then 
one is solvable and the other unsolvable. 

Corollary 6.15. Let (p, q) = I, 

(i) if p == 3(mod 4), q == 3(mod 4), then p is R mod q if q is N mod p 

(ii) if P == I(mod 4), q == 3(or I)(mod 4), then pis R mod q if q is R mod p 

Proof: (i) Since p == 3(mod 4), q == 3(mod 4) 

Then, (: )(;) = (-lri(p-l)~(q-1) = (_I)(2k1+1)(2k2 +1) =-1 

Therefore, ( :) = -( ; ) 

This means that p is Rmod q iff q is N mod p 

(ii) Since p == 1 (mod 4), q == 3(or 1)(mod 4), then, 

(:)(;) = (_I)~(P-])~(q-l) = 1 

(~(P - I) is always even as p = 4k] + I) 

So, p is Rmod q if q is R mod p. 
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Example 10. Find C~) 

Solution: 

Now (
2 ) l(17 -I) 17 == 22 (mod 17) == 256(mod 17) 

Now, + 1 == 256(mod 17), 

Therefore, L2
7

) = +I(Le., 2 is R mod 17) 

L5
7

) = c:) = (~) [since 17 == 2(5) and (; ) = (: ) if a == b (P)] 

l(5 -I) 
== 22 (mod 5) == 4(mod 5) 

Therefore, 

(~) == 4(mod5) 

But -1 == 4(mod 5), 

Therefore, (~) =-1. 

So, C~) = 1(-1)=-1. 

(
-42) Example 11. Determine 31 

Solution: 

Now, (;:) == (_1)~(31-1) (mod 31)==(-1)15 (mod 31)=-I(mod 31) 

And, (:J = (_1)~(31-1)~(3-1) e31) 

= (-1)15,le3
1

) = -le31) = -(t) =-1 [for, 31 = 1 (3)] 

Therefore, (:1) =-1 
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(:1) = 1[31 ==-I(mod8)], 

(:J -(_1)15
x

3 e71) =- e71) = -(f) = +(~) = (~) = 1 

Therefore, (- ~~) = (-1).(-1).(1).(1)= 1. 

Example 12. (2Ip) = 1 if p == ±1(8) 

= -1 if p == ±3(8) 
Sol ution: [Left as exercise] 

Example 13. Find all primes p for which -3 is a q.r. 

Solution: (~) = (~1)(:) 
= (-l)~(P-I) (_I)~(P-I)~(3-1) (~) 

NUMBER THEORY 

= ( ~ ) = (~). [r = 1 or 2, p == r(3), r = 1,2] 

If r = 1, then (~) = (~) = +1 therefore; -3 is R if p == l(mod 3) 

If r = 2, then (~) = (j) == i 3 - 1)/2 (3) == 2(mod 3); -3 is N if p == 2(mod 3). 

Example 14. Find all primes for which 5 is a q.r. 

Solution: (;) =(-I)~(P-I)~(5-1) (~) 

= (-I)~(P-I).2( ~) 

= (~) = (~) [p == r(5)] 

If r = 1 then ( :) = (~) = 1 therefore, 5 is R if p 55 1 (mod 5) 

If r = 2 then 
5 2 -(5-1) 

() () 

1 

P = 5 = 2 2 (mod 5) !IE 22(mod 5) • 4(mod 5) 

or (;) =-1. 
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5 is N if p == 2(mod5) 

If r = 3 ~ then (:) = (%) = (_1)~(5-\)~(3-1) (i) = (i) 
= (%) = -1 [since 5 == 2(mod 3), 3 == 3(mod 8)] 

(:) = -1, i.e., 5 is N if p == 3(mod 5) 

If r = 4 then ( :) = (; ) = (~) ( ~) = ( 
2
; ) = 1 [2 is always R] 

:. 5 is r if p == 1,4, (mod 5) i.e., p == ±I(mod 5). 

6A QUADRATIC RESIDUE FOR COMPOSITE MODULES: JACOBI'S SYMBOL 

The Jacobi symbol, named after the German mathematician Carl Jacobi who introduced 
this symbol. The Jacobi symbol is a generalization of the Legendre symbol. Jacobi symbol 
is- useful in the ·evaluation Of Legendre symbols and in the definition of a type of 
Pseudoprime. 

Let (P, Q) = 1 and Q is an odd positive integer with prime decomposition 

r (l 

Q= n Pii 
1=1 

Then Jacobi's Symbol (~) is defined as follows 

(i)(~)=l\fPEZ 

where (; ) is Legender's symbol 

Remark ( ~) = 0 if (P, Q) "# 1 

Proof If (P, Q) "# 1 let q be a common factor of P and Q 

( :) = 0 by definition of Legender's symbol. And is a factor of ( ~). 

Hence (~) = 0 
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Proposition 6.16. 

(i) ( ~) has always the value 1 or-I 

Proof: Follows from the definition 

(ii) (P, Q) = 1 and P is a q.r. of Q then (~) = 1 

NUMBER THEORY 

Proof: If ~ == P(mod Q) has a root for each i = 1,2,3, ... then the algebraic congruence 

x2 == P(mod Pi) has a root. Consequently (;, ) = 1 for i = 1,2, 3 ... r [by Legender symbol, 

since p is a R mod pi] 

(~) = 1 

Remark: Converse of (ii) is not true i.e., (If (~) = 1, P ~eed not be a q.r.) 

Theorem 6.17. If Q, Pi' P2 are odd positive integers, then 

(i) ( 2 )( 2 ) = ( P ~2 ) 

(ii) (!!.-)(~) = (-p ) 
QI Q2 QI Q2 

(iii) PI == P2 = (mod Q) => ( 2 ) = ( 2 ) 
(iv) (R, Q) = 1 => ( P~2 ) = (~) 

(v) ( ~) = (-I)iCQ-I) 

(vi) (~) = (_1)iCQ2 -I) 

(vii) (P, Q) = I, and P is also an odd positive integer, 

Then (~)(;) = (-l)i(p-l)iCQ-I) 

Proof: Proofs of (i) to (iv) directly follow from definition. 

(v) ( ~) = (-I)i(Q-I) 

[Reciprocity Law] 
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(v) is true for Q = 1. 

Suppose Q > 1. 

Suppose Q = PI.P2.p3 ... Pr, where Pi are odd primes not necessarily distinct 

Therefore, 

r J 
I:-z(Jli- J) 

= (-I) J 

The result will be proved if we can show that 

r 1 1 1 
~"2 (Pi - I) == "2(Q - 1) == "2(PIP2 ... Pr - 1)(mod 2) 

(*) will be proved by induction 

The result is true for r = 1 

Suppose (*) is true for r - 1 

i.e., rf(pi
2
- 1) == (PIP2 ... ;r-I-

1
) (mod 2) 

Again, i(Pi-
1

) = 'i l
(Pi-

I
)+Pr-

1 

1 2 1 2 2 

Using (**) we get 

*(Pi
2
-

1
) == (PIP2 ... ;r-I-

1
)+ Pr

2
-

1
(mOd2) 

Now Pi are odd primes 

Therefore (PI P2 P3 ... Pr-I - 1)(Pr - 1) == O(mod 4) 

Therefore, PI P2P3 ... Pr-I Pr - P1P2P3 ... Pr-I - Pr + 1 == O(mod 4) 
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... (*) 

... (**) 

... ~ 

(PIP2P2 ... Pr-I - I) - (PIP2P3···· Pr - 1) + (Pr - 1) == O(mod 4) 

or (PIP2 ... ;r-l-l)_(PIP2.~Pr-I)+Pr2-1 ==O(mod4) 

or, ( PI P2 ... ;r -I - 1) + Pr 2- 1 == ( PI P2.~ Pr - 1) (mod 2) 

Therefore, ~ becomes 
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;;; (f)(Q -1)(mod 2) 

Hence the result follows by induction. 

(vi) (~) = (_1)~(Q-1) 

( 2 ) (2) ( 2) (2) P~ - I P~ - I p; - I l:( p1s-1 } 
Proof: Q = ;; p;'" p; = (-1)-8 (-1)-8 ... (-1)-8 = (-1) 

or 

or 

or 

or 

or 

The theorem will be proved by the method of induction 

The theorem will be proved if we show that 

r (p; -1] ( Q2 - 1) ( pf P~ ... P; - 1] L -- ;;; -- ;;; (mod 8) 
1 8 8 R 

The result is true for r = 1 

Assume that it is true for r - 1, i.e., 

1'-1 1 2 _ I ( 2 2 2 ) f "8(P; -1-) ="8 PI P2 .. , Pr-I -1 (mod 8) 

1'1 1'-11 1 
L -(p~ - 1) ;;; L -(p~ - 1) + - (p2 - I) (mod 8) ... (If') (using (**» 
I 8 I I 8 I 8 r 

Now if a is any odd integer then 

if ;;; 1(8) gives if - 1 ;;; O(mod 8) 

Consequently 

(pf P~ .. , P;_I -1)(p; _12) ;;; O(mod 64) 

pf P~ ... p; -I p; - p; - pf pi ... p; _I + 1 ;;; 0 (mod 64) 

pf P~ ... p; - I - pf pi ... p; + p; - 1 ;;; O(mod 64) 

(pfp~ ... P;_I-l)-(pfp~ ... p; -1)+(p; +1) =O(mod64) 

Then, If' gives, 

f.!.(pf -1);;; .!.(p~ P~ ... p; -I)(mod 8) 
I 8 8 

Therefore, * follows by induction. 

... (*) 

... (**) 
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(vii) (P, Q) = I and P is also a positive odd, then 

(~)(;) = (_I)~(P-I)~(Q-I) 

Proof: If P or Q equals I, then the result is immediate (since both sides equal to + 1) 

Let P = qlq2 ... qs' 

Q = P1P2 ... Pr .: (P, Q) = 1 :. Pi ¢qj for all i,j 

Consequently (:: ) and (~ ) are non zero 

--=0-0-=00- 00-' (p)(Q) r (p) s (Q) r {s (qj)} s {r (po)} 
Q P i=1 Pi j=1 qj i=1 j=1 Pi j=1 i=1 qj 

r s (qj)(po) n 0 - -' 
i=1 j=1 Pi qj 

... (*) 

But from, 

1 1 
L2:(Pi- 1) ==2:(PIP2", Pr- 1)(mod2) 

And the corresponding result for 

1 1 
P = qlq2 '0. qs' the RHS of(*) is equal to (-I)2"(P-I)2"(Q-I). 

Example 15. Show that the congruence x2 == IS(mod 1093) has no solution; 

[Le., to show that IS is N mod 1093; i.e., (~) = -1] 
1093 

Solution: We first note that 

and 

also, 

(~) =(:)(~) 
(:) =(_1)~(P-1)~(q-J) (~) 

(:) =(~) ifa=b(modp) 
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Now, 

= -1 

Therefore 15 is a q.n.r. mod 1093. 

NUMBER THEORY 

[2 is R if p == ±1(8) 

2 is in if p == :d:3(8)] 

Example 16. Show that the congruence ~ + 3 == O(mod 59) has solution 

[i.e., -23 is R mod 59. i.e., (-23/59) = 1] 

Solution: (- ~~)(~~)(~~) = (-1) (_1)tx22tx58 (~~) 

= (-1)(-1) = (11) 
I 23 

= (_1)txI2tx22 G~) = C~) 

[since, 23 == lO(mod 13)]= (~3)C53) 

= (-I) (_1)~X4~XI2 c:) 
= (-I) (%) = (-I)(~) = (-1)(f) 
= (-1)(-1) = 1 

Therefore, -23 is R (mod 59) 

Therefore, ~ + 23 == O(mod 59) has solution. ( ~~) 

(
-23) Example 17. Evaluate 59 

Solution: 

-

(~!3) = (~~)(~!) = (-1) \_I)t·22.t.58(~~) 

= (~~) = hl)t.12·~·22(~~) = C~) = (~3)C53) 
= (-1).( _1)t.4·~.12 c:) = (-I{%) = (-1)(%) 
= (-l{ f) = (-1)(-1) = 1 

Therefore -23 is R mod 59 
Therefore, ~ + 23 == O(mod 59) has solution. 
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I EXERCISES 6.1J 

1. Letp be a prime, and let (a,p) = (b,p). Prove that if~ == a(modp) and~ == b(modp) 
are not solvable then ~ == ab(mod p) is solvable. 

2. If P is an odd prime then prove that ~ == 2(mod p) has solution if and only if 
p == 1 or 7(mod 8). 

3. Prove that the quadratic residues of II are I, 3, 4, 5, 9 and list all solutions of each 
of the ten congruences x2 == a(mod II) and ~ == a(mod 112) where a = 1,3,4,5,9. 

4. Determine whether 7 is a quadratic residue of 17? 

s. Use Wilson's Theorem to prove that the solutions of~ + 1 == O(modp);p = 4m + 1 are 
x==±(2m)! (modp). 

6. Assum ing that the solutions exist, find the solutions of the congruence ~ == a(mod p). 

7. Show that the indeterminate equation x2 + 3y = 17 has no solution. 

8. Let p and q be both odd primes and p = q + 4a, show that 

(i) (plq) = (alq) 

(ii) (alp) = (alq) 

9. If (x, 3) = 1, show that the odd prime factor p of x2 + 3 is of the form :,k + 1. 

to. Prove that 3 is a quadratic residue of 13 but quadratic non residue of 7. 

11. Solve x2 == 5(mod 19) if the solutions exist 

12. Solve x2 == -2(mod 19). 

13. Show that 

(i) (3/11) = 1, (-2/11) = I, (-1/13) = 1 
(ii) (2113) ~ -1, (-2/13) = -I, (3113) = 1 

(iii) (-2/17)= 1,(3117)=-1,(2117)= I 

14. Solve 

(i) ~ == 4(mod 7) 

(ii) ~ == I(mod 7) 

(iii) x2 == 5(mod 11) 

15. Is 85 a quadratic residue of 97? 

16. Find(l711173) 

17. Is 105 a qr of317? 

18. Which of the following congruences are solvable? 

(i) x2 == 2(mod 7) 

(ii) x2 == 11 (mod 61) 

(iii) ~ == 42(mod 97) 

.(iv) ~ == 1.37(mod 401) 

(v) x2 = -43(mod 79) 
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19. If P is an odd prime, prove that 

(l/p) + (2/p) + (3/p) + ... + (p - lip) = 0 

20. Let p be an odd prime. Prove that if there is an integer x such that 

(i) p I (~ + 1) then p = l(mod 4) 

(ii) p 1 (~ - 2) then p = I or 7(mod 8) 

21. Evaluate 

(i) (423/563) 

(ii) (-145712389) 

(iii) (365/1847) 

22. Prove that Pi 1(1) = 0, p an odd prime. 
j=1 p 

23. Use Wilson's theorem to prove that if p is a prime of the form 4n + 3, then 1.2.3 ... 
p - 1/2 = (-I)m (mod p), where m is the number of quadratic no residue among the 
factors on the left side. 

24. For which primes p do their exist integers x and y with (x, p) = 1, (y, p) = 1, such 
that ~ + Y. = O(mod p). fp = 2, P = l(mod 4)] 

25. Prove that there are infinitely many primes of each of the form 3n = 1 and 3n - 1. 
[Hit: first determine primes p such that (-3/p) = I] 

26. Find all odd primes p such that 3 is a quadratic residue mod p. [p = ±1(mod 12)] 

27. If P is an odd prime and (a, p) = 1, prove that 

ax2 + bx + c = O(mod p) has two, one, or no solutions according as b2 - 4ac is a 
quadratic residue, is congruent to zero, or is a quadratic non-residue modulo p. 

28. If prime p = l(mod 4) and a is a quadratic residue of p show that p - a is also a 

29. 

30. 

quadratic residue of p. Hence show that, if a; (i = 1,2 ... .!(p - 1» are the quadratic 
2 

residue of p satisfying 0 < a; < p then 

l(p-l) 
2 1 

La; = - p(p - 1) 
;=1 4 

P h (
6) I} if p = 1, -1,5 or - 5(mod 24) 

rove t at - = 
p -I if p=7,-7,11or-1I(mod24) 

If M = [;] + [2; ] + ... + [ p ; 1 . ; l then prove that 

m = M + (p2 - 1;(q - 1) (mod 2), 

where m is the number of the least positive residue ofthe set q, 2q, 3q, ... , P -I q. 
2 

DOD 



HOMOGENEOUS QUADRATIC 
DIOPHANTINE EQUATION 

Theorem 7.1. The Diophantine equation Xl + l=:? ... (*) has infmite solution. 

For if (a, b, c) is a solution then (ka, kb, kc) is also a solution for k E Z 

Remark: If (a, b, c) is a solution and (a, b) = d then (b, c) = (c, a) = d 

Proof: .: (a, b) = d :. d I a, d I b, J2 I if, J2 I b2 :. J2 I if + b2 

But if + b2 = c2 gives J2 I c2 :. die 

Now d I b, die; Claim (b, c) = d 

If not, suppose 

(b, c) = d, > d 

Then, d, I b, d, Ie, d l
2 1 b2, d l

2 I c2 :. d,2 I if (since if + b2 = c2) :. d l I a 

But d, I b :. d, I (a, b) = d and is impossible 

Therefore dl = d, Hence 

Similarly (c, a) = d 

Corollary 7.2. If (x, y) = 1 then (y, z) = (z, x) = 1 

If (a, b, c) is a solution of (*) then the ordered triple is called a Pythagorean triple 
because there is a right angled triangle whose sides have corresponding lengths. This 
theorem in geometry goes after the name of Pythagoras. 

We have seen above that if x, y, z is a triple then so is also lex, ky, kz for every integer 
k. And if for the Pythagorean triple (a, b, c) we have (a, b, c) = 1 then we say that it 
is primitive. 

We confine only to primitive solutions of (*). [Observe: (3,4,5); (7, 24, 25); (8, 15, 
17) etc. are primitive Pythagorean triples] 

Now the question is how many solutions of (*) are which are relatively prime [or 
primitive] 

Lemma 7.3. If (x, y, z) is a primitive solution of (*), then one of x and y is even and the 
other is odd. (called x and yare of opposite parity otherwise are of same parity.) 

Proof: Since (x, y) = 1 :. both of x and y cannot be even 
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If both of them are odd then x2 and I are also odd and :. ~ + I is even. 

:. .;. is even and so, z is even ... (1) 

Now x is odd gives 

x == 1 or 3(mod 4) 

or x2 == 1 (mod 4) 

Similarly, y odd gives 

I == 1(mod4) 

Therefore ;. = x2 + I = 1 + 1 = 2(mod 4) 

But z is even :. (i) contradicts (ii) 

. . Both of x and y cannot be odd. 

One of them is odd and the other is even. 

Remark: Let us assume that x is odd and y is even. 

(
z-x z+x) 

Lemma 7.4. 2 If x, y, z is a primitive solution of (*) then -2-' -2- = I 

Proof: If not let ( z ; x , z ~ x) = g "1= 1 

or 

i.e., 

z-x z+x 
gl-2-'-2-

z-x z+x dZ-x z+x 
gl--+--an -----

_ 2 2 2 2 
g I z and g I x 

.. (z, x) * I, a contradiction [.: x, y, z primitive solution] Hence. 

Lemma 7.5. If (x, y) = 1 and xy = dl, then x and yare also squares 

Proof: Suppose x = P1P2 ... Pi (not necessarily distinct primes) 

y = qlq2 ... qj (not necessarily distinct primes) 

Here no Pi = qj (since (x, y) = 1 

Now xy = P1P2 ... P81q ... qj = dl 
This is possible only when P1P2 ... Pi = d1

2 and qlq2 ... qj = d/. 

... (i) 

Theorem 7.S. (*) has a primitive solution if and only if:3 s, t E ~, S > t, (s, t) = 1 and 
one even the other odd such that 

x=s2-? 

y = 2st ... (**) 
z=s2+? 

Proof: Let x, y, z be a primitive solution of (*). 

Then x2 + I =;. 
or, I = ;. - x2 = (z + x)(z - x) 
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(fr -_Z_~_x _Z_;_X ... (i) 

By Lemma 7.4 

(
z+x z-x) _ ---- -1 

2 2 

:. By Lemma 7.5 

z + X 2 z - X .? -- = S -- = r Say s t E ~ S > t 2 '2 ' , , 

:. Solving we get z=s2+? 

x=s2-? 

I 

Y = (z2 - x 2 ) '2 = 2st 

Now since sand t both are odd (even) z and x are both odd (even) And therefore 
(z, x) "* 1, which is not the case. Therefore one of sand t is even and the other is odd. 

Again if (s, t) = g"* 1 then, 

(s, t) = 1 

Conversely, suppose (**) exists. Then ~ + ; = (s2 - ?)2 + (2st)2 = s2 7" ? = ? 
I 

Note: Since there is infinity of choice for s and it, therefore there are infinite number of 
primitive solutions for (*) 

Some Primitive Pythagorean Triples (with s ::;; 6) 

s t 

2 1 
3 2 
4 1 

4 3 
5 2 
5 4 
6 1 

6 5 

Corollary 7.7. 

will have infinite number of solutions 

Since it is same as 

x=s2_? 

3 
5 

15 
7 

21 
9 

35 
11 

y = 2st z=s2+? 

4 5 
12 13 

8 17 
24 25 
20 29 
40 41 
12 37 
60 61 

... (1) 

... (2) 

where r =? and x = 3, Y = 4, r = 5 is a solution of (2) so, x = 15, Y = 20, z = 25 is a 
solution of (2) and therefore x = 15, Y = 20, z = 5 is a solution of (1) 

Note: The above theorem can also be stated as given below: 
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The positive primitive solutions of x2 + ; = ? with y even are 

x = s2 - (2, y = 2st, Z = s2 + (2, 

where sand t are arbitrary integers of opposite parity with s > t > 0 and (s, t) = 1 

Example 1. Find all primitive solutions of ~ + ; = ? having 0 < Z < 30 

Solution: Let x = s2 - (2, y = 2st, Z = s2 + (2 

(1) Since s > t, and s, t are of opposite parity, let us take t = 1, s = 2, then x = 3, 
y = 4, Z = 5 which is a primitive solution. 

(2) When t = 1, s = 4 then x = 15, y = 8, Z = 17 which is a primitive solulion. 

(3) When I = 1, s = 6, then Z = 37 > 30, hence we stop taking t = 6 

(4) When t = 2, s = 3, then x = 5, y = 12, Z = 13 which is a primitive solution. 

(5) When t = 2, s = 5, x = 21, y = 20, Z = 29, which is a primilive solution. 

(6) When t = 3, s = 4, x = 7, y = 24, Z = 25, which is a primitive solution. 

(7) When we take t = 4, we get a value of Z > 30. Hence we stop here. 

Hence the primitive solutions are 

t s x y z 

1 2 3 4 5 
1 4 15 8 17 
2 3 5 12 13 

2 5 21 20 29 

3 4 7 24 25 

since x and yare interchangeable, therefore other solutions are 

t s x y z 

1 2 4 3 5 
1 4 8 15 17 
2 3 12 5 13 

2 5 20 21 29 
3 4 24 7 25 

(4,3,5), (8,15,17), (12, 5,13), (20, 21, 29), (24, 7, 25). 

Example 2. Prove that if x2 + ; = ?, then one of x, y is ± l(mod 4) and the other is 
0(mod4) 

Solution Since sand t are of opposite parity let t be even and s odd. Then 

x = s2 - (2 = (odd)2 - (evell)2 :: odd2 (mod 4) 

::(2n+ Ii(mod4)::4n2 +4n+ 1:: 1 (mod 4) 
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When r is even, s is odd we get 

x == ±1 (mod 4). 

Now y = 2rs = 2(even number). (odd number) == O(mod 4) 

Example 3. Prove that the are of a right-angled triangle can never be a perfect square. 

Solution: Suppose x and yare the lengths of the two sides of the triangle and z is the 
length of the hypotenuse, then x2 + ; = ; 

Area of the right triangle is given by ..!. xy . 
2 

1 
We now show that -xy is not a perfect square 

2 
Suppose the solution of the equation (*) is 

x = c? - b2, Y = 2ab, z = c? + b2 

where a, b are of opposite parity and (a, b) = 1 

Therefore, 1 ') 2 -xy = (cr - b ) abo 
2 

Now if b is even and a is odd, b2 will contain 4 and b will contain 2. 

Therefore (2) can never be a perfect square. 

Example 4. Show that the positive integer solution of the equation x-2 + y-2 = z-2, 

(x, y, z) = 1 is given by 

x = a4 - b4, y = 2ab(c? + b2), z = 2ab (c? - b2), 

where a> b> 0, (a, b) = 1, a, b cannot be of some parity. 

Solution: First we show that the solution of Xl + y-I = Z-I, (X; Y, Z) = 1, has and must 
be of the form 

x = A (A + B), Y = B (A + B), Z = AB 

Proof: The first part is easy. 

thus 

For the second part 

If X, Y, Z is a solution of the given equation, (X, Y) = C, then 

X = CA, Y= CB, (A, B) = 1. Then 

A+B Z-I =Xl + y-I = __ 
CAB' 

Z= CAB 
A+B 

As (A, B) = 1, (AB, A + B) = 1; Hence (A + B) I c. 
Write C = C' (A + B) 

Then Z = C'AB. Since (X, Y, Z) = 1 we have 

(CA, CB, C'AB) = (CCA, B), C'AB) = (C'(A + B), C'(AB) = C' = 1 
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i.e., c = (A + B), C' = 1. Hence the must part holds. 

Now we prove the main result: 

We take here 

x2 = X; ;- .= Y and .; = z .: (x, y, z) = 1 :. (X, Y, Z) = 1 

from the abow example we have 

X = R(R + S), Y = S(R + S), Z = RS, 

where R, S > 0 (R, S) = 1. 

From Z = RS, we know that R, S are both square numbers. 

And from Z = R(R + S), we find R + S is also a square number. 

Putting R = r 2 z = S 2 R + S = t 2 We have 
I ' I ' I' 

r2+s2=t 2 R S>O (R S)=1 
I I I" " 

Then by above theorem, we obtain 

r = if _b2 S = 2ab t = if + b2 
I 'I' , 

Where a, b > 0, (a, b) = 1, a and b of opposite parity. 

Therefore 

x = r t = a4 - b4 
I I 

Y = sltl = 2ab(if + b2) 

z = rlsl = 2ab (if - b2). 

Theorem 7.S. The Diophantine equation x4 + i = .; ... (*) has no positive solution 

Proof: Suppose (*) has a solution (xo' Yo' zo). By an argument similar to that of previous 
section we may assume that xo' Yo' Zo are pair wise relatively prime. 

Xo is odd, Yo is even (i.e., one is odd and another odd) 

Now x4+y4=z2 000 

or (xo2i + (y02)2 = z02 

Therefore, (xo2, Yo2, zo) is a solution of ~ + ;- =.; ... ('P) 

Therefore by theorem 7.6 there exist s, t E /IIIl (s, t) = 1, s > I, one even other odd such 
that 

X02 = s2 - ? 
Yo 2 = 2s1 ... (1) 

z =s2+? o 
From Xo 2 = s2 - ? i.e, Xo 2 + ? = s2 we see that (xo, I, s) is also a solution of ('I') with 

Xo odd and I even. Using theorem 7.6 again we find that there exist a, b E /IIIl, a> b, (a, 
b) = lone odd, other even such that 

x0
2 = if - b2 

s=if+~ _~ 

1= 2ab 

On substituting this in Yo 2 = 2sl, we get 
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or 

Y02 = 2(cl-l- b2)2ab 

(
Y
2
0 r = (cl + b2) a;. 

(a, b) = I, 

. . cl + b2, a, b are pair wise relatively prime. 

253 

Applying Lemma 7.5, twice we find that a, band a2 + b2 are squares say a = a02, 
b = b 2 and s = s2 + b2 = s 2 o 0 

Thus s 2 = a2 + b2 = a 4 + b 4 000 

H~ ~ss<~+?=~ 
we-see that if a positive solution (xo, Yo' zo) exists there must exist another positive 

solutions (ao' bo, so) where So < Zo 

It follows from the method of infinite descent that no positive solution can exist. 

[Method of infinite descent Let there exist a positive integer n with a certain property, 
such that there exists a smaller positive integer that has the same property. Such an n 
cannot exist; because if it exists we obtain an infinite decreasing sequence of positive 
integers all having the same specific property which is clearly Impossible] 

Corollary 7.9. The equation x4 + l = z4 has no positive solution 

Proof: If it has solution, say (xo, Yo' zo) then 

x4+y4=z4 
o 0 0 ' 

or x04 + Y04 = (z02)2 

(xo, Yo and zo) is a solution of 

x4 + y4 = ; which is not possible. 

x4 + l = z4 has no positive solution. 

7.1 HISTORICAL NOTE OF FERMAT'S LAST THEOREM 

Unlike equations of degree at most four, there is comparatively little structure, which may 
be imposed on the solutions of general Diaphantine problems of degree five or greater. 
Some particular classes of problems admit effective analysis, but for typical problems of 
this type it is difficult to determine the entire solution set. 

In the 17th century, Pirre Fermat conjectured that the equation x" + Y' = z" had no 
solution in non zero integers with n greater than 2 - known as Fermat's Last theorem. 
The problem has little direct impact on broad field of mathematics, but has precipitated 
considerable research of significant impact on num~er theory and algebraic geometry. 

\ 

The Fermat problem attracted considerable attention, and in addition to substantial 
progress by mathematicians of note, also engendered many attempts of dubious quality 
by amateurs. 

Fermat himself provided a proof for the case n = 4; indeed the proved by induction 
(popularly: by infinite dt::scent") the slightly stronger result that no two fourth powers can 
ever sum to a perfect square. Fermat's more general conjecture was in fact no more than 
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a personal note discovered after his death; it does not appear to be the case that he ever 
claims publicly to have proven the conjecture true - had he indeed been convinced as 
a challenge problem to a other mathematicians and eventually to have shared a proof in 
his letters to others. 

Euler proved the result for n = 3, and Dirichlet and Legender proved for n = 5 

E, Kumar (1810 - 1893) made the greatest advances towards a solution. Instead of 
confining himself to the field of rational numbers he extended to his concept of number 
theory to include the algebraic numbers (those complex numbers which are roots of 
polynomials with rational coefficients) Dirchlet pointed out a flaw in the argument. Kumar 
had assumed the factorization into primes is unique in a certain sub ring of the algebraic 
numbers where, in fact this factorization is not unique. Because this assumption was 
essential, the proof was not valid. 

Kumar returned to the problem and by using the theory of ideals, he was able to solve 
parts of his proof and to establish very general condition for the insolvability of Fermat's 
theorem. Most of the progress made on the problem was along the lines of Kumar's 
theory. With the advent of the high-speed electronic computer it had been possible to 
check Kumar's criteria for large exponents. Till 1967 it had been proved that the 
Diaphontaine equation xl' + /1 = z!1 has no solution if 3 < n < 25,000. In subsequent years, 
many refinements increased the set of exponents n for which the result was known to be 
true, but no proof valid for all n has been completed along these lines. 

By the 1980 attention had shifted from algebraic number theory to algebraic geometry 
as the appropriate tool for the problem. Gerd falting's work on the model conjecture 
implied in particular that for any n there were at most a finite number of solutions to the 
Fermat equation. Frey noticed in 1986 that a non trivial solution to the Fermat equation 
would be related to an anomalous situation in elliptic curves; Serre clarified the conjec­
tured connection, and Ribet proved this in K A Ribet "on modular representation of Gal 
(QbarIQ) arising from modular forms", Inventions Mathematics, Vol. 100 (1990) pp431-476. 
What Ribet proved is that given a nontrivial solution to the Fermat equation cJ1 + bn = 

cn the elliptic curve described by a particular equation would be fairly well behaved but 
would also be a counter example to the Tanyama - Shimura conjecture (that all elliptic 
curves over the rational numbers are modular) 

The Taniyama-shimura conjecture is of great interest in elliptic curves and was not 
completely proved by 1994. However, Wiles has a given a proof valid for most elliptic 
curves this proves: there are no nontrivial solutions to the Fermat equation. Wiles first 
announced his proof in 1993 but technical difficulties showed the proof to be incomplete; 
a year later he managed a complete proof (actually using slightly simpler ideas) with the 
collaboration of Taylor for the particular portion, which had invalidated his earlier attempt. 
The papers were published together, constituting one issue of the Annals of Mathemat­
:cs. The citations are ANDREW WILES, "MODULAR ELLIPIC CURVES AND FERMAT'S 
LAST THEOREM" ANNALS OF MATHEMATICS, vol. 141 (1995) pp443-551 

Richard Taylor and Andrew Wiles, "Ring -theoretic properties of certain Hecje 
algebras" annals of Mathematics, Vol. 141 (1995) pp53 572 
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Extensions of this work have already appeared. Casual enthusiasts of number theory 
should be warned that this proof of Fermat's Last theorem is unlikely to be comprehen­
sible without the investment of several year's study of algebraic number theory and 
algebraic geometry. 

7.2 TWO SQUARES PROBLEM 

To find those positive integers which can be expressed as a sum of two squares. 

Lemma 7.10. If a and b can be written as sum of two squares, then the product ab can 
also be written as a sum of two squares. 

Proof: Let a = p2 + q2 

b=?-+s2 

ab = (p2 + q2) (?- + s2) 

= p2?- + p2s2 + q2?- + q2s2 

= (pr + qsi + (ps - qrf 

Lemma 7.11. If (a, p) = I, then x == ay(mod p) has a solution xo' Yo such that 

o < I Xo I < JP and 0 < I Yo I < JP 
Proof Let [JP] = m 

Consider the set of numbers 

I + a I + 2a 

2 + a 2 + 2a 

3 + a 3 + 2a 

(m+ I)+a (m+ I)+a 

I +(m+ I)a 

2 + (m + I)a 

3 + (m + l)a 

(m + 1) + (m + 1) a 

This set contains (m + I i numbers (not necessarily distinct) Since 

(m+ Ii >p (.: m+ 1 > JP) 
at least two of the numbers, say xI + yla and x2 + Y2a must lie in the same residue class 
(mod p) where xI "# x2 or YI "# Y2 

.. (xI + Yl a) - (x2 + Y2a) == O(modp) 

or (xI - x2) + a(Y1 - Y2) == O(modp) 

=> (xI - x2) == (Y2 - YI)a ... (1) 

Because one of the terms (xI - x2), (YI - Y2) is not zero, it follows obviously that 
neither is zero. 

Similarly 

If we Jet 

o < xI' x2' YI' Y2 ~ m + 1 

o < I X I - x2 I ~ m < JP 
o < IYI - Y2 1 ~ m < JP 
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Yo = Y2 - Y, 
We get from (1) 

Xo == yoa(mod p), where 0 < I Xo I < JP, 0 < I Yo I < JP 
and which is the lemma to be proved. 

Theorem 7.12. The odd prime number p can be written as a sum of two squares if and 
o'nly if p == I(mod 4) (Le., p is of the form 4n + I) 

Proof: Recall: -I is q.r. mod p if and only if p == l(mod 4) 

Proof: -I is q.n.r if and only if p == 3 (mod 4) 

or 

or 

or 

or 

p = if + b2(to prove p == I(mod 4» 
· . p is a prime, b :#; 0 

Again p l' b, for if p I b, p I a also 

Moreover, p I b, p I a give p2 I if and p2 I b2 

· . p2 I if + b2 = p or p2 I p and is impossible. 

.. p l' b 

.. (p, b) = 1 

Thus 

3xo' Yo E Z such that 

pXo + byo = 1 

byo = 1 - pXo 

byo == I(modp) 

(bYO)2 == I(modp) 

Yo2p = Yo2 (if + b2) 

= (yoai + (yobi 

== (yoai + 1 (mod p) 

Yo2p == (yoa)2 + I(mod p) 

(yoai + 1 == O(modp) 

(yoai == -I(modp) 

-I is q.r. mod p 

p == I (mod 4). 

Conversely suppose 

p == I (mod 4) i.e., p = 4n + I, n E ~ 

(to prove that p = c? + b2) 

P == ICmod 4), - 1 is q.r. Cmodp) 

· . 3aE Z such that 

c? == -lCmodp) i.e., c? + 1 ;;; OCmodp) 

Now obviously Ca, p) = I C',' p I I impossible) 

:. By lemma 7.11, 3xo' Yo E Z such that 

o < I Xo I < JP, 0 < I Yo I < JP, where Xo ;;; ayoCmod p) 

... C*) 
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or 

or 

or 

give 

If we now multiply (*) by Yo 2 

But 

Yo2(if + 1) = Yo2if + Yo2 == O(mod p) 

Yo2if + Yo2 == O(modp) 

X/ + Yo2 == O(modp) 

X02 + Y02 = kp, k E ~ 

o < I Xo I < fP, 0 < I Yo I < fP 
o < Xo2 < p, 0 < Y02 < P 

Xo2 + Yo2 < 2p 

So (i) and (ii) give x02 + Y02 = p. 

Theorem 7.13. Let N be a positive integer 
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... (i) 

... (ii) 

Write N in the form m2.k, where k is square free. Then N can be written as a sum 
of two squares if and only if k has no prime factors of the form 4n + 3 

Proof: If k has no prime factor of the form 4n + 3 then, it has prime factors of the form 
4n + 1. By Theorem 7.12 and lemma 7.10, k can be written as a sum of two squares, say 

k = if + b2 

Suppose 

N = m2k = m2(if + b2) = (ma)2 + (mb)2 

m2k = N = if + ~2 
(To prove that k does not contain a factor of the form 4n + 3) 

Let (a, b) = d 

Then, d I a, d I b so, J2 I if, J2 I b2 

.. J2 I if + b2 

or J2 I N 

or J2 I m2k 

m2 
J2 1m2, .; J2 f k, (k being square free) :. -2 = A. E ~ 

d 

.; d I a, and d I b :. a = a' d, b = b'd, (a', b~ = 1 

and 

N 
Also from -2 = A.k we get 

d . 

k I ; = all + b,2 :. a,2 + b,2 == O(mod k) 

Let p be an odd prime factor of k 

... (*) 
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i.e., 

or 

or 

NUMBER THEORY 

N 
-2 = a,2 + b,2 == O(mod p) 
d 

... (**) [.: p is a factor of k] 

(a', b~ = I, one of a' and b', say a' is relatively prime to p 

(a', p) = I :. 3c, c' E Z such that ca' + c'p = 1 

ca' == I(modp) :. (cd i == l(modp) 

From (*), (**) 

(ca~2 + (cb~2 == O(modp) 

1 + (cb~2 == O(modp) 

(cb~ == -I(modp) 

x2 == - I(mod p) has a solution x = cb' so -1 is a q.r. (mod p) 

p == l(mod4) 

any factor of k is of the form 4n + 1-. 

Theorem 7.14. Ifpc In, pC+ I f n where p is a prime of the form 4k + 3, and c is odd, 
then n has no representation as the sum of two squares. 

Proof: Suppose that there is a proper representation of the form n = x2 + :1 
Let (x, y) = d so that 

x =Xd,y = Yd, (X; Y) = 1 

Let pI be the highest power of p which divides d. 

Then n = cJ2(X2 + y2) = cJ2N(say) 

Hence N = X2 + y2, (X, Y) = 1 

Since pc I n, p2 I cJ2 Therefore, pc - 2 I N 

c - 21 is positive as c is odd an 21 is even. 

Hence by the preceding result, 

Since N is divisible by p of the form 4k + 3, N has no representation as the sum of 
the two squares. 

Hence n will also have no such proper representation. 

Theorem 7.15. If P is a prime of the form 4k + I, there exists a solution in integers x, 
y, m of x2 + :1 = mp, with 0 < m < p -

Proof: Since p = 4k + I, we have 

(-1) E..:2 2k P =(-1) 2 =(-1) =1 

Hence, there exists an integer y such that 

We can find 

Then 

1 + :1 == O(mod p) as - 1 is a q.r. 

Y == ±y(mod p) and such that I YI < p/2 
o < mp = I + y2 

2 
<1+L<p2 

4 
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Thus; o <m <p 

Therefore, the integers, I, Y and m satisfy the equation 

Xl + l- = mp. 
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Example 5. If p is a prime of the form 4k + 1 and if Xl + l- = mp with ] < m < p, m­

even, there exist integers xI' YI and M such that 

x l
2 + YI 2 = Mp With 1 $ M< m 

(Hint: take X = X + Y Y = x - Y M = m and see X2 + y2 = MfI). 
2' 2' 2 or 

Ex. The same result is true when m is odd also. 

Definition: If Xl + ; = n is solvable, we write 

N(n) == number of solution of Xl + ; is n 

pen) == number of non-negative, primitive solutions of Xl + l- is n 

Q(n) == number of primitive solutions of Xl + l- is n 

Example 6. Show that for x2 +; = I, N(l) = Q(I) = 4, P(l) = 2 

Proof: Since I = (±li + 02 = 02 + (± Ii and there are no other solutions, we have 

x = I, Y = 0; x = -I, Y = 0, x = 0, Y = 1; x = 0, Y =-1 

Hence, N(I) = 4 

Q(I) = 0, P(I) = 2. 

Example 7. Show that for x2 + ; = n, n> 1 

(i) Q(n) = 4P(n) 

(ii) N(n) = L Q(--T) 
d 2 1n d 

Solution: (i) If n > 1 and (x, y) is a non negative primitive solution then n ~ 1, Y ~ 1 and 
(±X, ±y) is a primitive solution for all choice of the signs. From this it follows that Q(n) 
=4P(n) 

(ii) If x, y is any solution of 

Xl + ; = n and if (x, y) = d 

then tP I (Xl + l-) i.e., tP I n; (;, ~) = 1 

and (;r +(~r = ;2 ... (1) 

from (1) it is obvious that 

N(n) = L Q(--T)' 
d 2 1n d 
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7.3l THREE SQUARE PROBLEM 

Lemma 7.16. If a is a sum of three squares 

b ... ... 
Then ab may not be sum of three squares e.g. 

3 = 12 + 12 + 12, 5 = 12 + 22 + 02 

3.5 = 15 = 32 + 22 + 12 + 12 

NUMBER THEORY 

Note: Because of this fact the three square problem becomes more difficult. 

Lemma 7.17. The number of the form 8k + 7 is not representable as a sum of three 
squares. 

Proof: Any number n == 0, I, 2, 3, 4, 5, 6 or 7(mod 8) 

.. n2 == 0, 1, 4(mod 8) 

Hence the sum of the three squares ¢ 7(mod 8), 

Since it is impossible to ·build up 7 from three terms each of which is 0 or 1 or 4. 

Lemma 7.18. A number of the form 41(Sk + 7) is not representable as a sum of three 
squares. 

Proof: A multiple of 4, say 4m can only be representable if m' itself be representable. 

Because if 4m = ml
2 + m22 + m32 then 41 RHS but a2 == 0, 1, (mod 4) 

since a == 0, I, 2, 3(mod 4) 

or 

.. 41 m1
2, ml, m32 

21 ml' m2, m3 

ml = 2kp m2 = 2~, m3 = 2k3 

4m = (2k l i + (2~i + (2k3i 

= 4kl2 + kl + k/) 
i.e .• m is representable as sum of three squares. 

But m is not representable. 

Hence, number of the form 4.(8k + 7) is not representable as a sum of three squares 
since 8'k + 7 is not. 

And similarly 4(4(8k + 7» i.e., 42(8k + 7) is not represent able as sum of three squares 
and so on. 

:. In general 41(8k + 7) is not representable ~s a sum of three squares 

Note: Every number which is not of the form 41(8k+ 7) is representable as a sum of three 
squares and the proof of this is very difficult; so it is left out. 

Example 8. Show that if p == 5(mod 12) and p > 17; then p can be represented as a sum 
of three distinct squares 

[Hint: Use the identity: 9(a2 + b2) = (2a - b)2 + (2a + 2bi + (2b - a)2] 
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,7~ THE FOUR SQUARE PROBLEM 

Lemma 7.19. If a and b can be written as a sum of four squares, so can the prodact 

Proof: 

Now 

== (x, y, + x2Y2 + x3Y3 + x4Y4)2 + (xI Y2 - x2Y4 + x3Y4 - x4YI)2 

+ (x'Y3 - x3Y, + x4Y2 - x2y4i + (x'Y4 - x4YI + x2h - .. i. 
Notation: We call (a, b):= (c, d) (mod m) if a == c(mod m) and b == d(nlod m) 

Lemma 7.20. A set of ordered pairs of integers containing more than m2 elements must 
have two elements that are congruent mod m. 

Proof: Each ordered pair of integers is congruent (mod m) to one of the following m2 

ordered pairs: 

(1, I) (1,2) ( ) ( ) (I,m) 

(2, I) (2,2) ( ) ( ) (2,m) 

( ) ( ) ( ) ( ) ( ) 
( ) ( ) ( ) ( ) ( ) 
(m, I) (m,2) ( ) ( ) (m,m) 

If a set contains more than m2 ordered pairs, at least two of them must be congruent 
mod m to one of the ordered pairs in the above list. Obviously these two ordered pairs 
are congruent mod m. 

Lemma 7.21. Let a, b, e, d be given integers 

Let p be prime number 

The system of congruences 

ax + by - z == O(modp) 

ex + dy - u == O(modp) 

has non trivial solution, xo' Yo' zo' Uo such that each number in the solution is less than 
JP in absolute value 

(i.e., 1 Xo 1 < 1 JP I, 1 Yo 1 < IJP 1 ... etc. 

Proof: Define 
a = a(x, y, z, u) = ax + by - z 

p == P(x, y, z, u) = ex + dy - u, 

where x, y, z u vary over the domain 
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{O, I, 2, ... , m - 1, m = [.JP] 
we obtain (m + 1)4 values of a (not necessarily distinct) 

and (m + \)4 values of ~ (not necessarily distinct) 

Thus we have (m + \)4 ordered pairs (a, ~) with (a, ~) corresponding to the some 
values of x, y, z, u . 

. : (m + \)4> p2, it follows from lemma 7.20 that at least two ordered (aI' ~I) and (a2, 

~2) have corresponding components that are congruent mod p2 and therefore congruent 
modp 

a 1 == ax l + bY1 - zl == a 2 == ax2 + bY2 -z2 (mod p) 

~I == eX1 + dY1 - ul == ~2 == cX2 + dy2 - u2 (mod p) 

.. (al' ~1) and (a2, ~2) correspond to different values ofx,y, Z and u, then at least 
one of the numbers, xI - x2' Y1 - Y2' z1 - z2' ul - u2 is not zero. 

If we recall the range of values for x, y, Z, U we see that xI - x2' YI - Y2' zl - z2' 

u1 - u2 less than .JP in absolute values. 

Ifwe now let 

we get 

lx, - x21, Iy, - y21, IZ1 - z21, I u, - u21 ::::; m < .JP 

axo + byo - Zo == O(modp) 

cXo + dyo - Uo == O(modp) 

where I Xo I < .JP, I Yo I < .JP, I Zo I < .JP, I Uo I < .JP. 
Lemma 7.22. If p is an odd prime then, there exist integers a, b such that 

a2 + b2 == -I (modp) 

Proof: Consider the following two sets 

_ 2 2 2 p-l 
( )

2 

A - {O , 1 ,3 ,... -2- } 

_ 2 2 2 (p _1)2 
B - {--O ,-1, -I ,-1, -3 - 1, ... - -2- - I} 

Obviously the element of A are incongruent mod p(Le., P ¥ P (mod p) for i "# j and 
also the elements of B . 

. : A u B contains more than p elements, at least two numbers in the union are 
congruent mod to one another and one of these numbers say, a2, must be in A and the 
other is in B 

Theorem 7.23. Each prime number can be written as a sum of four squares 

Proof: If p = 2, then p = 12 + 12 + 02 + 02 

If p = 3 then p = 12 + 12 + 12 + 02 

If P ~ 5 
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By Lemma 7.22 

:3a, bE'Z such that el- + b2 == -1(mod p) 

By Lemma 7.21 

of 

:3 non trivial solution xo' Yo, zo' uo' each of 1 Xo I, 1 Yo I, 1 Zo I, 1 Uo 1 < .JP, 

ax + by == z(mod p) 

bx - ay == u(mod p ) 

Thus, z02 + u0
2 == (ax + byi + (bx - ayi 

== (el- + b2)(~ + y) == (x02 + Y02)(mod p) 

or x02 + Y02 + z02 + u0
2 == O(mod p) => x02 + Y02 + u0

2 = AP, AE~ 

Again 1 Xo I, 1 Yo I, 1 Zo I, 1 Uo 1 < .JP 
. . 0 < Xo 2 + Yo 2 + Zo 

2 + Uo 
2 < 4p 

(1) and (2) suggest that 

X02 + Y02 + Z02 + u0
2 = p, 2p, 3p 

(2) Case I If x02 + Y02 + z02 + u0
2 = p, then the theorem is proved. 

Case II Let x0
2 + Y02 + z02 + u0

2 = 2p 

Then two of them must be even and the other two odd . 

. (XO+YO)2 (XO-YO)2 (ZO+uO)2 (zo-uO)2 
Expandmg 2 + 2 + 2 + 2 we get 

I 1 
= "4 [2(x02 + Y02 + z02 + u0

2)] = "4 x 2 x 2p = p. 
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... (1) 

... (2) 

i.e., p = ( Xo : Yo r + ( Xo ; Yo r + ( Zo : Uo r + ( Zo ; Uo r 
Case III Let x0

2 + Y02 + z02 + u0
2 = 3p 

Then exactly one of the numbers say, Xo is divisible by 3 

If we allow negative value for some of the other numbers, we may assume that 

Yo == Zo == Uo (mod 3) 

Now expanding 

(YO + z; + Uo r + (YO +.z; - Uo r + ( Xo - Y
3
0 + Uo r + ( Xo + ~o - Zo r 

= ~ x [3(x 2 + Y 2 + Z 2 + U 2)] = ~ x 3 x 3p = P 
9 0 0 0 0 9 

:. p = (YO + Z; + Uo r + (YO + Z; - Uo r + ( Xo - Y; + Uo r + ( Xo + Y
3
0 - Zo r 
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Corolary 7.24. Each positive integer can be written as a sum of four squares (Lagrange's 
theorem) 

Proof: Use Lemma 7.19 and above theorem 

Let n be any positive integer 

Then let 

n = PI P2P3 ... Pm' p's are primes not necessarily distinct 

. . every prime number can be expressed as a sum of four squares and the product 
of two integers, each of which is expressible as sum of four squares, can be expressed 
as sum of four squares. 

Hence a positive integer can be written as a sum of our squares. 

7.5 WARING'S PROBLEM 

Waring's problem is that of representation of positive integers as sum of a fixed numbers 
s of nonnegative kth power i.e. whether, 

for a given k, there is any fixed s = s(k) such that 
- k + k + + k (1) n - XI x2 ... Xs ... 

is solvable for any n. In his book, Meditations Algebraicae (1770), Edward Waring stated 
without proof that every number is the sum of four squares, nine cubes, of nineteen 
biquadrants, and so on. This assertion has been interpreted to mean the following: Can 
each positive integer be written as the sum of no more than a fixed number g(k) of kth 
powers, where g(k) depends only on k, not the integer being represented? This can be 
stated in the following way also: 

For a given k, a number g(k) is sought such that every n > 0 can be represented 
in at least one way as 

k 
+ ag(k)' 

where ai are non negative integers, not necessarily distinct. 

His language implies: he believed that the answer to our question is in the affIrmative 
that (1) is solvable for each fixed k, any positive n, and an s = s(k) depending only on 
k. It is very improbable that Waring had any suffIcient grounds for his assertion, and it 
was not until more than hundred years later that Hilbert first proved true. 

A number represented by s - kth powers there is a least value of s for which it is 
true. This least value of s is denoted by g(k) 

Therefore, g(2) = 4 

g(3) = 9 

g(4) = 19 

There is another number in some ways still more interesting than g(k). Let us suppose 
at to fix our ideas that k = 3. It is known that g(3) = 9 i.e., every number is represent 
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able by 9 or fewer cubes. 

23 = 23 + 23 + 13 + 13 + ... + 13 = 2.23 + 7.1 3 ..• 9 cubes 

24 = .... < 9 cubes 

239 = 2.43 + 4.33 + 3.1 3 ... 9 cubes 

and these numbers 23 and 239 cannot be represented by 8 cubes. It is also known that 
only a finite number of integers (positive require so many cubes as 9. That is that all 
sufficiently large numbers are represented by 8 or fewer cubes and it is highly probable 
that 23 and 239 are the only numbers for which 9 cubes are needed. The evidence indeed 
indicates that only 15 other mrrnbers of which the largest is 8042, require so many cubes 
as 8 and that 7 suffices for 8043 on wards. 

It is playing, if this be so, that 9 is not the numbers which is really most significant 
in the problem. The fact, if they be facts, that just two numbers 9 cubes ants just 15 more 
require 8. Most fundamental and most difficult problem is that of deciding, not how many 
cubes are required for the representation of all numbers, but how many are required for 
the representation of all large numbers i.e. of all numbers with some finite numbers of 
exception. 

The existence of g(k) for each value of k was resolved in the affirmative by Hilbert 
in 1909; unfortunately, his proof relies on heavy machinery (including a 25-fold integral 
at one stage) and is in no way constructive. We define G(k) as the least value of s for 
which it is true that all sufficiently large numbers i.e, all numbers with at most a finite 
number of exception are represent able by s - kth power. Thus G(3) :s; 8. On the other hand 
it can be seen that G(3) ~ 4, there are infinitely many numbers not represent able by three 
cubes thus G(3) is 4, 5, 6, 7, or 8. It is still not known which one. But it is playing that 
G(k) :s; g(k) and the equality holds for k = 2, G(2) = g(2) = 4. 

Some known values for the first few g(k) and G(k) are: 

g(2) = 2 G(2) = 2 

g(3) = 9 4:s; G(3):S; 7 

g(4)=19 G(4) = 16 

g(5) = 37 6:S;G(5):S;17 

g(6) = 73 9:s; G(6):S; 25 

143 :s; g(7) :s; 3806 8:s; G(7):S; 33 

279 :s; g(8) :s; 36119 32 :s;IG(8) :s; 43 

EXERCISES 7.1 I 
1. Find all primitive solutions of:?- + y. = ;. when 0 < z < 60. 

2. Find all integers x > y > z > 0 such that x - y, y - z, x - z are all square numbers. 

3. Prove that if x2 + y. = z2, then one of x, y is a mUltiple of 3 and one of x, y, z is 
a mUltiple of 5. 
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4. Find an integer x such that x2 - 60 is a square number. 

5. For what value of square integer t, t - 5 and t + 5 are both square numbers? 

6. Prove that if n is any positive integer, 

x2 + I = z" always has positive integer solution. 

[Hint: If a, b, c be any solution of x2 + 1=;' then (at"-1)2 + (bcn- 1)2 = (~)n] 

7. For which integers n are there solutions to the equation x2 -I = n? /. 

8. Prove that x4 + 4/ = z2 has no solutions with xy -:F- ° 
9. Prove that x4 -/ = ;. has no solutions with yz -:F- ° 

10. Prove that there are no positive integers a and b such that both if + b2 and if -
b2 are perfect squares. 

11. Establish that the equation if + b2 + ? + a + b + c = 1 has no solution in integers 

[Hint: The equation in question is equivalent to the equation 

(2a + 1)2 + (2b + Ii + (2c + Ii = 7] 

12. Verify the following: 

(i) Every positive odd integer is of the form if + b2 + 2c2, where a, b, c are integers. 

[Note: With x, y odd, and z even, 4n + 2 = x2 + I + ;. and then 

2n + I = ( x ; y r + ( x; y r + 2( ~ r] 
(ii) Every positive integer is either of the form if + b2 + c2 or if + b2 + 2?, where 

a, b, c are integers [Note: If n > 0, and cannot be written as a sum if + b2 + 
c2, then it is of the form 4"'(Sk + 7)] 

(iii) Every positive integer is of the form if + b2 - c2, where a, b, c are integers [Note: 
For n > 0, it is possible to choose a so that n - if is positive odd and use that 
fact that a positive integer n can be represented as the difference of two squares 
if and only if n is not of the form 4k + ~.] 

13. Establish the following: 

(i) No integer of the form 9k + 4 or 9k + 5 can be the sum of three or fewer cubes. 
[Note: c? == 0, I, S(mod 9)] 

(ii) The only primes p which is represent able as the sum of two cubes is p = 2 

[Note: c? + b3 = (a + b) «a - b)2 + ab).] 

(iii) Prove that a prime can be represented by the difference of two cubes if any only 
if it is of the form p = 3k(k + 1) + I, for some k. 

14. Show that for all positive integers n, the family 

2 2Jn 
~ } is a family of Pythagorean triples. 

2 



HOMOGENEOUS QUADRATIC DIOPHANTINE EQUATION 267 

EXERCISES 7.2 I 
1. Evaluate N(n), pen), Q(n) for n = 100, 101, 102 [[As Definition: 7.3.1] 

2. Prove that if n is square free, N(n) = Q(n) 

3. Prove that the number of representations of an integer m > 1 as a sum of two squares 
of positive relatively prime integers equals the number of solutions ofthe congruence 
x2 = -l(mod m) 

4. For a given positive integer K, 

Prove that there is an integer n such that 

(a)N(n) = K if and only if K = O(mod 4) 

(b)P(n) = K if and only if K has the form 2m with m ~ 0 

(c)Q(n) = K if and only if K has the form 2m with m ~ 2. 

5. Prove that if an integer n is divisible by a prime of the form 4k + 3, then QCn) = 0 

6. q is a positive divisor ~f rl + b2 with (a, b) = 1. 

Prove that q is expressible in the form c2 + J2 with (c, d) = 1 

7. If P is a prime of the form 4k + I and if x2 + ;- = mp with 1 < m < p, m-odd, then 

Show that there exist integers XI' YI and M such that 

x I
2 + yl2 = Mp with 1 ~ M < m 

DDD 



[] 
SOME NUMBER THEORETIC PROBLEMS 
RELATED TO MATHEMATICS OLYMPIADS 

Example 1. Compute 12 - 22 + 32 - 42 + ... - 19982 + 19992 

Solution: 12 _12 + 32 - 42 + ... - 19982 + 19992 

= 19992 _ 19982 ... _ 42 + 32 + 22 + 12 

= (19992 - 19982) + (19972 - 19962) + ... + (32 _ 22) + 12 

= 1999 + 1998 + .. , + 3 + 2 + I 

1999 x 2000 = 1,999,000. 
2 

Example 2. If the number A3640548981270644B is divisible by 99, compute the ordered 
pair of digits (A, B). 

Solution: .,' The number is divisible by 11, we have 

(A + 37) - (B + 34) = A - B + 3 is a multiple of 11 

i.e., :. A - B + 3 is 0 or ± 11; 

Moreover the number is divisible by 9 also. 

So, A t- B + 71 is a multiple of 9 and so, 

A + B + 8 is a multiple of 9. Thus A + B = 1 or 10 

Thus we get from (I) and (II) the following equations 

A - B =-3 
A - B = 8 

A + B = 1 
A+B=]Q 

And only the valid pair is (9, 1). 

Exam pie 3. Compute the un it digit of 171983 + 11 1983 _ 71983 

... (I) 

... (II) 

Solution: It is observed that the unit digits of 171983 and 71983 are same. And clearly the 
unit digit of 11 1983 is 1 

:. the unit digit of the given number is 1. 
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Example 4. The sides ofa right triangle are all integers. Two of these integers are primes 
that differ by 50. Compute the smallest possible value for the third side. 

Solution: It is known that the sides form a Pythagorean triple and therefore 

One of the sides must be even. Since, no such triple can contain the number 2, the 
given primes cannot both be legs. 

Suppose the primes are p and q and the even leg is a. 
.. q2 _ p2 = (q + p)(q _ p) = 50(q + p) 

= 50(2p + 50) = 100(p + 25) 

= a2 

Thus, p + 25 must be a square; the smallest such p is 11, 

So a2 = 100.36=3600 

And so a = 60. 

Example 5. Find the smallest positive integer k such that the base 10 representations 
of 3k have one hundred digits. 

Solution: Suppose N = 3k 

Then 
99 99 + 

k log 3 = log N ~ 99 => ~ -- = -- = 207.5 
log 3 .4771 

k = 208. 

Example 6. Let n = 1983. Find the least positive integer k such that 

k n2 (n2 - 12) (n2 - 22) (n2 - 32) .... (n2 - (n - 1)2) = r! for some integer r. 

Solution: k n2 (n2 - 12) (n2 - 22) (n2 - 32) ... (n2 - (n - 1 i) = r! 

= kn(2n - 1 )(2n - 2) ... (n + 2)(n + 1) n (n - 1) (n - 2) ... 2.1 

= kn. (2n - I)! 

Now it is seen that k = 2 does our job. 

Example 7. A sequence of positive integers a1' a2, a3, ..• is defined as follows: 

an + 1 = a/1 - 8/1 
where 8/1 is the sum of digits of an. 

If 100 < a1 < 1000, show that the sequence must contain the number 63. 

Solution: Observe that the sum of the digits of a three digit number (number lying in 
between I 00 and 1000) < 30 (actually maximum is 27 = 9 + 9 + 9). 

[Note the sequence is of the type: 

243, 

243 - (2 + 4 + 3) = 243 - 9 = 234, 

234 - (2 + 3 + 4) = 234 - 9 = 225 

225 - (2 + 2 + 5) = 225 - 9 = 216, 
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216 - (2 + 1 + 6) = 216 - 9 = 207, 

207 - (2 + 0 + 7) = 207 - 9 = 198, 

198-(1 +9+8) = 198-18=180, 

180 -( 1 + 8 + 0) = 180 - 9 = 171, 

171 - (I + 7 + 1) = 171 - 9 = 162, 

162-(1 +6+2) = 162-9=153, 

153-(1 +5+3) = 153-9= 144, 

144 - (1 + 4 + 4) = 144 - 9 = 135, 

135-(1 +3+5) = 135-9=126, 

126 - (I + 2 + 6) = 126 - 9 = 117, 

117 - (I + 1 + 7) = 117 - 9 = 108, 

108 - (1 + 0 + 8) = 108 - 9 = 99, 

99 - (9 + 9) = 99 - 18 = 81, 

81 -(8 + I) = 81 - 9 = 72, 

72 - (7 + 2) = 72 - 9 = 63, 

63 - (6 + 3) = 63 - 9 = 54, 

54 - (5 + 4) = 54 - 9 = 45, 

45 - (4 + 5) = 45 - 9 = 36, 

36 -(3 + 6) = 36 - 9 = 27, 

27 - (2 + 7) = 27 - 9 = 18, 

18-(1 +8) = 18-9=9, 

9 - 9 = 0] 

NUMBER THEORY 

. . The sequence must eventualIy reach a number between 70 and 100. Also, since 
any number is congruent to the sum of its digits (mod 9), each member of the sequence 
after al is a multiple of 9. Thus the sequence must breach 99, 90, 81 or 72. 

In any case, the sequence will shortly thereafter go to 63. 

Example 8. A sequence of positive integers ai' a2 , a3, •.. is defined as follows: 

an + 1 = an + Pn 
where P

II 
is the product of the digit of an' 

The sequence ends if ever an + 1 = an' 

Prove that, if a 1 < 1000,000, the sequence must end (if an consists of a single digit, 
then Pn = an)' 

Solution: 

[Note: a1 = 23, 

a2 = 23 + 2.3 = 23 + 6 =; 29 

a3 = 29 + 2.9 = 29 + 18 = 47 

a4 = 47 + 4.7 = 47 + 28 = 75 
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a5 = 75 + 7.5 = 75 + 35 = 110 

a6 = 110+ 1.1.0= 110+0= 110 

a7 = {/6 

ag = a7 = ... etc.] 

We shall prove that a term must eventually be reached that contains a - 0, so that 
all succeeding terms are identical to that one. 

If (ever) 999 is reached, the next term is 999 + 93 

And we note: 1000 < 999 + 93 < I 100 and th is num ber jumps over from 1000 to 1100 
(101 numbers) 

So, the new term might not contain a zero. But if we reach 999 ... 9 (n-digits) and 9n 

does not jump over the numbers from 100 ... 0 (n + 1 digits) to 

1000 ... 0 (n + 1 digits), then we will certainly hit a number containing a zero as our 
next term. The interval contains 100 ... 0 (n digits), which is IOn - I numbers. Thus, if ever 
9" < 10" - I, then the next term must contain a zero, and therefore be the maximum term 
of the sequence. 

Example 9. Find all ordered triples (x, y, z) such that x, y, z are (positive) primes. 

and 

Solution: Ify is odd, then xOdd + 1 would be divisible by x + 1 and would not be a prime. 
Thus y is even, and must be 2. Also, since z must be odd, x must be even; thus x = 2. 
Thus makes z = 5, 

so the only answer is (2, 2, 5). 

Example 10. The integers a, b, c are each greater than 20. One of them has an odd 
number of divisors; the other two each have three divisors. If a + b = c, compute the 
smallest possible value of c. 

Solution: We note that [Student will try to prove that] only perfect square has an odd 
number of divisors and only the squares of primes have exactly 3 divisors. The quantities 
a, b, c must be ?-, P1

2
, and p/ (in some order, with PI' and P2 primes) a + b = c implies 

that r, PI' P2 must form a Pythagorean triple. Since one of these must then be even, r must 
be even; therefore r is a leg, so the hypotenuse is a prime. The smallest such hypotenuse 
is 13, so c = 169. 

Example 11. Compute n if(lOl2 + 25)2 - (10 12 - 25f = IOn 

Solution: LHS = 4.10 12.25 =2.1012 .50= 100.1012 = 1014 

And this gives n = 14. 

Example 12. The integers x, y, z are each perfect squares, and x> y > z > O. If x, y, z 
form an arithmetic progression, compute the smallest possible value of x. 

Solution: Let x = a2, y = b2, z = ~, 

Then we have 

2 - b2 = b2 - a2; so 2b2 = a2 + 2. 
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Since b is at least 2, consider values of b from 2 on and find 2b2. The first such value 
that is the sum of two squares occurs when b = 5 (a = 7 and c = 1). Then x = 49. 

Example 13. For each non-negative integer n we define a non-negative integer n as 
follows: 

(a) 0 = 0, T = 2, 2 = I 
(b) When n is represented in base three as 

n = ao + a13
1 + a232 + ... + arY, where ai E {O, I, 2} 

Then - - - - 31 - 32 - 3r n - ao + a1 . + a2 . + ... + ar . 

For example, ifn = 46 (=12023), then n = 21023 = 65 

Thus 46 = 65 (and 65 = 46) 

(1) If we make a table of value of nand n, we see that T = 2, "3 = 6 and '4 = 8 

(a) Find the smallest n greater than 4 such that n = 2n 

(b) Describe any infinite set of numbers n for which n = 2n, and justify your answer. 

Solution: Let us consider a table of values of nand n: 

n n in base 3 n in base 3 n 
0 0 0 0 

1 1 2 2 

2 2 1. 1 

3 10 20 6 

4 11 22 8 

5 12 21 7 

6 20 10 3 

7 21 12 5 

8 22 11 4 

9 100 200 18 

10 101 202 20 

11 102 201 19 

12 110 220 24 

13 111 222 26 

14 112 221 25 

15 120 210 21 

16 121 212 23 
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(a) n = 9 

(b) Powers of 3. Since they are of the form 100 ... 03, the n'S are of the fonn 2000 
... 03, so n = 2n. This will also hold for n's whose base 3 representation s 
consists only of I's and O's) e.g. n's of the form 3k + 1) 

(2) Note that 1 + 3 = T + 3" and 2 + 3 = 2 + 3 

(a) Find a pair of integers (a, b), with a and b each greater than 2, for which 

a+b =a+b. 

(b) Describe any infinite set of pairs of integers (a, b) for which a + b = a + b, and 
justify your answer. 

Solution: 

(a) 3 + 9 = i2 = 24, 3" + 9" = 6 + 18 = 24. Thus (3, 9) is an example. Other examples: 
(9, 3) and (6, 10). 

(b) (3 n, I). Since 3n + 1 is of the fonn 100 ... 01 3, 3n + 1 = 200 ... 023, which is the 

same as 3n + T. More generally, we could use the set (a, b) where, when a 

"digit" of one is not OCin base 3, of course), the corresponding digit (in terms 
of position) of the other is o. Since any nonzero digit of a + b will have to come 

from a or b itself, the corresponding digit of a + b will be same as that digit from 

aorb 

Thus a+b = a+b. 

For example 9 + 6 = 1003 + 203, 

Sf) 9 + 6 = 2103, 

9 + 6 = 2003 + 103 = 21°3 

(3) For each of the following find a number n such that 

(a) n - n = 3, 

(b) n - n = -2, 

(c) n - n = 5 

Solution: From the table (extended) in the solution of equation (1), we find that the 
solutions are 

(a) n = 6 

(b) n = 5 

(c) n = 22. 

(4) If c is any positive integer, describe how to find an integer n for which n - n = c. 

Solution: We first express c in base 3: c = ao + Q I3
1 + a232 + ... + Q r3

r 

If any ai = 2, replace ai by - 1 and add 1 to ai + I. If ai + 1 becomes 3, replace it 
with 0 and add I to ai + 2. Continue this way until all the digits are 0, 1 or -1. This is 
a new representation of c in base 3 using digits 0, 1 and -1 only. The integer n called 
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for in the problem will be the number in base 3 obtained by now replacing each -1 by 
1 and each 1 by 2. Thus if c = 19 = 2013 = 1 - 1013, 

Then n will be 21023 = 65. Checking, we find that 65 = 12013 = 46, and 65 - 65 = 
65 - 46 = 19. Similarly, if c = 11 = 1023 = 11 - 13, then will be 2213 = 25; 

Thus n - ii = 25 - 25 = 25 - 14 = 11. 

All this works because a 1 in c (base 3) eventually becomes a 2 in the representation 
of n (and a 2, or T in ii); thus, for that position n - ii = -1, which is the correct 
corresponding digit of c. Zeros remain in c, n and ii. Thus this formulation of n produces 
that called for value of c. 

(5) notice that 2.2.3 = 2.3 
(a) Find a pair of integers (a, b) with a and b each greater than 2, such that 

2.a.b = a.b 
(b) Describe any infinite set of pairs of integers (a, b) for which 2.a.b = a.b, with 

ab '* 0, and justify our answer. 

Solution: (a) (9, 6). Note that 54 = 20003, so 54 = 10003 = 27. Then 9·6 = 54 = 2.27 = 

54 and also 9.6'= 18.3 = 54 "'"\ 

.? 
(b) (3n, 6) or (3n, b) where b is a number whose base 3 representation has only o's 

and 2's for digits. Consider th~ base 3 representation of all numbers involved: 
since b has only O's and 2's, b has only O's, an~ 1 's. Since 3n is a 1 followed 
by n zeros, 3n is a 2 followed by n zeros. Thus 3n .b is the same as b followed 
by n zeros, 3n b is b followed by n zeros, and 2.3n b brings us back to b 
followed by n zeros. 

Thus 2.3n b = 3n .b. 

(6) If either a or b is zero, then a.b = a.b, then either a or b must be zero. 

Solution: Consider the rightmost nonzero digit of a (in base 3 representation) and the 
rightmost nonzero digit of b, and forget about the zeros that follow. 

The chart below shows the rightmost nonzero digit of various quantities: 

-
a b ab a,b a b a.b 
1 1 1 2 2 2 4(becomes 1) 

1 2 2 1 2 1 2 

2 1 2 1 1 2 2 

2 2 4(becomes 1) 2 1 1 1 

Note that a.b never matches a.b. Thus a.b = a.b, at least one of the numbers has 
only zeros for digits and hence is equal to zero. 

Example 14. a, band c are integers with a,* b. If (4° + 1) (4b + 1) = 3c + 1. Compute 
the numerical value of ~ + bO 

Solution: a, b ;:: (}o~ 3° + 1 is an even integer, so 4° + 1 (for example) must be even, 
whereupon = O. Then (n"oting that b may not also be 0), 
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ab + bQ = Ob + bO = 1. If a or b is negative, simple analysis will show that c must 
be negative and no solution is possible. 

Example 15. Let x be the square of an integer. From x we subtract 1; from that result 
we subtract 3; from that result we subtract 5; and so on. (The quantities being 
subtracted continue to increase by 2). This continues until we reach a result that is the 
square of an integer other than zero. Compute the largest x less than 400 for which this 
occurs. 

Solution: Let x = c2. Note that 1 + 3 + 5 + = b2, at each stage. We want the largest c2 

less that 400 such that c2 - b2 = a2 :F- O. The largest c < 20 that is the hypotenuse of 
a Pythagorean triple is 17, so x = c2 = 289. 

Example 16. Find all positive integers n( <17) for which n! (n + I)! + (n + 2)1. Is an integral 
multiple of 49 ? 

Solution: n! + (n + I)! + (n + 2)! = n![1 + (n + 1) + (n + 1) (n + 2)] 

= n!(n + 2i 
Now 72 (= 49)1 n!(n + 2i => 72 In! or 72 1 (n + 2f 

=> 49 In! or 71 (n + 2) I 
Therefore, n = 5, 12, 14, 15, or 16. 

Example 17. How many two digit numbers have the property that when they are divide 
by the sum of their digits, the quotient is 7? 

Solution: [Note: A two digit numbers cannot have 0 as its tens digit] 

Let the number be lOt + u. Then we should have 

lOt + u h" I' --- = 7. And t IS Imp les 
t+u 

lOt + u = 7t + 7u => t = 2u. 

Thus the number are 

21, 42, 63 and 48 and the answer is 4. 

Note: Let N be the positive integer A,Jn_I ..... A01' where the Ai are digit. Thus 
N = AnIOn + An_lIOn-I + ... + A2 102 + AI.1O + Ao' where 0:::;; Ai:::;; 9 and An:F- 0 

For any integer r, we define the function 

F(N, r) = Ao~ + AI~ - I + ... + An _ I.r + An 

e.g. F(253,4) = 3.42 + 5.4 + 2 = 70 

F(&l., 5) = 5B + A 

(1) (a) Prove: If AB is a multiple of 7, so it 5B + A i.e. If71 AB, then 7 I F (&1,5) 

(b) Prove: If 7 l' AB, then 7 l' F(&1, 5) 

(c) Prove: 7 I AB h if and only if 7 I F (&1 C 5) 

[Observation: A test for divisibility by 7 is 7 I N if and only if 7 I F (N, 5)] 

(d) Compute the smallest positive integer k such that, for any positive integer 
N, 19 I N if and only if 19 I F (N, k). 
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Solution: 

(a) 7 + AB i.e.,·7110A + B ~ 715 (lOA + B) ~ 71 (49A + A + 5B) ~ 71 (5B + A) 
71 F (AB, 5). 

(b) 7 f AB ~ 7 f (lOA + B) ~ 7 f 5 (lOA + B) 

7 f (5B + A) ~ 7 f F (AB, 5). 

(c) 71 AB ~~ 71100A + 10B+ C~ 7125 (100A + 10B+C)~7125 (2A +3B+C) 

~ 7 1 (50A + 75B + 25C) ~ 7 1 (A + 5B + 25C) 7 1 F (&i ~, 5); 

Similarly the converse. 

(c) The answer is 2. 

In short: if 19 1 An IOn + An _ I IOn - I + ... + A2102 + A I' 10 + Ao 
Then, 1912n (AnIOn + An - 1l0n-1 + ... + A2102 + AI' 10 + Ao) 

~ 191 (2nAo + 2n - IAI + 2n - 2A2 + ... ). 

Example 18. 

(a) Compute the smallest positive value of N such that F(N, 1) = 18 and (at the same 
time) F(N, -1) = 0 

(b) Find all ordered pairs of digits (A, B) such that 19 1 BIllA III 

(c) If N is a 3 digit number and F(N, 5) = 67, compute the remainder when N is divide 
by 7. 

Solution: F(N, I) = Ao + A I + '" + An = 18 ~ N is a mUltiple of 9; 

F(N,-I) = ±Ao±AI ±A2±A3 ± ... =0 ~Nisamultiple ofl 1; thusN=99 

(b) 191 BI11A111 ~ 19 + (27 + 26 + 25 + A24 + 23 + 22 + 2 + B2o) ~ 19 + (238 + 
16A + B) ~ B + 10 == 3A(mod 19) 

Trying values of A from 0 to 9 only leads to four pairs: 

(0,9), (4, 2), (5, 5), (6, 8). 

(c) Let us consider a general solution. 

Given N has n + 1 digits, k == loP - 2(mod p) for prime p > 5, K~ == l(mod p) and 
N == G(mod p), where 0 :$ G :$ p, Then considering everything (mod p): 

~G == ~N == F(N, k) ~ K~G == G == K.F(N, k) 

Thus, N == K.F(N, k) (mod p). For n = 2, p = 7, and k = 5 

52K == 1 (mod 7) 

~ K == 2(mod7) 

~ N == K.F(N, 5)==2.67 ==2.4== 8 

1 (mod 7). The remainder is 1. 

Example 19. The integer A has 198,519,851,985 digits, and is not a mUltiple on. The sum 
of the digits of A is B. The sum of the digits of B is C. The sum of the digits of Cis D. 
Compute the possible values of D. 

Solution: Suppose A has one 8 and the rest 9's as digits, Then the corresponding B is 
1,786,678,667,864. 
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A smaller A can produce a B whose digital sum is larger, 

The B with the greatest possible digital sum (while not being a multiple of 3) would 
be 999,999,999,998. The corresponding C is 107, but a further reduction in the original A 
could produce a reduction in B to get a C with the highest digital sum, that C is 98. This 
gives a maximum D of 17. 

Example 20. Compute the smallest positive integer n, greater than 2, such that 2 I n, 
3 I n + 1, 4 I n + 2, ... , 10 I n + 8 

Solution: Suppose n = x + 2. Then 2 I x + 2, 3 I x + 3, ... etc. This implies that 2 I x, 3 
I x .. etc. The least possible x would be the least common multiple of the integers from 2 
through 10, which is 2520. Thus n = 2522. 

Example 21. Iff(n + 1) = (-It+ l.n -2!(n), for integral n, andf(l) = f(1986), compute 
f(1) + f(2) + f(3) + ... + f(1985) 

Solution: f(2) = 1 - 2f(1),J(3) = -2 - 2f(2),J(4) = 3 - 2f(3), ... , 

f(1985) = -1984-2f(1984),f(1986) = 1985-2f(1985). 

Adding and replacingf(1986) on the left side by f(I). 

1985 1985 
We get Lf(i) = I - 2 + 3 - 4 + .. , - 1984 + 1985 - 2 Lf(i) 

i=1 i= I 

So, 
1985 1984 1985 . 

3 Lf(i) = --- + 1985 = 993 and Lf(l) = 331. 
i=1 2 i=1 

Example 22. The smallest integer with exactly 8 divisors (including 1 and the number 
itself as divisors) is 24. Find the next higher with exactly 8 divisors. 

Solution: The number of divisors ofN= p~l p;2 ... p;n , where the Pi are distinct primes, 

is (a l + 1) (a2 + 1) .... (a + 1). A number with 8 divisors must be one of the following 
fonns: p7, or plq3 or plqlr'. The smallestNis 31.23== 24; the next higher is 21.3 1.51 = 30. 

Example 23. If the product (251 + 1) (251 - 1) is expressed in base 2, compute the number 
of 0' s in the result. 

Solution: (2n + I + 1) (2n - 1) = 2n + 1(2n - 1) + (2n - 1). In base 2, 2n - 1 is a series of 
n consecutive 1 's; multiplying by 2n + 1 appends (n + 1) D's to the 1 'so Now adding 
2n - 1 to it changes the final nO's into 1 'so There will be 1 zero left in the middle. 

Example 24. Iff(x) is defined for x ~ 0, 

f(a + b) = f(a) + feb) = 2f(ab), andf(1) = 1 

computef(1986). 

Solution: We show thatf(even) = 0 andf(odd) = f(1) = 1 

And so, f(1986) = O. 

[a = b = 0 => f(O) = 0; a = b = => f(2) = f(1) + f(1) - 2f(1) = 0 

(2) Assume thatf(n) = 0, for even n such that 0 :,,; n :,,; 2k andf(n) = f(l) for odd 
n such that 0 :,,; n :,,; 2k - 1 
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Then 

and 

f(2k+ 1) = f(l)+f(2k)-2f(2k)=f(l) 

f(2k+ 2) = f(l) + f(2k + 1) - f(2k + 1) 
= f(l) + f(l) - 2f(l) = O. 

NUMBER THEORY 

Example 25. How many 2 digit numbers, neither of whose digits is 0, are such that. the 
product of their digits is a square. 

Solution: From 11 through 99 are 9 numbers, each with identical digits; if each digit is 
a square, we have 14, 41, 19, 91, 49 and 94 for 6 more numbers; finally we have 28 and 
82 for 2 more numbers; total is 17. 

Let the positive integer . , 

N = anan_Ian_2 ... a2a l aO where.ai are digits: 

Thus N = an IOn + an _ lIOn - I + ... + a2102 + a l l0 + ao 
where 0 :s; ai :s; 9 and an * O. 

We define the function 

T(N) = (an + 1) (an _ I + 1) ... (a2 + 1) (a l + 1) (ao + 1) 

Now 

Example 26. T(3079) = 4.1.8.10=320 

Also we define; II (X) = the smallest N for which T(N) = X 

(I) (a) Find all N < 300 such that T (N) = N + 1 

(b) Find all N < 100 such that T (N) = N 

(c) Find all N < 100 such that T (N) = N - 20 

(d) Find all N < 100 such that T (N) = 7N/8 

(e) Find 11(54) 

(1) Find 11(720) 

(g) For what positive integers X does 11(X) not exist? 

(II) (a) Prove that T(IOA + B) = [T(A)][B + 1], where A and B are integers with A ~ 1 
and O:S; B:S; 9. 

(b) Prove that T (N) :s; N + 1 for all positive integer N. 

III (a) Prove that for all positive integers N, T(N) = N has only the solution(s) found 
in part I(b) above. 

(b) Prove that for all positive integers N, 

T (N) = N - 20 has only the solution(s) found in part I(c) above. 

(c) We define T(O) = 1. 

Prove that T(O) + T(l) + T(2) + T(3) + ... + T(10k-1) = 55k 

For all positive integer k. 

Solution: The answers are 

(I) (a) 1,2,3,4,5,7,7,8,9,19,29,39,49,59,69,79,89,99, 199,299 [it obviously works 
for one digit number. If N = lOA + B, we have (A + 1) (B + 1) = lOA + B + 1, 
leading to B = 9. If N = 100A + lOB + C, brief analysis for A = 1 and for A = 

2 lead to the answers] 
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so, 

(c) The only solution is 18. [This cannot work for a one digit number. If N = lOA 
+ 8, then (A + 1) (8 + I) = lOA + B -20 leads to AB - 9A = -21. Thus A 121, 
so we need only consider A = I, 3, or 7, getting the corresponding B's and 
checking lead to the solution] 

(d) The only solution is 16. [For a one digit number, we get N + 1 = 7N12, which 
leads to an impossibility 

If N= lOA + B, we get 8(A + I)(B + 1); Thus, 71 (A + I) or (B + I), leading to 
A = 6 or B = 6. Solving for the other variable leads to the only solution.] 

(e) Searching for a two digit solution, we get two factors of 54 where one factor is 
as small as possible (of course, no factor may be greater than 100. This leads 
to 6, 9; the answer is 58. 

(t) We search for three factors of720, each number greater than 10, with one as small 
as possible. Clearly this factor must be greater than 7, so we use 8, 9, 10. This 
leads to the answer 789. 

(g) rl(l) does not exist. For X greater than 1, rl(X) will exist so long as X can be 
expressed as a produced of factors, none of which is greater than 10. If X has 
any prime factor greater than 7, this factorization cannot be done. Thus the 
answer to the question is I, and any positive integer having a prime divisor 
greater than 7. 

II (a) If non [ n I] A=i~lai.IO',then71:A)=i~O(a;+I) IOA+B= i~~i.IO;+ +B, 

n 
71:IOA + B) = [ n (a; + I) ][B + 1] = [T(A)] [B + 1] 

;=0 

(b) This clearly holds for all single digit numbers. Assume it holds for all single digit 
numbers ~ 1. Let N have k + I digits. Then if 

N = lOA + 8, [where A has k-digits and 0::;; B ::;; 9], 

71:N) = [71:A)] [B + 1] ::;; [A + 1] [B + I] 
= AB + A + B + 1 

= [8 + I] A + B + 1 ::;; lOA + B + 1 = N + 1. 

By induction, therefore, the statements holds for all N. 

III (a) Let N = lOA + B, where A> 0 and 0 ::;; B ::;; 9 

[note that for A = 0, T(B) = B + 1, not B], 

T(IOA + B] = [71:A)] [B + 1] = lOA + B, so 

(B + 1) I (lOA + B) ~ (8 + 1) I (lOA + B +0 1 - 1) 

~ (B + 1) I (lOA - 1), 

so B is even. But 

so 

lOA + B = [71:A)] [8 + 1] ::;; [A + 1] [B + I] 
= AB + A + B + 1 ~ 9A ::;; AB + 1, 

A(9 - B) ::;; I ~ B = 9. 
[Impossible, since B is even] or A = 1, B = 8. Thus 18 is the only answer. 
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(b) Since T(N) > 0, N;e: 21. 

Let N = lOA + B, 

where A ;e: 2 and 0 ~ B ~ 9. Then 

T(IOA + B) = [T(A)] [B + 1] = lOA + B - 20 

=> (B+I)I(lOA+B-20) 
=> (B + I) 1 [lOA + (B + 1) - 21] 

=> (B + 1) 1 (lOA - 21) 

=> (B + 1) 1 [1O(A - 22) - 1], 

so B + 1 is odd, making B even and ~ 9. Therefore 

B = 0,2,'4,6, 8. 

Also [T(A)] [B + 1] ~ [A + 1] [B + I], 

NUMBER THEORY 

so lOA + B - 20 ~ (A + I) (B + 1) = AB + A + B + 1 

=> A~~ 
9-B 

Let us now consider the cases: 

If B = 0, A ~ 2119 =>A =2 andN=20 (impossible, sinceN~21] 
No solution for B = O. 

If B = 2, A ~ 2117 = 3 => A = 2 or 3, 

1{32) = 32 - 20, but T(22) -:F- 22 - 20. 

Hence, only solution is N = 32. 

If B = 4, (8 + 1) 1 [1O(A - 2) - 1] => 5 1 [IO(A - 2) - 1], 

which is not possible, since 5X - 1. 

If B = 6, (B + 1) 1 [1O(A - 2) - 2] => 7 1 [1O(A - 2) - I] 

=> 7 1 3 A=>7 1 A; then 

A ~ 2113 => A = 7. T(76) = 76 -20. 

Hence another solution is N = 76. 

If B = 8, (B + I) 1 [IO(A - 2) - I] => 91 [IO(A - 2) - I] 

=> 9 1 (A -3); then 

A ~2I=>A=3, 12,21. 

T(38) -:F- 38-20; T(l28) = 128-20; T(218)-:F-218-20. 

Thus the only solution is 32 and 76. 

(c) The proof is by induction. Let us first illustrate this for k = 1,2,3. For k = 1, 

T(O) + T(I) + ... + T(9) = 1 + 2 + ... + 10 = 551, 

or k = 2, 

T(O) + T(I) + ... + T(99) 

= [T(O) + T(1O + T(20) + ... + T(99)] + [T(I) + T(II) + 1{2I) + ... + 1{91) 

+ ... + (1{9) + T(I9) + 1{29) + ... + T(99) [using I1(A)] 

= [1 + 1{1). I + 1{2). I + ... + 1{9). I} + [2 + T(I).2 + 1{2).2 + ... + 1{9). 2] 

+ ... + [10+ 1{I). 10+ 1{2).1O+ ... + 1{9). 10] = [1 +2+ ... + 10] 

[T(O) + 1{IO + ... + T(9)] = 55.55 1 = 552 
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For k = 3, 

T(O) + T(I) + .. , + T(999) 

= [T(O) + T(1O) + T(20) + ... + T(90) + T(IOO) + T(IIO) + ... + T(990)] 

+ [T(I) + T(II) + ... + T(99I)] + ... + [T(9) + T(I9) + ... + T(999) 

= [1 + T(I).I + T(2).I + ... + T(9). 1 + T(IO).I + T(II). 1+ ... + T(99). 1] 

+ 2 + T(I). 2 + ... + T(99).2] ... + [10 + T(I) 10 + ... + 1999).10] 

10 102-1 
= [Li] [i LT(i)]= 55.552 = 553 

;= 1 ;=0 

lOn_I 

Assume L T(i) = 55n. Then 
;=1 

IOn + 1_1 

LT(i) = [I + T(I).I + T(2).1 + ... + T(lOn 
- 1).1] + [2 + T(I).2 + ... 

; = 1 ' 

lOn_I 

+ T(lOn - 1).2] + ... + [10 + T(I) 10 + ... + T(IOn - 1).10] 
10 

= [Li] 
;=1 

[ LT(i) = 55.55n =55n+ l ; 
;=1 

thus satisfying the induction hypothesis. 

[Note: It can be shown that [T(Oi + T(Ii + ... + [T(lOk_I)f = 385k, and in general 

Thus function has many fascinating properties, including the fact that when N is 
written in base p (a prime) and T(N) is suitably defined, then T(N) is the number of terms 
in the }/-h row of Pascal's triangle which are not divisible by pl. 

Example 27. The positive integer N has exactly 12 distinct (positive) divisors including 
itself and I, but only 3 distinct prime factors. If the sum of these prime factors is 20, 
compute the smallest possible value of N. 

./ 

Solution: If p, q and r are the prime factors, their sum is 20, so one must be even. Let 
p = 2. Then 

(q, r) = (5, 13) or (7, 11). 

Let N = 2a.5b.13cor2a.7b.l1c 

where a ~ b ~ c, (a + 1) (b + 1) (c + 1) = 12 

and a, b, c ~ 0 => a = 2, b = I, c = 1. Then 

N = 22.5 1.13 1 = 260 or N= 22.71.11 1 = 308. 
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Example 28. For all ordered pairs of positive integers (x,y), we define/(x,y) as follows: 

(a) /(x, 1) = x 

(b) /(x, y) = 0 if y > x 

(c) /(x + 1, y) = y[f(x, y) + /(x, y - 1)] 

Compute/(5,5) 

Solution: 

and so on. 

/(1,1) = 1 

/(2,2) = 2 [f(I, 2) +/(1,1)] 
= 2.1; 

/(3,3) = 3[/(2,3) +/(2,2)] 
= 3.2.l 

/(5,5) = 5f = 120. 

Example 29. Compute the smallest positive integer N such that ~~ is an integer. 
12 

Solution: It is necessary that 224 and 312 each divide NL If [ ~] = 8, the~ 

[~] = 2 and [~] = 0 

so 310 I N! (not enough). If [ ~] = 9, then 

[~] = 3 and [~] = 1. 

Therefore [ ~ ] ~ 9 and N ~ 27. 

Now [2;J+[~~J+[~n+[~n = 13 + 6.+ 3 + 1 = 23, 

so 223 I N! (not enough). But N = 28 works for both 2 and 3. 
I I 

Example 30. If. a 2 + b 2 = 6, compute the number of ordered pairs of positive integers 

(a, b) that satisfy the equation. 

Solution: If the sum of two positive number is t then the first can be anyone integer 
from 1 through t - 1. This gives t - 1 ordered pairs, so that answer is 5. For example, 

1 

4 + 2 = 6, so a can be 16 and b would be 4; a 2 ranges from 1 
through 5. 
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Example 31. How many 5 digit numbers have all of the following properties? 

(a) All 5 digits are different. 

(b) The first digit is from 2 througb 6 inclusive. 

(c) The last digit is from 3 through 7 inclusive. 

(d) The middle digit is odd. 

Solution: Consider four cases: where the first and last digits are respectively even/odd, 
odd/even, odd/odd, even/even. For the first three cases: count the number of choices for 
the first digit, then the last digit, then the middle digit, then the remaining digits, for the 
last case: consider the final digit, then the first, then the middle, then the others. 

Numbers of choices: J 11 2 J = 1512 

£112£ = 672 

£1J2£ = 504 

£1~2£ = 840 
Tota} = 3528 

Example 32. Find the smallest 3 digit number such' that both of the following are true: 

(a) The number formed by any two of its digits (in either order) is a prime. 

(b) The number formed by its three digits, in any order, is a prime. 

Solution: Only 1,3,5,9 are possible digits. 

(a) Ifno digits are the same, they must be 1,3,7 (since 931 and 93 are composites), 
but 7 divides 371. 

(b) If two digits are the same, they must be 1, 31. Then only 113 works (91 and 117 
are composites) (Note: 131 and 311 are primes). 

i;xample 33. The numbers x and y are positive integers with the following properties: 

(a) The sum ()f their squares is L 

(b) The sum of their cubes is K times the sum of the number themselves. 

(c) L - K = 28. 

Compute all possible ordered pairs (x, y) with x < y. 

Solution: 

=> 

=> 

3 3 
~+l_x +y =28 

x+y 
~ + I - (~ -xy + I) = 28 

xy = 28, 

producing (1, 28), (2, 14), (4,7) all three pairs required. 

Example 34. Compute the remainder when 33332 is divided by 7. 

[Note: The answer must be an integer from 0 through 6] 

Solution: 3 I 33 => 3332 = 3k; where k is odd. 
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33k = 27k = (7a - Il = 7b - 1 

= 7c + 6 

NUMBER THEORY 

[since k is odd] 

So the remainder is 6. [The solution is shorter if "congruence" notation is used which 
is as follows: 

33 == -l(mod 7) 

3
3332 

== 3k 

== (-1 l (mod 7) 

== -l(mod 7) where k = (331, 1132) is odd 

== 6(mod 7). 

Example 35. When represented in base k, where k is a positive integer, the number x 
is 29k, and the number ~ is 769k . Compute k (expressing your answer as a base 10 
numeral) 

Solution: 712 + 6k + 9 = (2k + 9)2 => k = 12. 

Example 3S. If the integer A is reduced by the sum of its digits, the result is B. If B is 
increased by the sum of its (B's) digits, the result is A. Compute the largest 3 digit number 
A with this property. 

Solution: Since a number and the sum of its digits are "congruent Mod 9", B is a mUltiple 
of 9[that is, A-sum of its digits) must be divisible by 9]; since this means that the sum 
of B's digits is also a multiple of 9, then B + (sum of its digits) = A is also a mUltiple of 
9. Now try 999[999 - 27 = 972, which does not have a digital sum of27]; try 990[990-
18 = 972; which also has a digital sum of 18], which works. 

Example 37. [Note: 12 + 22 + 32 + ... + 19862 + 19872 = 1987.9994.1325] 

If 1.1987 + 2.1986 + ... + 1987.1 = 1987.994x, compute the integer x. 

Solution: If S = 1.1987 + 2.1986 + ... + 1987.1 and 

K = 1987.1987+1986.1986+ ... +1.1, 

S + K = 1988(1987 + 1986 + ... + 1) = 1988. 1987.1988 
2 

= 1987.994.x+ 1987.994.1325; 

Simplifying both sides leads to x + 1325 = 1988, so x = 663. It can be shown that 

(1)(n) + (2)(n - 1) + (3)(n _ 2) + ... + (n)(1) = n(n + 1)(n + 2). 
6 

32 32 32 32 . 
Example 38. If - + - = -.-, where p and q are pnmes and 3 < P < q, compute 

the ordered pair &. q).q p q 

Solution: 32(p + q) = 32.32 implies p + q = 32. Trying prime values of p larger than 3 only 
produces p = 13, q = 19. 

So the answer is (13, 19). 
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Example 39. Find all four ordered pairs of positive integers (x, z) such that 

x? =;. + 120 

Solution: 

(x - z)(x + z) = ab 

b+a b-a 
a < b => x = -- z = --. 

2' 2 
Note that a and b must have the same parity. We have 120 = a.b = 1. 

120 = 2 x 60 = 3 x 40 = 4 x 30 = 5 x 24 = 6 x 20 = 8 x 15 = 10 x 12, only the second 
fourth, sixth and eighth factorings are satisfactory. For example, 2 x 60 leads to (x, z) = 

( 
60 + 2 60 - 2). 

2 ' 2 
Answer: (31,29),(17,13),(13,7),(11,1). 

Example 40. Find all four ordered pair of integers (x, z) such that x3 = ~ + 721. 

Solution: ~ - ~ = (x - z) (x2 + xz + ?). For integral x, z the second factor is clearly never 
negative. So both factors will be positive (since their product is 721) Thus we need only 
consider "positive" factorization: 

(x - z) (x? + xz + ;.) = 1 x 721 = 7 x 103 = 721 x 1 = 103 x 7 

Letting x = 1 + z leads to z = 15 or -16, letting x = 7 + z leads to z = 20r - 9; the 
other two factorizations lead to imaginary x and z. 

Answer: (16, 15), (-15, - 16), (9, 2), (-2, -9). 

Example 41. Consider the equation x? + I = ;. + 18, where x, y and z are positive 
integers. 

(i) Prove that z must be even 

(ii) There are infinite number of solutions where z = y + I. 

Solution: If x and yare both even or both odd, ? = x? + I - 18 is even, so z is even. 
If x and y have opposite parities, I<;:t x = 2p, Y = 2q + 1; then 

? = 4p2 + 4q2 + 1 - 18 = 4k + 3. 

But no square can be 3 more than a multiple of 4, so this is impossible and z must be 
even. [note: If x and yare even, 4 I (x? + I), but 4 -t (x? + 1- 18); thus z would be 
even, but not divisible by 4. 

This is impossible, so actually x and y both must be odd]. 

Example 42. In the equation x? + I = ;. + 18, where x, y and z are positive integers, 
prove that 

(i) there are an infinite number of solutions where z = y + 1 

(ii) there are no solutions where z = y + 5 
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Solution: 

(i) 

(ii) 

z=y+l 

:? = 2y + 19 

. x 2 -19 
y= 

2 
For y = 2k + 1 (odd) we get 

y = 2~ + 2k - 9, and then 

z = 2~ = 2k - 8 for each k > 1. 

Thu~ for each k > 1 we a solution. 

z=y+5 

=> :? = lOy + 43 = 10k + 3; 
but no square ends in a 3. 

Example 43. In the equation x2 + ; = ; + 18, where x, y and z are positive integers, 
prove that 

(i) there are no solutions where x, y and z are in arithmetic progression 

(ii) there are no solutions where x, y and z are in geometric progression. 

Solution: (i) Suppose the numbers are (x=) y - d, y, y + d(=z) 

Then ; = 4dy + 18. 

Now the right side is a multiple of 2 but not a multiple of 4, so; is divisibie by 2 
but not divisible by 4 and is not possible. 

x+z 
Also since x is odd and z is even, x + z is odd, so y = -- is not integral. 

2 

(ii) Suppose the numbers are x, .J(xz) , z 

-z+~5z2 +72 
Then :? + xz - ; - 18 = 0 => x = 2 . 

Now 5; + 72 [=5k + 2] would have to be 2 more than a mUltiple of 5 and this is not 
possible. 

For a simpler solution note that odd x and even z makes y [=.J(xz)] even and is not 
possible. 

Example 44. In the equation :? + ; = ; + 18, where x, y and z are positive integers 

(i) Find a numerical solution where x = y 

(ii) Prove that there are an infinite number of solutions where x = y 

Solution: Suppose x = y = 2k + 1 and z = 2r. then 

8~ + 8k + 2 = 4,.2 + 18 => 12~ + 2k =,.2 + 4. Let r = 2p. Then 

~ + k = 2p2 + 2 => k(k + 1) = p2 + 1 
2 
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=> 1+2+ ... +k=p2+1. 

Adding successive positive integers quickly produces k = 4, P = 3. 

[leading to x = y = 9, Z = 12] 

Thus one solution is (9,9, 1.2). [several others are indicated in the answer to the next 
part of the question] 

(ii) Suppose (x, z) = (u, v) is a specific solution to our equation ~ + ~ = :? + i8. 
In an attempt to find other solutions, let us try some "linear combinations" of the 

u and v and see if it works; Let 

x = au + bv, 

and z = cu + dv, 

where a, b, c and d are positive integers. Then we have 

2 (au + bvi = (cu + dvi + 18 

=> 2ifu2 + 4abuv + 2b2~ = c2u2 + 2cditv + cP~ + 18. 

We can make the "uv" terms equal by setting cd = 2ab. Then 

2u2.(if - c2/2) = ~.(cP - 2b2) + 18 

Since (u, v) is a solution we have 
2if = v2 + 18. We set rl- c?:./2 = 1 and #- - 2b?:. = 1 

Claim: The three underlined equations will lead to specific values for a, b, c, d. Now 2Ql 
- c2 = 2 gives c is even; let c = 2k. Then Ql - 2~ = 1, leading to one easy solution a 
= 3, k = 2 [so c = 4] Now the first underlined equation, using these values for a and c, 
gives d = 3b/2; substituting this into the third underlined equation leads to b = 2 and 
d = 3. Thus we have x = au + bv = 3u + 2v and z = cu + dv = 4u + 3v. These produce 
an infinite number of positive solution, each based on a previous solution. For example, 
starting with (x, z) = (u, v) = (9, 12) [from part IIel above] we get (x, z) = (3u + 2v, 4u + 
3v) = (51, 72) as a solution. This in tum leads to (297, 420) as a solution; and so on. 

Example 45. The number N, when expressed in base 3, is .11111 ... (3) and when expressed 
in base 10, N is the fraction a/b. Compute the ordered pair (a, b) where a and bare 
relatively prime positive integers. 

Splution: 

1 
1 1 1 3" 1 

= 3+32+"33 + ... = 1-1. = 2' so (a, b) = (1, 2) . .11111 .(3) 

3 

Example 46. Compute the number of integers from 1 through 100 inclusive that are of 
the form kn2 where k and n are positive integers and n > 1 

Solution: From 1 through 100, there are 25 multiples of 4, It multiples of 9, 4 multiples 
of 25 and 2 multiples of 49. That totals 42 multiples of squares. But we are cI)unting twice 
the 2 multiples of (4)(9) and the 1 multiple of (4)(25), so the final answer is 42 - 3 = 39. 
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Example 47. If (1 + 3 + 5 + ... + p) + (l + 3 + 5 + ... + q) = (1 + 3 + 5 + .,. + r), where 
each set of parenthesis contains the sum of consecutive odd integers as shown, Compute 
the smallest possible value for the sum p + q + r, if p > 7. 

Solution: If the parentheses contains a, b, c addends respectively, then c? + b2 = c2. Note 
that p > 7 ~ a> 4; this eliminates the Pythagorean triple 3, 4, 5. The triple with the next 
smaIlest sum is in each pair of parentheses, so (p, q, r) = (11, 15, 19), for a sum of 45. 

Example 48. In decimal representation, the positive integer x has 11 digits and the 
positive integer y has k digits. The product xy is a 24-digit number. Compute the maximum 
possible value of k. 

Solution: 1010 $; x $; 1011 and 1023 $;xy $; 1024• Minimum x implies maximum y, so 1023/ 

1010 $; Y $; 1024/1010 ~ 1013 $; Y $; 1014 ~ k = 14. 

Example 49. Given N = 999 ... 9999. Compute the sum of the digits of N2 

'---r----' 
220 limes 

Solution: N = 10220 - 1, so N2 = 10440 - 2.10220 + 1 

The positive terms result in a 1 followed by 439 zeros, foIlowed by a 1. The negative 
term is a 2 followed by 220 zeros. Then subtraction leaves a 1 in the units position, 
preceded by 219 zeros, then an 8, then 219 nines. The sum of the digits of N2 is therefore 
220(9) = 1980. 

Example 50. A Band C are distinct, non zero digits. Compute the smallest three digit 
number ABC with the property that the mean of the numbers 

ABC, ACB, BCA, BAC, CAB and CBA has 5 as its unit digit. 

Solution: If A + B + C = S, then 6 $; S $; 24 and 2(100S + lOS + S), which equals 37S, 
ends in the digit 5. Therefore S ends in a 5, so S = 15. Letting A = 1, B + C = 14 the smaIl est 
satisfactory number is 159. 

Example 51. The number N is a mUltiple of 7. If the base 2 representation of N is 
10110101010101 ABC 1 10. 

Compute the ordered triple of digits (A, B, C). 

Solution: A number in base lOis divisible by 9 iff the sum of its digits is divisible by 
9. Similarly a number in base b is divisible by (b - 1) iff the sum of its digits is divisible 
by (b - 1). Change N to base 8[this is easily done by grouping the binary digits in blocks 
of three and evaluating each block, effectively producing the base 8 representation]; we 
get 

N = 101110/10 I/O 1 0/1 0 I/ABClll O2 = 26525 - 68 
For the sum of these digits to be divisible by 7, the missing number must be 2. In 

base 2, that is 010, so the answer is (010). 
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Example 52. Prove that the number 
0.12345679810111213141516 ... 

obtained by writing all numbers in order after the decimal point is a non-recurring non 
terminating decimal number. 

Solution: Suppose it is recurring and it consists of m-non-recurring digits repeated again 
and again; so that it is of the form 

a)a2a3 ••• amb)b2b3 •.• bnb\b)b2b3 ••• bn ... 
As we go on writing natural numbers, the number 111...1 with n 'ones' will occur and 

this will imply, if the period is n, that 

b)b2 .•. bn = II ... 1 
Similarly at some later stage, the number 222 ... .2 with 2 occurring n-times will come 

and if the period is n, this would imply b)b2 ... bn = 22 ... .2 

This leads to a contradiction. As such, the given number is a non-recurring non­
terminating decimal number and is thus an irrational number. 

Example 53. Show that the product of digits of any natural numbers containing more 
than two digits is less than the number itself. 

Solution: Let ao' a), '" an be the digits of the number starting from the unit place, then 
the number is given by 

N = ao + lOa) + 102a2 + ... + IOnan 
Now ao < 10, a) < 10, ... , an _ ) < 10, an < 10 so that aOa)a2a3 ••• an < IOnan < N 
Thus the product of digits of n, is less than the number n. 

Example 54. Delete 100 digits from the number 123456 ... 5960 in such a way that the 
remaining number is as small as possible. 

Solution: The number of digits in the given number is 9 + 2.51 = III After deleting 100 
digits we shall get a number of II digits and we want it to be as small as we possible. 

Starting from the left we want to retain as many zeros as possible. We retain zeros 
10,20,30,40,50 so that from the first 50 numbers, we get five zeros. We have to get six 
more digits. From 51 we keep I, from 52 we keep 2 from 53 we keep 3, from 54 we keep 
4, from 55 we keep 5. This gives us 10 digits. The last digit we retain is the 0 of60. Thus 
we get the number 00000123450. 

Example 55. In how many zeros does the product of the first hundred natural numbers 
end? 

Solution: In numbers 1 to 100, there are 50 multiples of2, 20 multiples of 5 and 4 multiples 
of25. 

Thus there are 16 numbers which are multiples of 5, but not of 25. When these are 
multipled by 16 of the even numbers, we get one zero each time so that their product gives 
16 zeros. Again there are 4 numbers which are multiples of25. When these are multiplied 
by two even numbers each, we get 2 zeros each time so that we get 8 additional zeros. 
We can choose different even multiples in the 20 cases. 

Thus the total number of zeros is 24. 
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Example 56. A certain natural number has 3000 one's and the rest of Jigits are zeros. 
The one's are not necessarily in the first 3000 places. Can it be a perfect square? 

Solution: The sum of the digits is 3000. As such the number is divisible' by 3, but it is 
not divisible by 9, so that it cannot be a perfect square. 

Example 57. Find the greatest common divisor of 

Solution: . 

a. = 1111, 1111, 1111(12 one's) 

b = 1111,1111, ... , 1111(100 one's) 

b = a x 1088 + a x 1076 + a x 1064 + ... + a x 104 + 1111 

a = IIII x 108 + 1111 x 104 + III 1 

so that a and b are both divisible by 1111, which is the required greatest common divisor. 

Example 58. Prove that there are no natura.! numbers which are solutions of 15.x2 - 7; 
=9 

Solution: Since 15.x2 - 9 = 7;, y is a multiple of 3. 

Let y = 3z, so that 5.x2 - 3 = 21; ~ 5.x2 = 3 + 21;, so' that 5.x2 is a multiple of 3, 
so that x is a multiple of 3. 

Let x = 3u, so that 

15t? - 6; = 1 + ; 
.. 1 + ; has to be a multiple of 3. Now the number y can be written as 9a + b, 

where b < 9. 

:. 1 + ; = 1 + (9a + b)2 = (1 + b2) + a multiple of 9, then 1 + b2 has also to be 
a multiple of 3, where b = 0, 1,2,3,4,5,6, 7, 8, but for none of these values, 1 + b2 is 
a mUltiple of 3. Thus 1 + ; is not a multiple of 3 for any integral values of y which is 
a contradiction. Hence our result follows. 

Example 59. All the natural numbers are written in order starting with I. Find the digits 
in the 5,00,00Ith place. 

Solution: 

50<).001 

(The number is of the type 123 .. 91011..99100101..9991000 .. ) 

There are 9 one digit numbers (1, 2, ... , 9); number of digits they take = 9 

90 two - digit numbers (10, 11, .,. 99); number of digits they take = 180 

900 three digits numbers (100,101, ... 999); number of digits they take = 2700 

9000 four digit numbers (1000,1001 ... 9999); number of digits they take = 36000 

90,000 five digit numbers (10000, 10001, .. 99999); number of digits they take 450,000 

Thus the total number of digits required to write all numbers of 1, 2, 3, 4 and 5 digits 
= 9 + 180 + 2700 + 36000 + 450000 = 488889 

We have to fill in 500001 - 488889 = 11112 places with 6 digit numbers. 
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Therefore, number of six digits numbers is 11 ~ 12 = 18S2. As such, ~e require 1852 

six digit nU,mbers 

Numbers with six digits begin with 100000, 100001, .. and therefore, the last number 
will be 101'851 and so the digits in the 5,00,00Ith place unity. 

Example 60. Find the digits x and y so that N = 30xOy03 is divisible by 13. 

Solution: 

N = 3000003 + 10,000x + 100y = 6 + 3x - 4y + a mUltiple of 13 

:, N wiU be divisible by 13 if 3x - 4y + 6 is divisible by 13 

We have to try out values 0 to 9 for x and y. We get the solutions: 
, x: 8 2 6 0 5 9 3 

y: 3 6 8 2 5 7 

As such the solutions are 

3080103,3020313,3060603,3000803,3050203,3090503,3030703. 

Example 61. Show' that the number 2178 has the property th.1t 

(i) When it is multiplied by 4, we get a number with the same digits in the reverse 
order. 

(ii) Show that the result remains same if any number of 9's are inserted between 21 
and 78. 

(iii) Find more numbers with the property that when the number is multiplied by 4, 
we get a number with the same digits in the reverse order. 

Solution: (i) It is easy to verify that 8712 = 2178.4 so that 

(8700 + 12) = 4.{2100 + 78) 

(ii) Now letx 9's be inserted between 21 and 8 so that the L.H.S and R.H.S numbers 

are: 87 99 ... 9912 and 2199 ... 9978 
~ ~ 
x-times x-times 

The insertion of x 9's increases the larger number by 
, 8700. lOX - 8700 + lOX + 2 - 102 

= 8700 (lOX - 1) + 102{IOX - 1) 

= 8800.{lOX-l) 

Similarly insertion of x 9's increase the smaller number by 

2100.1OX-2100+ IOX+ 2_102 

= 2100.{IOX-l)+ 100.(1OX-l) 

= 2200.(1 OX -1) 

So that whatever be the value of x, the increase in -the larger number is 4 times the 
increase in the smaller number; but the original larger number 8712 was 4 times the original 
smaller number 2178, so that the new larger number will be 4 times the new smaller number. 



292 NUMBER THEORY 

We thus get an infinity of number pairs, so that when the smaller number is mUltiplied 
by 4, we get a number with same digits in the reverse order. 

However these are not the only number with this property. 

(iii) We can get more numbers by combining these numbers, e.g., 

219782178217821978 

if we mUltiply it y 4, we get 

879128712871287912. 

So that if AI' A2, A3, A4, .•. denote the smaller numbers fonned in part (ii), we can 
take numbers of the type 

A;A}0};· 
Example 62. Find the final digits of the millionth number of the sequence, 

77 777 
7,77,7 ,7 

Solution: Suppose Nk is for the kth term of the given sequence. 

Then Nk = N7
k _ l, NI = 7 

Keeping track of the final digit only, we find the final digits as: 

7 1 ~ 7, 72 ~ 9, 73 ~ 3, 74 ~ 1, 75 ~ 7, 76 ~ 9, 77 ~ 3, ... etc 

Thus we get the final digit of NI is 7, 

N2 ... 3, Now 31 ~ 3, 32 ~ 9, 33 ~ 7, 34 ~ 1, 35 ~ 3, 36 ~ 9, 37 ~ 7 

Thus the final digit of N3 is 7. 

Therefore, the final digit of N4 is 3 and final digit of N5 is 7. 

In general, the final digit of N2k is 3 and the final digit of N2k + 1 is 7. 

As a particular case, the final digit of NlOo.oooo is 3. 

Example 63. Prove that if one of the numbers 2" - 1, 2n + 1 is prime, when n > 2, then 
the other is composite. 

Solution: As 2n is not divisible by 3, when 2n is divided by 3 the remainder would be 
1 or 2. In other words 2n is of the type 3k + 1 or 3k - 2, where k is an any integer. 

In the first case 2n - 1 is divisible by 3 and in the second case 2n + 1 is divisible 
by 3. As such either 2n - 1 or 2n + 1 is a composite number. Since 3 is not a composite 
number, we leave out the case n = 2. 

Example 64. Prove that 10001, 100010001, 1000100010001, 

(With three zeros between two one's) are composite numbers? 

Solution: Since 

Jc + 1 - 1 = (x - 1)(1 + x + ... + Jc) 
We have, 104k + 4 _ 1 = (104 - 1) (l + 104 + ... + 104~ 

102k+ 2 _ 1 = (102 - 1)(1 + 102 + ... + 102~ 
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Dividing 

(l02k + 2 + 1) (1 + 102 + ... + 1 02~ = 10 1 x (1 + 104 + ... + 104~ 
Since 101 is a prime number, it must divide either of the numbers 

102k + 2 = 1 or 1 + 102 + ... + 102k 

And if k > 1, the quotient will be > 1. 

This shows that when k > 1, 1 + 104 + ... + 104k is always a composite number. 

The number 10001 is easily verified to be composite (10001 = 73 x 137). 

Example 65. Show that 22n - I and 22n - 1 + 1 are both divisible by 3, for all positive 
integral values of n. 

Solution: Since d' + bk is divisible by a + b, if k is an odd integer, we find that 22n -
I + I is divisible by 2 + 1 = 3. Also 22n - 1 = 2.(22n - 1 + 1) - 3 so that 22n - 1 is also 
divisible by 3. 

Example 66. Prove that no number in the sequence 

11,111,1111,11111, ... is the square of an integer. 

Solution: Any number of the sequence is of the form 11 + 10m = 4(25m + 2) + 3 and so 
leaves a remainder 3 after division by 4. However every square number is either the square 
of an even number (and so is divisible by 4) or the square of an odd number (which is 
of the type 4n2 + 4n + I and leaves 1 as remainder after being divided by 4) Thus no 
square member can be of the form 4k + 3 and as such no member of the given sequence 
can be a perfect square. 

Example 67. Determine all three digit numbers N having the property that N is divisible 
by 11, and N/l1 is equal to the sum of the squares of the digits of N 

Solution: Let N = 100 h + lOt + U 

The digits h, t, u are to be determined so that 

N=11(h2+?+u2) 

We note first that N can be written as a sum of two terms, 

N = (99h + lit) + (h - t + u) 

... (*) 

... (**) 

The first term is always divisible by 11, so N is divisible by 11 if and only if h - t 
+ U is. Since neither h, t, u exceeds 9, the combination h - t + U is divisible by 11 only 
if it is 0 or 11. 

Case I h - t + U = 0 

Then h + u = t and from (*) and (**) we get 

(99h + lIt) + (h - t + u) = 11 (h2 + ? + u2) 

which gives, 

9h + (h + u) = h2 + (h + ui + u2 
or lOh + u = 2(h2 "+ uh + u2) 

So u must be even. We rewrite the last equation as a quadratic in h: 
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2Jil + (2u - 10)h + 2zi2 - u = 0 

Since h is an integer, the discriminant 

(2u - 10)2 -8(2zi2 - u) = 4(25 - 8u - 3zi2) 

NUMBER THEORY 

must be a perfect square. But this is true only if u = OlIn fact 25 - 8u - 3zi2 < 0 for u 
~ 2] 

The equation for h now reads 2h2 - 10h = 0 

So h = 5, t = h + U + 5 = 0 = 5, and N = 550 

Case II h - t + u = 11; so t = h + U - 11. Now relation (*), (**) yield 

9h + (h + u - II) + I = h2 + (h + u - 11)2 + zi2 

or lOh + u - 10 = 2[Jil + uh + zi2 - l1(h + u)] = 121 

So u must be odd. Again we rewrite the last equation in the form 

2h2 + (2u - 32) h + 2zi2 - 23u - 131 = 0 

and require that its discriminant, 

(2u - 32)2 -8(2u2 - 23u + 132) = 4[-3zi2 + 14u - 6] 

be a perfect square. 

Since u is odd, we test 1 (which d,oes not yield a perfect square). 3, which yields the 
perfect square 36, and find that all larger odd u yield a negative discriminant. If u = 33 
our quadratic in h becomes 

21:z2 - 26h + 80 = 0 

or h2 - 13h + 40 = (h - 5)(h - 8) = 0 

when h = 5, 

when h = 8, 

t =, 5 + 3 - 11 = - 3, not admissible 

t ;; 8 + 3 - II = 0, so N = 803 

Thus, the only numbers satisfying the conditions of the problem are therefore 550 
and 803. 

Example 68. Find the smallest natural number n which has the following properties: 

(a) Its decimal representation has 6 as the last digit. 

(b) If the last digit 6 is erased and placed in front of the remaining digits, the 
resulting number is four times as large as the original number n. 

Solution: Suppose the desired number has (k + 1) digits, and write it in the form ION + 
6; then the transformed number is 6.IOk +" N. The problem requires that 

6.IOk + N = 4(1 ON + 6) 

Which when simplified becomes 

(1) 2.lOk - 8 = 13N 

(2) This equation tells us that the number on the left, which has digits 199 .... 2(where 
there are «k - I) 9's) is divisible by 13. 

15384 
(3) We divide it by 13 to determine the quotient N; 13)19999 ... 2 

Thus the smallest possible value of N is 15384 and the desired number is 153846. 
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If there were a smaller number with the required properties, we would have found a 
smaller exact quotient in the above division. 

We could also have determined the number k-I of9's in 13N= 199 ... .2 as follows: 

From (I) we obtain 

2.lok == 8(mod 13) 

10k == 4(mod 13) 

10k + 1 == 40 == I(mod 13) 

The task is to find the smallest power k + I such that 

10k + 1 == I(mod 13). We find that 

k + I = 6, whence k - I = 4 and 13N = 199992. 

The desired result can also be obtained by successive multiplication since the 
original number ends in 6. The new number ends in 4, the old number must have ended 
in 46. Now successive multiplication gives in succession, the remaining digits of the 
original number. 

The process as follows": 

Original number New number 

........ 6 x 4 = 6 ........ .4 

... .46 x 4 = 6 ........ 84 

............ &l6 x 4 = 6 ..... .384 

.............. .3846 x 4 = 6 ......... 5384 

............... 53846 x 4 = 6 ......... .15384 

.......... .153846 x 4 = 615384. 

Example 69. Find all positive integers n for which (2n - I) is divisible by 7. 

Solution: We note 

21 == 2(mod 7) and so, 

22 == 4(mod 7) => 23 == I (mod 7) for any natural number k we have 

23k == (23l == I k == I (mod 7). Thus 23k 
- 1 == O(mod 7) 

So it is clear that if the number n is a multiple of 3 then the result is true. 

Now the case arises if n is of the form 3k + 1 or 3k + 2 

23k == I(mod 7) => 
(i) 23k + 1 == 2.23k(mod 7) => 23k + 1 == 2(mod 7) 

23k + 2 == 4.23k == 4(mod 7) 
from which it follows that multiples of 3 are the only exponents n such that 2n - 1 is 
divisible by 7. 

Example 70. Prove that there is no positive integer n for which 2n + 1 is divisible by 7. 

Solutic;m: As above, 

23k == I (mod 7) => 23k + 1 + I == 3(mod 7), 23k + 2 + 1 == 5(mod 7), 

Moreover, 23k + I == 2(mod 7) 
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Thus 2n + 1 leaves a remainder of 2, 3 or 5 when divided by 7, and hence is not 
divisible by 7. 

Example 71. k, m, n are natural numbers such that m + n + k is a prime number greater 
than n + 1. Let Cs = s(s + 1). 

Prove that the product (Cm + I - Ck) (Cm + 2 - Ck) .•. (Cm +n - Ck) is divisible by 
the product CI C2 ... Cn respectively 

Solution: By definition of C
S

' we have 

Co - Cb = a (a + I) - b (b + 1) = if - b2 + a - b = (a - b) (a + b + 1) 

Hence, the factors of the first product are 

Cm + I - Ck = (m + 1 - k) (m + k + 2) 

Cm + 2 - Ck = (m + 2 - k) (m + k + 1) 

Cm + n - Ck = (m + n - k) (m + k + n + 1) 

Their product is 

[em - k + 1) (m - k + 2) ... (m - k + n)] [em + k + 2) (m + k + 3) ... (m + k + n + 1)] 

Which we write as A.B, where A is a product of n consecutive integers starting with 
m - k + I, and B is a product of n consecutive integers starting with m + k + 2. Now 
the factors in the product C, C2 ... Cn are 

CI = 1.2, C2 = 2.3, ... , Cn = n (n + 1) 

And their product is n!(n + I)! 

We shall solve the problem by showing that A is divisible by n!, and B is divisible 
by(n+I)! 

We know that the product of any n-consecutive integers is divisible by n! And so 
it follows at once that A is divisible by n! It also follows that the product (m + k + 1) 
B of (n + 1) consecutive is divisible by (n + I)! But we are told that (m + k + 1) is a prime 
greater than (n + 1), so it is relatively prime to (n + I)! Hence B is divisible by (n + I)! 
as was to be shown. 

Example 72. Find all natural numbers x such that the product of their digits (in decimal 
notation) is equal to x2 - lOx - 22. 

Solution: 

Then 

Let 

But 

So 

Now, 

So 

Suppose the number x has n digits. 

x = ao + a l 10 + a2I02 + ... + an _ lIOn - I, a j ~ 9 

P(x) = ao. al· a2 ... an_I = x2 - lOx - 22. 

P(x) = (ao· al· a2 ... an _ 2) an - I 

~ 9n - I an _ I < IOn - I an _ I ~ X 

x2 - lOx - 22 < x, i.e., x2 - llx < 22 

x2 - llx + 12114 = (x - 1112i < 22 + 12114 = 209/4 

x - 1112 < "/209/2 < 15/2. 

It follows that x < 13. That is, x is either has one digit, or x = 10, 11 or 12. 
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If x has one digit, then 

x = ao' 
and P(x) = ao = x = :2- - lOx - 22, so x2 - IIx - 22 => O. 

But this equation has no integral solutions. If x has two digits, we can easily test 
all thr~e possibilities: 

(i) If x = 10, P(x) = 0, x2 - lOx - 22 = -22 =1= 0, so the given condition is not met. 

(li) If x = 11, P(x) = 1, x2 
- lOx - 22 = -11 =1= 1, and again the given condition is 

violated. 

(iii) If x = 12, P(x) = 2, x2 - lOx - 22 = 2, so x = 12 is the only solution. 

Instead of testing the three conditions, we could have found all two digit solutions 
by setting x = ao + 10. 

Then 

Hence 

Which implies that 

x2 - lOx - 22 = ao
2 + 20ao + 100 - lOao -100 - 22 

= P(x) = ao 
ao

2 + 9ao - 22 = (ao + 11) (ao - 2) = 0 

ao = 2 i.e., x = 12. 

Example 73. Prove that there are infinite many natural numbers 'a' with the property 
that: the number z = n4 + a is not prime for any natural number n. 

Solution: We look for natural numbers' a' of a form that allows us to factor n4 + a. We 
claim that a = 4k4, k = 2,3, ... , has this property; for adding and subtracting 4n2~ enables 
us to write n4 + a as a difference of two squares, and this can always be factored. Thus 

z = n4 + 4k4 = n4 + 4n2~ + 4k4 - 4n2~ 

= (~ + 2~)2 - (2nki 

= (n2 + 2~ + 2nk) (n2 + 2~ - 2nk) 

It remains to show that for all n ~ 1, both factors exceeds 1 if k ~ 2. Observe that 
n2 + 2~ + 2nk ~ n2 + 2~ - 2nk = (n - ki + ~ ~ ~ ~ 4. We conclude that each factor 
in the expression for z is, in fact, at least 4 for infinitely many k, hence for infmitely many 
a = 4k4, and so z has the required property. 

Example 74. Find the set of all positive integers n with the property that the set {n, n 
+ 1, n + 2, n + 3, n + 4, n + 5} can be partitioned into two sets such that the product 
of the numbers in one set equals the product of the numbers in the other set. 

Solution: Let S = {n, n + 1, n + 2, n + 3, n + 4, n + 5} = SI U S2 

Such that SI n S2 = $ with Ds = Ds 
s&S, S&sz 

So (a prime) pis for some sESI then the pit for some teS2. However, ifp I a, b where 
a, bE S then I a - b I = pk ~ 5, so the only candidates for pare 2, 3, 5. A set of six 
consecutive integers contains at least one divisible by 5, and by the above argument, 5 
must contain two such elements; these must be nand n + 5. The remaining elements 
n + 1, n + 2, n + 3 and n + 4 can have only 2 and 3 as prime factors, so that they are 
of the form 2cx313. Two of them are odd and two of them are even, so the odd ones are 
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of the form 3Y and 3° where y, 8 > O. But they are consecutive odd numbers, so their 
difference is only 2, while the closest powers 313 > 1 has a difference of 2. Thus we see 
that there is no integers n with the prescribed property. 

Example 75. Prove that the set of integers of the form 2k - 3 (k = 2, 3, ... ) contains an 
infinite subset in which every two members are relatively prime. 

Solution: Suppose we have n relatively prime members 
a

l 
= 2kl - 3 

a2 = 2k2 - 3, ... , an = 2M - 3 

Let S = (2kl 
- 3) (2k2 

- 3) ... (2kn - 3) and this being a product of odd numbers this 
is also odd. 

Now among the numbers 

2°,21,22
, ... , 2s 

we have at least two, say, 2(1 and 213 where 2(1 = 213(mod S) or, 213 (2(1 - ~ - 1) = mS, m 
an integer 

The odd number S does not divide 213, so it must divide 2(1 - 13 - 1; 

Hence 2(1 - 13 - 1 = Is, 1 an integer 

Since 2(1 - 13 - 1 is divisible by S, and since s is odd, 2(1 - 13 - 3 is relatively prime 
to S. Therefore it can be adjoined as a new member to the desired set. Repeated 
application of this construction leads to an infinite subset of relatively prime integers. 

Example 76. Prove that from a set of ten distinct two digit numbers (in the decimal 
system) it is possible to select two disjoint subsets whose members have the same sum. 

Solution: Suppose S = {al'a2, ••• , a lO } Now the number of subsets of Sis 210 = 1024. 

Again for any a E S => a ::; 99. Henc~ the sum of the numbers in any subset of S 
is ::; 10.99 = 990. So the pigeon -hole principle, gives that at least two different subsets 
say, Sl and S2 must have the same sum. If SI and S2 are disjoint, the problem is solved. 
If not, we remove all elements common to SI and S2 from both, obtaining non-intersecting 
subsets Sl' and S2' of S. The sum of the numbers in S,' is equal to the sum of the numbers 
inS{ 

(2m)! (2n)! 
Example 77. Prove that for any non-negative integers m and n the number --=-........:~--':...­

mIn! (m + n)! 
is an integer. 

(2m)! (2n)! (2m) 
Solution: We writefem, n) = and note thatfem, 0) = which is an 

mIn! em + n)! m 
integer for all m. 

Also we note that 

fem, n) = 4fem, n - 1) - fem + 1, n --. 1) 

Now it is easy to prove the result by induction. 
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Example 78. When (4444)4444 is written in decimal notation, the sum of its digits is A. 
Let B be the sum of the digits of A. Find the sum of the digits of·B (A and B are written 
in decimal notation) 

Solution: We know that every integer written in decimal notation is congruent to the sum 
of its digits modulo 9. 

Suppose N = d l + IOd2 + 102d3 + ... + IOkdk+ \. Then 

N = d l + d2 + 9d3 + d3 + 99d3 + .,. + dk + \ + (lOk - 1 )dk + I 

"" d l + d2 + d3 + ... + dk+ I(mod 9) 

Since 9 is a divisor of every number of the form (lOrn - 1) 

We write X = (4444)4444 

Then we see that 

4444 "" 16 "" 7(mod 9), hence 44443 
"" 73 

"" I (mod 9) 

And since 4444 = 3(1481) + I 
X = 44444444 = 44443(1481).4444"" 1.7"" 7(mod 9) 

Thus x "" A "" B "" sum of the digits of B "" 7(mod 9) 

On the other hand, if log x is the common logarithm of x, then 

log x = 4444 log 4444 < 4444 log 104 

= 4444.4 i.e., logx < 17776 

Therefore x has at most 177776 digits, and even if all of them were 9, the sum of the 
digits of x would be 

9.1776 = 159984 

Therefore A :::; 159984 

Among all natural numbers less than or equal to 159984, the one whose sum of digits 
is a maximum is 99999. It foHows that B :::; 45; and among all natural numbers less than 
or equal to 45,39 has the largest sum of digits, namely 12. So the sum of the digits of 
B is at most 12. But the only natural numbers no exceeding 12 and congruent 0 7 mod 
9 is 7. Thus 7 is the solution to the problem. 

Example 79. a and b are positive integers. When if + b2 is divided by a + b, the quotient 
is q and the remainder is r. Find all pairs (a, b) such that q2 + r = 1977 

Solution: As given 

with 0 :::; r < a + b 

And 

These imply 

if + b2 = q (a + b) + r 

q2 + r = 1977 

~ :::; 1977 = q2 + r < q2 + a + b 

and if+b2 «q+l)(a+b) 

Since, 2ab :::; if + b2, (4) also implies that 

2ab «q+ 1)(a+b) 

... (1) 

... (2) 

... (3) 

... (4) 

... (5) 
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Adding (4) and (5), we get 

(a + bi < 2(q + 1) (a + b) 

and this gives 

a + b < 2 (q + 1) = 2q + 2 

and we get 

a + b ~ 2q + 1 

Replacing a + b in (3) by 2q + 1 yields 

q2 ~ 1977 ~ q1. + 2q + 1 = (q + 1)2 

The only integer q satisfying these inequalities is q = 44, because 

442 = 1936 and 452 = 2025 

Thus q = 44 and so r = 41 from (2) above substituting these values into the (l), we 
get 

~ + b2 = 44a + 44b + 41 

or (a - 22)2 + (b - 22i = 1009 

By listing all squares up to 505 and their difference from 1009 

(remembering that a square ends in 0, 1,4,9, 6, 5), we find that the only representation 
of 1009 as sum two squares is 

(l5i+(28i = 1009 

Therefore the sets {I a - 22 i, I b - 221} and {15, 28} must be the same. We conclude 
that 

(a, b) = (50,37), (37,50), (50, 7) or (7,50). 

DDD 



5. d = 9, m = 22, n = -15 

6. (a) 111 = - 11, n = 9; 

(b) 111 = 3 I, n = 44; 

(c) In = 7, n = 8 

7. (i) 9, (ii) 11 

13. (i) F, a = 2, b = 5; 

(ii) T 

(iii) T 

(iv) F, P = 3, a = 3, b = 2 

19. (a) 77, (b) 1, (c) 7 (d) 1 

20. g= 17,x=71,y=-36 

21. (a) x=9,y=-1l 

(b) x = 31, y = 44 

(c) x = 3, y = -2 

(d) x = 7, y = 8 

(e) x= l,y= l,z=-1 

35. (1, n(n + I» 

40. <a, b> 

42. 200,340 

43. 2r - r - 1 

1. (5554h,(2112)IO 

3. (175)10' (1111100111)2 

6. (10010110110)2 

8. (10110001101)2 

16. (B705736)16 

3. (a) 28.35.113; 

(b) 22.33.52.73.112.1723.37 

ANSWERS 

EXERCISES 1.2 

EXERCISES 1.3 

EXERCISES 1.4 
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8. p, p2; p, p2, p3; p2, p3 

9. p3, P 

1. (i) x = -3 + 7t 

Y = 5 - 8t; 

(ii) x = 4 - 9t 1 - 10t2 

Y = 2 - 4t1 - 5t2 

z=2-0. 

EXERCISES 2.4 

(iii) x = -18 - 54c + 21b + 5a 

y = 6 + 18c - 7 b - 2a 

z = 1 + 3c - b, t = 3 - c 

2. y = 2 + t, 
z = 1 + 2t, 

x = 3 - 8t 

NUMBER THEORY 

3. 22 integers which all contain 2 digits and form an arithmetic progression whose sum 
is 1210 

4. 

Cock 0 4 8 12 

Hen 25 18 11 4 

Chicken 75 78 81 84 

5. 156 

6. 1,5; 2, 1 

7. 11,31,51,71,91 

8. 2,3,5 

EXERCISES 2.5 

A. 1. no, 2. no, 3. 5 4.5 5. 1 

B. 1. 81 2. 200,751,1302,1853,2404 3.42 

EXERCISES 2.7 

1. 58(mod 60) 2. 23,128 

EXERCISES 2.8 

1. 106(mod 105) 2. 33 (mod 84) 3. 27(mod 140) 



ANSWERS 

1. x == 6, 103 and 194 

3. no solution 

1. x==31(mod 77) 

9. x == 31(mod 60 

EXERCISES 2.9 

2. x == 74, 153 mod 158 

4. x == 6, 14, 22 mod 24 

EXERCISES 2.10 

3. x==619(mod 1092) 

EXERCISES 2.11 

1. There are three solutions mod (24, 26) 

2. 23 

3. No solution 

4. All integers congruent to 7 modulom 13 

5. All integers congruent to 4 modulo 7 

1. (i) x == 0, 1, ±2(mod 5); 

(li) x == 1, -2, ±3,(mod 7), 

(iii) x == ±2, ±18(mod 41) 

·4. (i) 22(mod 27), 

(ii) no, 

(iii) 1, 7(mod 25), 

EXERCISES 3.1 

(iv) 2,5, 11, 17,20, 26(mod 30), 

(v) 1,4, II, 14(mod 15), 

(vi) 93(mod 125) 

5. (i) x == -1(mod 5), 

(ii) x == -3, -4(mod II), 

(iii) none. 

6. (i) x4 - 3Ix + 1 == (x + I) (x3 - xl + x + 1) (mod 5), 

(ii) x5 + 3x3 - X + 2 == (x + 3) (x + 4) (x3 + 4xl + 2) (mod 11) 

7. (i) x == 1,2, 6(mod 9) 

(ii) x == 1,3 (mod 5) 

(iii) x == 1,6,11,28,33,38 (mod 45) 

(iv) No solution 
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EXERCISES 3.2 

2. 5,7,10,11,14,15,17,19,20,21; 

5,11,23,29,41,47; 

4. (i) 33 mod 7 

(ii) 59, 11,39 mod 109 

(iii) no solution 

5. 4. 

7. p-l,O. 

EXERCISES 4.1 

27. [6,28,496,81828,33550336,8589869056 

28. [12, 18,20,24,30,36] 

EXERCISE 5.2 

1. [2,1,4], [-3,2,12], [0, I, 1, 100] 

2. [17/3,3/17,811] 

6. 

7. 

3 +.J5 22 - .J5 
2 10 

(i) [1 + J2 

1 +.J3 
(ii) 

2 

(iii) 1 + .J3 
(iv) 3 - .J3 

NUMBER THEORY 

9. (i) 13/1, - ~~, 1 ,3,4], n = 4, Xo = q3 = 4, Yo = P3 = 3, x = Xo + tb = 4 + 17t, Y = Yo 
+ fa = 3 + 13t 

(ii) 65/56 = [1,6,4,2] = n = 4, Xo = q3 = 25, Yo = P3 = 29, x = 25 + 56t, y = 29 + 65t 

(iii) 56/65 = [0, 1,6,4, I, 1], n = 6, Xo = qs = 36, Yo = Ps = 31, x = 36 + 65t, 

y = 31 + 56t 

(iv) 13117 = [0, 1,3,3, I], n = 5, Xo = q4 = 13,yo = P4 = 10, 

x = xO + tb + 13 + 17 t, 

Y = yO + ta = 10 + 13t 

(v) 65156 = [I, 6,4, I, I], n = 5, 

Xo = q4 = 31, Yo = P4 = 36, 

x = 31 + 56t, 

y = 36 + 65t 



ANSWERS 

(vi) Xo = 4, Yo = 3, c = 5, 

x = cXo + ht = 20 + 17t, 

y = cYo + at = 15 + 13t 

(vii) Xo = 29, Yo = 25, is a particular solution of 56x - 65y = -1, c = 3, 

x = cXo + ht = 87 + 65t, 

y = cYo + at = 75 + 56t 

10. (i) x= 1I7-58t,y=6It-123, 

(ii) x = 65 + 49t, y = 123 + 61 t 

(iii) x= 117+58t,y= 123 +61t 

(iv) Unsolvable 

(v) x = 65 - 49t, y = 34t - 45 

(vi) No integral solution 

EXERCISES 5.3 

11. (a) 55, (b) 610, (c), 6765, (d) 233, (e) 2584, (f) 75025 

n 
13. ~ 12 . _ I = fi + 13 + ... + f2n - I = f2n 

j= I J 

21. 577,136 

22. 19,6 

EXERCISES 6.1 
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3. x.=± I(mod II),x.=±5(mod II),x=:±2(mod II),x=:±4(mod 1I),x=:±3(mod II); 

x=:±I(mod II2),x=:±27(mod 112),x=:±2(mod 11 2), 

x=: ±48(mod 11 2), x =: ±3(mod 11 2). 

4. Non-residue. 

6. p = 4m + 3 

11. x=:9, IO(mod 19)] 

12. x=: 13, 6(mod 19)]. 

15. (i) 2, 5 (ii) 6, I 

16. yes 

19. (i) yes, (ii) no, 

(iv) yes 

22. (i) I (ii) - I 

(iii) 4, 7 

(ii) no (iii) no, 

(iii) I 
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EXERCISES 7.1 

(1) 3,4,5; 15,8,17; 35,12,37; 5,12,13; 21,20,29; 45,28,53; 7,24,25; 9,40,41 

(2) for given values of ~x - y and ~y - z we ca find the values of x, y, z. 

(I) x = 8 

(2) Such t does not exist 

(7) N == 0, 1,3 (mod 4) 

[12,0,0]; [8,2,8]; [0,0,0] 

EXERCISES 7.2 

DDD 
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